
Solution Manual Exercise 7

Quantum Circuits

8.4

We use the computational basis as the basis for the environment. The oper-
ation elements are then,

E0 = 〈0| (P0 ⊗ I + P1 ⊗X) |0〉 = P0

E1 = 〈0| (P0 ⊗ I + P1 ⊗X) |1〉 = P1.

8.5

E0 =
1√
2
X; E1 =

1√
2
Y

8.15

Using ρ = I+~r·~σ
2

we get

E(ρ) =
1

2
(I + rx) |+〉 〈+|+

1

2
(I − rx) |−〉 〈−| = I + rxX

Thus this measurement projects the Bloch sphere onto its x-axis. Note that
this is the same operation as doing a bit flip with probability p = 0.5.

8.17

Using the commutators [σiσj] = δij it is straightforward to verify 8.105.
Using the Bloch representation ρ = I+~r·~σ

2
and that quantum operations are

linear transformations on density matrices (8.43) we get

E(ρ) =
1

2
E(I) +

∑
i

ri
2
E(σi) =

I

2

1



8.26

We first assume that ρin is a pure state. The inital state of the enitire system
is then |Ψin〉 = a |00〉 + b |10〉. Appling the controlled rotation operator we
get

|ΨR〉 = a |00〉+ b |1〉Ry(θ) |0〉 = a |00〉+ b cos
θ

2
|10〉+ b sin

θ

2
|11〉 .

After having measured the environment in the computational basis (without
knowing the result) the stystem is now in a mixed state,

ρM =
∑
m

Mm |ΨR〉 〈ΨR|M †
m

=

(
|a|2 |0〉 〈0|+ ab∗ cos

θ

2
|0〉 〈1|+ a∗b cos

θ

2
|1〉 〈0|+ |b|2 cos2

θ

2
|1〉 〈1|

)
⊗ |0〉 〈0|

+ |b|2 sin2 θ

2
|1〉 〈1| ⊗ |1〉 〈1|

Tracing away the environment we get

ρout = |a|2 |0〉 〈0|+ ab∗ cos
θ

2
|0〉 〈1|+ a∗b cos

θ

2
|1〉 〈0|+ |b|2 |1〉 〈1| .

This is phase damping with sin θ
2

=
√

1− λ.
If the initail state is a mixed state, ρin =

∑
i piρi with ρi = |Ψi〉 〈Ψi|,

each state ρi will be subject to phase damping as described above. The
transformation of the mixed state is then

ρin =
∑
i

pi

(
|ai|2 aib

∗
i

a∗i bi |bi|2
)

E−−→
∑
i

pi

(
|ai|2 aib

∗
i cos θ

2

a∗i bi cos θ
2

|bi|2
)

We see that mixed states are subject to the same phase damping as pure
states.
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