Solution Manual Exercise 2,
Tensor Products and Traces

Exercise 2.26

Outer product notation:
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Kronecker product notation:
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Exercise 2.27
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From the last two result we see that the tensor product is not commutative.

Exercise 2.28

(A® B)"

AnB  A;B A, B

= Ang AQQB AQnB
AmlB AmQB AmnB
(A1 B)*  (A1B)* (A1, B)*

| (AuB)" (ApB)* (A2, B)*
(AmlB)* (Am2B)* (AmnB)*
ALB* ARB o ALB

| anm anp o ap
Ay B AyuBe - AL B

=A"® B*



T

(A B)T _ AnB ApB --- AyB

AmlB AmQB tee ATTLTLB
(AB)T (AnB)* (A B)*

| AeB)t (4B)t - (AgeB)t
(AlnB)T (AZTLB)T T (Ant)T
AHBT AngT s AmlBT
A12BT AQQBT s AmgBT
A,BT A,,BT ... A,,.BT

= AT @ BT

(A®B) = (A B)" = (AT@ B")" = AT x B

Exercise 2.29
Let A and B be unitary and C=A® B
CC'=(A@B)(A®B)' = (A®B) (A'®@B") = AA'@ BB = I®1 =1

So C is unitary.

Exercise 2.30

Let A and B be Hermitain and C = A® B
C'=(A@B)t=A"@B'=A®B=C

So C' is Hermitian



Exercise 2.31

Let A and B be positive operators with spectral decomposition
A= "Nlia)Gial  B=> rilig) (is]  Aiyri > 0.

Define C=A® B and let |1) be a arbitary vector in the vector space spanned
by {ia} @ {ip}. Then |[¢) =3, cijlia) ®|jp) for some c;;. We then have

WIClp) = ZCZ}((Z’AI © (js)(A® B) Y cullka) @ |i5))
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= cion (ial Alka) (sl Bllg) =Y chien (ial X [ka) (sl 5 |15)
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= § lcij|” ik >0
]
So C' is a positive operator.

Exercise 2.32
Let P =) .lip) (ip| and Q = >, |ig) (ig| be projectors. Then
R=P®Q="> (lig) (ig|® (lig) (al) = > _ lirjq) (irjq

is clearly a projector on the space spanned by {|ip)} ® {|ig)}

Exercise 2.33

Note first that z and y in the formula for H®n are vectors in {0, 1}*" or put
another way, they are bit-strings of n bits. We sum over all different strings.
We are going to prove the formula by induction. For n = 1 we get

H = %(|0> (O] + 10 (1] + [1) O] = [1) {1])



which is correct. Assuming the formula is correct for n we get for n + 1

H o H = > 0l 5 (100 01+ 10) (11 11) 0] = 1) (1]
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The formula is thus valid for any n > 1 For n = 2 we get

1 1 1 1
11 -1 1 -1

®2 _ *
H_z 1 1 -1 —1
1 -1 -1 1

Exercise 2.37
We use that the elements of the matrix product AB are given by AB;, =
> AijBii

Tr(AB) =) (AB)i = Y AiBji =) _ BjA;=)Y (BA); =Ti(BA)

i J

Exercise 2.38

Tr(A+B)=> (A+B)y=Y A+ By =Ti(A) + Tr(B)

%

7

Tr(zA) = Z(zA)ii =z Z Ay = 2Tr(A)

Exercise 2.39
1. We need to show the three criteria on p65 in the book.



(a) Tr(ATY S, NB) =Y, NTr(ATB;)
by Exc. 2.38

(b) (A, B) = Tr(A'B) = Tr(BA") = Tr(BTA)" = (B, A)T = (B, A)*
by Exc. 2.37

(c) (A, A) =Tr(ATA) = Zij A;'fjAji = Zij AfAj = Zij ‘Ajiyz >0
We only get equality in the last expression if all elements A;; = 0
ie. A=0

2. The matrix representation of a operator taking a vector from V' to V is
a element of C?*? where d is the dimension of V. Thus the dimension
of Ly is d?

3. The simplest basis for Ly is {A;;} where A;; = is a matrix where the
elements row ¢ and column j equals one and all other elements are
zero. However these matrices are not Hermitian when ¢ # j. To make
a Hermitian basis we notice that the o-matrices and the identity matrix
is a Hermitian orthogonal basis for C?*2. For i < j define

B — Aij+Aj

N
<
"5

Together {B;;}, {C;;} and {A;;} is a Herimitian orthonormal basis for
Ly



