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Abstract

A general adaptive coding scheme for spectrally ef-

ficient transmission on flat fading channels was in-

troduced by the authors in an earlier paper [2]. An

instance of the coding scheme utilizes a set of multi-

dimensional trellis codes designed for additive white

Gaussian noise channels of different qualities. A feed-

back channel between the decoder and encoder makes

it possible for the encoder to switch adaptively be-

tween these codes based on channel state informa-

tion fed back from the decoder. In this paper, the

adaptive coding scheme is employed in a mobile wire-

less communication system consisting of a station-

ary transmitter with one antenna, a wireless Rayleigh

fading channel, and a mobile terminal with one or

more receive antennas. The bit-error-rate at the out-

put of the decoder is determined for various terminal

speeds, time delays in the feedback channel, and num-

ber of receive antennas. The obtained results indi-

cate that the proposed adaptive coding scheme is well

suited for communications over mobile wireless chan-

nels with carrier frequencies in the high MHz range,

delay spread up to 250 ns, and terminal mobility up

to pedestrian speed.
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I. Introduction

Many authors have studied adaptive (coded) modu-

lation for wireless communications (see [1] and the

references therein). In an earlier paper [2], we consid-

ered a general adaptive coding scheme for single-user

channels with frequency-flat slowly varying multipath

fading. A particular instance of this coding scheme

utilizes a set of multidimensional trellis codes designed

for additive white Gaussian noise (AWGN) channels

of different qualities. A feedback channel makes it

possible for the encoder to switch adaptively between

these codes based on channel state information (CSI)

fed back from the decoder, thus resulting in an overall

scheme with high spectral efficiency.

The output bit-error-rate (BER) of an adaptive

coding scheme may increase with growing time delay

in the feedback channel and/or increasing terminal

speed [3]. Since any implemented feedback channel

has nonzero feedback delay, and since it is necessary

to allow for mobile terminals, it is important to deter-

mine the BER degradation of the proposed adaptive

coding scheme in [2]. Alouini and Goldsmith [4] have

determined the BER degradation for uncoded adap-

tive modulation. In this paper, we extend their tech-

nique to determine the BER degradation of any in-

stance of the proposed adaptive coding scheme.

We first introduce, in Section II, a mobile wireless

channel with Rayleigh fading, where the mobile ter-

minal has multiple receive antennas whose signals are

combined using the maximal ratio combining (MRC)

method [5, Ch. 5]. For any instance of the adaptive

coding scheme and any number of receive antennas,

Section III then shows how to determine the BER

degradation associated with a nonzero feedback delay

and a nonzero terminal speed. As an example, Section



           

IV evaluates a a specific adaptive encoder and decoder

(codec) utilizing a set of four-dimensional trellis codes.

A conclusion is drawn in Section V.

II. System model and coding

scheme

The system model consists of a stationary trans-

mitter/receiver (transceiver), a wireless frequency-flat

fading channel, and a mobile transceiver, or terminal.

It is assumed that the distance between the station-

ary transceiver and the mobile terminal is not more

than a few hundred meters. We will only consider the

flow of user information on the downlink. Hence, in

our model the feedback channel (or uplink) from the

terminal to the receiver will only be used for CSI.

The stationary transceiver has one transmit an-

tenna, while the mobile terminal has H (≥ 1) receive

antennas. Each of the H antenna branches is mod-

eled as a Rayleigh fading channel with ideal coherent

detection. It is assumed that the the branch signals

are statistically independent.

Denoting the transmitted complex baseband signal

at time index t ∈ {0, 1, 2 . . .} by x(t), the received sig-

nal at antenna h ∈ {1, 2, . . . , H} can then be written

as yh(t) = αh(t) · x(t) + nh(t). Here, the stationary

and ergodic fading envelope αh(t) is a real-valued ran-

dom variable with a Rayleigh distribution, and nh(t)

is complex-valued AWGN with statistically indepen-

dent real and imaginary components. The total one-

sided power spectral density of the AWGN is denoted

N0 [W/Hz] and the one-sided channel bandwidth is

denoted B [Hz].

Let S [W] denote the constant average transmit

power. The instantaneous received carrier-to-noise

ratio (CNR) on antenna branch h at time index t is

then

γh(t) =
α2
h(t) · S
N0B

, h = 1, 2, . . . , H,

with expectation E [γh(t)] = γh = ΩS/(N0B) where

Ω = E
[
α2
h(t)

]
is assumed independent of h. Thus, γh

is also equal for all h.

The mobile terminal implements an MRC combiner

to process the H received branch signals [5, p. 316].

Since the branch signals are statistically independent,

the instantaneous CNR at the output of the H-branch

MRC combiner is given by γ =
∑H
h=1 γh.1 If we de-

note E [γ] = γ, then γh = γ/H, and the gamma prob-

ability density function (pdf) of the instantaneous

CNR γ at the output of the MRC combiner may be

written as [5, Eq. (5.2-14)]

pγ(γ) =

(
H

γ

)H
γH−1

(H − 1)!
exp

(
−Hγ

γ

)
, γ ≥ 0 . (1)

It is convenient to view the combination of the H

antenna branches and the MRC combiner as a single

channel. The instantaneous CNR γ at the output of

this channel determines the channel state at a given

time. We assume that the mobile terminal has perfect

knowledge of γ. The range [0,∞) of possible CNR

values is divided into N + 1 nonoverlapping intervals

(or fading regions). At any given time the CNR will

fall in one of these fading regions, and the associated

CSI, i.e. the region index n ∈ {0, 1, . . . , N}, is sent

to the stationary receiver via the feedback channel,

which is assumed to be error free.

Assume that γ ∈ [0, γ1) in fading region 0, γ ∈
[γn, γn+1) in region n ∈ {1, 2, . . . , N − 1}, and γ ∈
[γN ,∞) in region N . Also, assume that the BER

must never exceed a target maximum BER0. When

γ ∈ [γn, γn+1) we use a multidimensional trellis code,

denoted code n ∈ {1, 2, . . . , N}, designed to achieve a

BER ≤ BER0 on an AWGN channel of CNR γ ≥ γn.

For γ < γ1, i.e. γ in fading region 0, the channel con-

ditions are so bad that no information is transmitted,

and we have an outage during which the information

flow is buffered.

Let 4 ≤ M1 < M2 < · · · < MN denote the num-

ber of symbols in N quadrature amplitude modula-

tion (QAM) constellations of growing size, and let

code n be based on the constellation with Mn sym-

bols. For some small fixed L ∈ {1, 2, . . .}, the encoder

for code n accepts L · log2(Mn) − 1 information bits

at each time index k = L · t ∈ {0, L, 2L, · · ·} and gen-

erates L · log2(Mn) coded bits. The coded bits spec-

ify L modulation symbols in the nth QAM constella-

tion. These symbols are transmitted at time indices

1We suppress the time dependence from now on for nota-

tional simplicity.
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k, k+1, · · · , k+L−1. The L two-dimensional symbols

can be viewed as one 2L-dimensional symbol, and for

this reason the code is said to be a 2L-dimensional

trellis code. In practice, the N codes are chosen such

that they may be encoded and decoded by the same

codec [2].

To determine the values of the fading region bound-

aries (or thresholds) γn, we need to determine the

BER performance of each code. When code n is oper-

ating on an AWGN channel of CNR γ, the BER-CNR

relationship for varying γ may be approximated by

the expression

BER ≈ an · exp

(−bnγ
Mn

)
, (2)

where an (> 0) and bn (> 0) are constants which de-

pend only on the weight distribution of the code [2].

These constants can be found for any given code by

least-squares curve fitting of data from AWGN chan-

nel simulations to (2). The fitting must be done sep-

arately for each code in the set.

Plots of BER found in the literature indicate that

the approximation in (2) is accurate for any CNR γ

resulting in BER <∼ 10−1 (see Fig. 1 for an example).

Unfortunately, for the minimum value γ = 0, the ap-

proximation reduces to BER ≈ an, and since an can

be larger than one, (2) may be of little use for low

CNRs. When we only want to approximate the BER

at moderate-to-high CNRs, as was done in [2], this is

not a problem. However, we need to approximate the

BER for any CNR γ ≥ 0 in this paper, and we will

therefore use the following BER expression for code n

BERn =

{
an · exp

(
− bnγMn

)
, γ ≥ γ?n

1
2 , γ < γ?n

(3)

Here, the boundary

γ?n =
ln(2an)Mn

bn

is the smallest CNR such that the BER is no larger

than 0.5. The boundary was obtained by assuming

equality in (2), setting BER = 0.5, and solving for γ.

For a true BER between 10−1 and 0.5 the exponen-

tial expression in (3) tends to produce a larger value

than the true BER, assuming that the coded com-

munication system manages to maintain synchroniza-

tion. In practice, it is difficult to maintain synchro-

nization for a very high BER, and the approximation

BER = 0.5 may therefore be close to the true BER of

a real system. If the coded system should exhibit a

BER > 0.5 for a very low CNR, then all decoded in-

formation bits may be flipped to achieve a BER < 0.5.

Hence, 0.5 is a reasonable upper bound on the BER.

Assuming a target BER0 such that γ > γ?n and

setting BERn equal to BER0 in (3), the thresholds

are given by [2]

γn = (MnKn)/bn, n = 1, 2, . . . , N

γN+1 = ∞ (4)

where Kn = − ln (BER0/an).

The probability that γ falls in fading region n, Pn =

P (γn ≤ γ < γn+1), is given by [4, Eq. (10)]

Pn =
Γ
(
H, Hγnγ

)
− Γ

(
H, Hγn+1

γ

)

(H − 1)!
(5)

where

Γ(υ, µ) =

∫ ∞

µ

tυ−1e−t dt (6)

is the complementary incomplete gamma function [6,

Eq. (8.350.2)]. Since H is an integer in (5), the func-

tion may be calculated using [6, Eq. (8.352.2)].

III. BER degradation

The BER degradation due to nonzero feedback de-

lay and nonzero terminal speed is determined in this

section. It is assumed that the communication system

utilizes a set of N trellis codes with known parameters

an and bn.

Let the total feedback delay, τ [s] be the time be-

tween the moment the mobile terminal acquires a set

of L modulation symbols and the moment the sta-

tionary transmitter activates a new code. The total

feedback delay is determined by the sum of three de-

lays: i) the processing time needed by the terminal

to estimate the instantaneous CNR γ and to deter-

mine in which fading region n the CNR falls, ii) the

time needed to feed back the region index n to the

3



          

transmitter, and iii) the processing time needed by

the transmitter to activate code n.

In a real system, the processing delay i) depends on

the technique used to estimate the instantaneous re-

ceived CNR, whereas the processing delay iii) depends

on the encoder complexity. Since the distance between

the stationary transceiver and the mobile terminal is

assumed to be no more than a few hundred meters,

the transmission delay ii) is mainly determined by the

communication protocols.

The size of the signal constellation Mn = Mn(γ) at

time index t is a function of the instantaneous received

CNR γ, but the constellation is used at time t+τ when

γ has changed to γτ . Consequently, while the CNR γ

falls in some fading region n, i.e. γn ≤ γ < γn+1, the

CNR γτ may fall outside this region. Substituting γτ
for γ in (3), we can write the BER as a function of γτ
for a given γ:

BERτ
n(γτ |γ) ={
an · exp

(
− bnγτ
Mn(γ)

)
, γτ ≥ γ?n

1
2 , γτ < γ?n

(7)

The average BER for γ in fading region n is now

given by

〈BER〉τn =

∫ γn+1

γn{∫ ∞

0

BERτ
n(γτ |γ)pγτ |γ(γτ |γ) dγτ

}
pγ(γ) dγ , (8)

where pγ(γ) is given by (1). Furthermore, pγτ |γ(γτ |γ)

is the pdf of γτ conditioned on γ [4]

pγτ |γ(γτ |γ) =
H

(1− ρ) γ

(
γτ
ρ γ

)(H−1)/2

·IH−1

(
2H
√
ργγτ

(1− ρ) γ

)

· exp

(
−H(ργ + γτ )

(1− ρ) γ

)
. (9)

The function IH−1(·) in (9) is the (H − 1)th-order

modified Bessel function of the first kind [7, Ch. 9].

The pdf also contains the channel power correlation

coefficient ρ at lag τ . It is shown in Appendix A that

ρ is given by the square of the zeroth-order Bessel

function of the first kind [7, Ch. 9],

ρ = J2
0 (2πfDτ) , (10)

for any number of receive antennas. Here, fD = v/λ

[Hz] is the maximum Doppler frequency shift defined

by the terminal speed v [m/s] and the wavelength λ

[m] of the carrier.

Using (7), the average BER in fading region n given

by (8) can be rewritten as the difference between two

double integrals,

〈BER〉τn = I1(n)− I2(n) ,

where

I1(n)
def
=

∫ γn+1

γn{∫ ∞

0

an · exp

(
−bnγτ
Mn

)
pγτ |γ(γτ |γ) dγτ

}

·pγ(γ) dγ (11)

and

I2(n)
def
=

∫ γn+1

γn{∫ γ?n

0

[
an · exp

(
−bnγτ
Mn

)
− 1

2

]
pγτ |γ(γτ |γ) dγτ

}

·pγ(γ) dγ . (12)

The double integral I2(n) is zero for γ?n = 0, i.e., when

parameters an and bn result in good BER approxima-

tions for any γτ ≥ 0. Hence, I2(n) may be viewed as

a “correction term” needed when an and bn are only

useful for γτ ≥ γ?n > 0.

It is shown in Appendix B that

I1(n) =
an

(H − 1)!

(
H

γ

)H
Γ(H,βnγn)− Γ(H,βnγn+1)

(ωn)H

(13)

where

βn =
H

γ
+

Hρ bn
HMn + γ(1− ρ)bn

(14)

and

ωn =
H

γ
+

bn
Mn

. (15)

From Appendix C, we have

I2(n) = S(an, bn)− S( 1
2 , 0) (16)
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for

S(an, bn)
def
= an

(1− ρ)H

(H − 1)!

·




∞∑

j=0

ρj

(j +H − 1)! j!

[
HMn

bn(1− ρ) γ +HMn

]j+H

·γinc

(
H + j,

[
bn
Mn

+
H

(1− ρ) γ

]
γ?n

)
(17)

·
[
Γ

(
H + j,

Hγn
(1− ρ) γ

)
− Γ

(
H + j,

Hγn+1

(1− ρ) γ

)]}
,

where

γinc(υ, µ) =

∫ µ

0

tυ−1e−t dt (18)

is the incomplete gamma function [6, Eq. (8.350.1)].

Since H + j is an integer in (17), the function may be

calculated using [6, Eq. (8.352.1)].

The average BER over all N codes, denoted by

〈BER〉τ , is equal to the expected number of informa-

tion bits in error per modulation symbol divided by

the expected number of transmitted information bits

per modulation symbol,

〈BER〉τ =

∑N
n=1 in〈BER〉τn∑N

n=1 inPn

=

∑N
n=1 in [I1(n)− I2(n)]

∑N
n=1 inPn

. (19)

Here, in = log2(Mn)− 1/L is the number of informa-

tion bits per modulation symbol and Pn is defined by

(5). In practice, the double integral I2(n) can only

be approximated since the sum in (17) must be ter-

minated after a finite number of terms. Since each

term in the sum is positive, the termination causes

the expression in (19) to become an upper bound on

the BER. The tightness of the bound improves as the

number of terms is increased. We will use the ten first

terms in the sum of (17) in the next section.

IV. Evaluation of example

codec

An adaptive codec with eight 4-dimensional trellis

codes was described in [2]. The individual codes’

Figure 1: The boxes are BER estimates generated

by software simulation and the curves are estimates

obtained from (3). The labels indicate the number of

symbols in the QAM signal constellations utilized by

the 4-dimensional trellis codes.

BER performances on an AWGN channel were sim-

ulated for various CNRs. The obtained BER points

(represented by boxes) are shown in Fig. 1. Curve

fitting with the least squares method was used to ob-

tain the parameters an and bn listed in Table 1. The

corresponding BER approximations (3) are plotted in

Fig. 1. The expression in (4) was used to determine

the tabulated thresholds2 γn (rounded to one decimal

digit) for target BER0 = 10−4.

Using the thresholds γn, setting L = 2, and γh =

20 dB, the base-10 logarithm of the average BER (19)

is plotted as a function of the correlation coefficient ρ

in Fig. 2 for H ∈ {1, 2, 4} receive antennas. We ob-

serve that because the thresholds are chosen according

to (4), the instantaneous BER is smaller than the tar-

get BER0 for γn < γ < γn+1 and ρ close to one. As a

result, the average BER will be below BER0 for large

ρ (see Fig. 2).

2The thresholds in Table 1 are larger than the thresholds

in [2, Table I] because we have reduced the target BER0 from

10−3 to 10−4. Furthermore, the path memory length of the

Viterbi decoder was set to 9 in [2] while a path memory length

of 16 was used in this paper.
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n Mn an bn γn [dB] ≈
1 4 188.7471 9.8182 7.7

2 8 288.8051 6.8792 12.4

3 16 161.6898 7.8862 14.6

4 32 142.6920 7.8264 17.6

5 64 126.2118 7.4931 20.8

6 128 121.5189 7.7013 23.7

7 256 79.8360 7.1450 26.9

8 512 34.6128 6.9190 29.7

Table 1: Parameters an and bn for example codec and

calculated thresholds γn [dB] for target BER0 = 10−4.

H min. ρ τmax [ms] ≈ τmax/T [symb.] ≈
1 0.997 2.7 1,080

2 0.991 3.4 1,360

4 0.963 6.9 2,760

Table 2: Minimum correlation coefficient ρ needed to

achieve BER ≤ 10−4 for average antenna branch CNR

γh = 20 dB and different number H of receive anten-

nas. Maximum tolerable delay τmax [ms] and number

of modulation symbols transmitted during τmax for

carrier frequency 1900 MHz, bandwidth 400 kHz, and

terminal speed v = 1 m/s.

Let τmax denote the maximum total delay, or max-

imum tolerable delay, for a given target BER0. The

expression (10) for ρ can be used to determine the

maximum tolerable delay τmax for different Doppler

shifts fD and targets BER0. The minimum values of

ρ (rounded to three decimal digits) needed to achieve

〈BER〉τ ≤ BER0 = 10−4 are listed in Table 2 for

H ∈ {1, 2, 4}.
If we let the carrier frequency be f = 1900 MHz

and use the value c = 3 · 108 m/s for the speed of

light, then the wavelength of the carrier frequency is

λ = c/f = 3/19 (≈ 0.16) m. A mobile terminal with

(pedestrian) speed v = 1 m/s then has Doppler shift

fD = v/λ = 19/3 (≈ 6.33) Hz. The corresponding

maximum tolerable delays τmax (rounded to one dec-

imal digit) are listed in Table 2.

Figure 2: Base-10 logarithm of average BER for cor-

relation coefficient 0.8 ≤ ρ < 1, target BER0 = 10−4,

and average antenna branch CNR γh = 20 dB.

To see that the fading is nearly constant over many

hundred modulation symbols for communications at

pedestrian speed, we calculate the number of sym-

bols transmitted during the maximum tolerable de-

lay τmax. We first need to determine a bandwidth

B for which it is reasonable to assume that the fad-

ing is frequency flat. The (rms) delay spread, σd [s],

measures how much a signal component may be de-

layed during transmission [8, Sec. 2.2.2]. The recip-

rocal of the delay spread provides a measure of the

width of the band of frequencies which are similarly af-

fected by the channel response. The channel is there-

fore approximately frequency flat if the bandwidth

B ¿ 1/σd.

At 1900 MHz, the multipath delay spread is up to

σd = 250 ns for a cordless phone in indoor and outdoor

environments [9]. Hence, we may assume that a chan-

nel with bandwidth at least up toB = 400 kHz has fre-

quency flat fading. The time needed to transmit one

symbol at the Nyquist signaling rate is T = 1/B =

2.5 µs, resulting in τmax/T symbols being transmit-

ted during the maximum tolerable delay. Using the

rounded values of τmax in Table 2, we obtain the

τmax/T values listed in the rightmost column of Table

6



             

2 for terminal speed v = 1 m/s and H ∈ {1, 2, 4}.

V. Conclusion

It has been shown (see Fig. 2) that the BER per-

formance may degrade considerably as ρ decreases,

which—for a given carrier frequency—corresponds to

increasing the terminal speed. However, the degrada-

tion can be mitigated by the use of MRC antenna di-

versity. Still, our results indicate that adaptive coded

modulation may be best suited for systems with mod-

erate mobility requirements, with terminals moving at

pedestrian speed.

Appendix A—Calculation of ρ

In this appendix we show that the channel power

correlation coefficient ρ is given by the expression in

(10). The instantaneous received CNR on the chan-

nel may be expressed as γ = α2 · K where α2 is

the channel power gain and K = S/(N0B). Since

E[γ] =
∑H
h=1E[γh] = HKΩ, we have E[α2] = HΩ.

Assume that α2 is the power gain at some time t and

let α2
τ be the power gain at time t+ τ for τ > 0. The

correlation coefficient ρ between α2 and α2
τ is then

given by

ρ =
cov(α2, α2

τ )√
σ2
α2 σ2

α2
τ

=
E[α2 α2

τ ]− E[α2]E[α2
τ ]

σα2 σα2
τ

. (20)

The channel gain α2 is gamma distributed [8, p.

48]. Hence, assuming that the channel power gains

α2 and α2
τ have the same expectations and stan-

dard deviations, we have E[α2]E[α2
τ ] = (HΩ)2 and

σα2 σα2
τ

= (E[α2])2/H = HΩ2 in (20).

To calculate E[α2 α2
τ ], we first compare two differ-

ent expressions for the instantaneous received CNR

γ. When the communication channel is viewed as a

Rayleigh fading channel with a H-branch MRC com-

biner, then γ =
∑H
h=1 γh = K

∑H
h=1 α

2
h where α2

h is

the power gain on the Hth antenna branch. Since we

also have γ = α2 ·K, it follows that α2 =
∑H
h=1 α

2
h,

and we can write

E[α2 α2
τ ] = E

[(
H∑

h=1

α2
h

) (
H∑

i=1

α2
i,τ

)]

=

H∑

h=1

E[α2
h α

2
h,τ ] +

H∑

h=1

∑

i 6=h
E[α2

h α
2
i,τ ] . (21)

Furthermore, because the signals on different antenna

branches (h 6= i) are statistically independent, the

covariance

cov(α2
h, α

2
i,τ ) = E[α2

h α
2
i,τ ]− E[α2

h]E[α2
i,τ ] = 0 ,

or equivalently, E[α2
h α

2
i,τ ] = Ω2. The expression in

(21) is then equal to

E[α2 α2
τ ] = H E[α2

h α
2
h,τ ] +H(H − 1) Ω2 ,

and the correlation coefficient in (20) reduces to

ρ =
E[α2

h α
2
h,τ ]− Ω2

Ω2
. (22)

Observe that (22) is independent of the number of

receive antennas H. In fact, (22) defines the correla-

tion coefficient for a Rayleigh fading channel (without

MRC). It is shown in [8, Eq. (2.68)] that the numera-

tor in (22) is equal to Ω2 J2
0 (2πfDτ), and as a result,

ρ is given by the expression in (10).

Appendix B—Evaluation of I1(n)

In the following we calculate the double integral in

(11). For the inner integral, BERn in (3) is fixed since

the CNR γ is fixed. It follows from (3) that

Mn = − bnγ

ln(BERn/an)
.

Using this expression for Mn and setting Dn =

− ln(BERn/an), the inner integral in (11) is equal to

I1(n, γ)
def
= an

∫ ∞

0

H

(1− ρ)γ

(
γτ
γρ

)(H−1)/2

· exp

(
−H(ργ + γτ )

(1− ρ)γ
− Dnγτ

γ

)
(23)

·IH−1

(
2H
√
ργγτ

γ(1− ρ)

)
dγτ .

Introducing the constant

x =
ρH2γ2

γ(1− ρ)(Hγ + γ(1− ρ)Dn)
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and making the substitution

z =

(
H

γ(1− ρ)
+
Dn

γ

)
γτ ,

the integral (23) can be written as

I1(n, γ) = an

(
Hγ

Hγ + γ(1− ρ)Dn

)H

· exp

(
− ρDnHγ

Hγ + γ(1− ρ)Dn

)
(24)

·
∫ ∞

0

( z
x

)(H−1)/2

e−z−xIH−1

(
2
√
xz
)
dz .

The value of the integral in (24) is equal to QH(x, 0)

where QH(·, ·) is the generalized Marcum Q-function

of order H [7, Eq. (11.63)]. Since QH(x, 0) =

Q1(x, 0) = 1 for all x, we have

I1(n, γ) = an

(
Hγ

Hγ + γ(1− ρ)Dn

)H

· exp

(
− ρDnHγ

Hγ + γ(1− ρ)Dn

)
. (25)

The double integral in (11) can now be written as

I1(n) = F(γn)−F(γn+1) (26)

for

F(ξ) =

∫ ∞

ξ

I1(n, γ) pγ(γ) dγ.

To calculate F(ξ), we first observe that BERn in (3)

is no longer a constant since γ varies. Using the con-

nection Dn = − ln(BERn/an) = (bnγ)/Mn, it follows

from (1) and (25) that

F(ξ) =
an

(H − 1)!

(
H

γ

)H (
HMn

HMn + γ(1− ρ)bn

)H

·
∫ ∞

ξ

γH−1 exp(−βnγ) dγ

where βn is defined by (14). Substituting t = βnγ and

observing that
(

HMn

HMn + γ(1− ρ)bn

)H (
1

βn

)H
=

(
1

ωn

)H

for ωn defined by (15), we get

F(ξ) =
an

(H − 1)!

(
H

γ

)H
Γ(H,βnξ)

(ωn)H
(27)

where Γ(·, ·) is given by (6). The expression for I1(n)

in (13) is now obtained from (26) and (27).

Appendix C—Evaluation of I2(n)

We shall calculate the double integral I2(n) defined

by (12). We first split the double integral in two to

obtain

I2(n) =
∫ γn+1

γn

{∫ γ?n

0

an · exp

(
−bnγτ
Mn

)
pγτ |γ(γτ |γ) dγτ

}

·pγ(γ) dγ (28)

−
∫ γn+1

γn

{∫ γ?n

0

2−1 pγτ |γ(γτ |γ) dγτ

}
pγ(γ) dγ .(29)

The second integral (29) is a special case of the first in-

tegral (28) with an = 2−1 and bn = 0. Hence, we only

need to consider the first integral. The pdf pγτ |γ(γτ |γ)

defined by (9) contains the (H − 1)th-order modified

Bessel function of the first kind defined by [7, Eq.

(9.28)]

Iν(z) =

(
1

2
z

)ν ∞∑

j=0

(
1
2z
)2j

(j + ν)! j!

for ν an integer. Using this definition, the inner inte-

gral in (28) is equal to

an

[
HMn

bn(1− ρ) γ +HMn

]H
· exp

(
− Hργ

(1− ρ) γ

)

∞∑

j=0

1

(j +H − 1)! j!

[
MnH

2ργ

(1− ρ)γ{bn(1− ρ) γ +HMn}

]j

γinc

(
H + j,

[
bn
Mn

+
H

(1− ρ) γ

]
γ?n

)

where γinc(·, ·) is defined by (18). The outer integral

in (28) is then equal to (17). Since the double integral

in (29) is a special case of the double integral in (28),

the “correction term” I2(n) is now given by (16).
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