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Abstract

Adaptive transmission can maximize the average information rate on a time-varying channel
for a given power constraint and target bit error rate (BER), by adapting certain parameters of
the transmitted signal to the temporal variations of the channel. Since the outage probability
of such schemes can be quite high, especially for channels with low average signal-to-noise ratio
(SNR), adaptive systems will require buffering of the input data. In this paper, we present some
analytical results for the performance analysis of buffered adaptive transmission in terms of the
probability of over flow for two scenarios: (i) constant deterministic incoming data arrival process
(which includes the discussions for a continuous fading channel model and a discrete Markov channel
model, respectively) and (ii) Poisson data arrival process. Numerical examples are also provided and
discussed to illustrate the mathematical formalism and the effects of various system parameters.

1 Introduction

Adaptive transmission can maximize the average information rate on a time-varying channel for a given
power constraint and target bit error rate (BER), by adapting certain parameters of the transmitted
signal to the temporal variations of the channel. This transmission technique relies essentially on real-
time balancing of the link budget through adaptive variation of the transmitted power level, symbol
transmission rate, constellation size, coding rate/scheme, or any combination of these parameters while
meeting a target BER requirement. Thus, adaptive techniques, without loss of performance, provide a
higher average link spectral efficiency by taking advantage of the time-varying nature of wireless channels:
transmitting at high rates under favorable channel conditions and reducing the data throughput as the
channel worsens [1, 2, 3]. Since the outage probability of such schemes can be quite high, especially for
channels with low average signal-to-noise ratio (SNR), adaptive systems will require buffering of the input
data. The focus of this paper is the overflow performance analysis of buffered adaptive transmission.
The remainder of this paper is organized as follows. The next section describes the system model
under consideration and formulates the buffering problem in adaptive systems. In section 3, the per-
formance of buffered adaptive transmission is analyzed in terms of the probability of overflow for two
scenarios: (i) constant deterministic incoming data arrival process (which includes the discussions for a
continuous fading channel model and a discrete Markov channel model, respectively) and (ii) Poisson
data arrival process. Numerical examples are also provided and discussed in this section to illustrate the
mathematical formalism of the derived analytical results and the effects of various system parameters.

2 System Model and Problem Setup

We consider an adaptive transmission scheme employing adaptive discrete rate (ADR) multi-level quadra-
ture amplitude modulation (M-QAM) schemes with constellation sizes M,, = 2™ forn € S, = {0,1,2,--- ,N}
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Figure 1: Model of buffered adaptive transmission.

and corresponding transmission rates R = {Ry, R1, Ra,- -+ , Ry }. We assuming perfect channel estima-
tion and negligible time delay between channel estimation and signal set adaptation. At the incoming
data source side we maintain a buffer with fixed size B, see Fig. 1. Let A be the data arrival rate, B*
denote the number of buffer units occupied at arbitrary time point, and 7[i] be the duration of time slots
¢ for which the transmission system keeps its transmission rate R[i] € R unchanged. We are interested
here in the probability of the overflow of the buffer when the transmission rate adapts to the time varying
channel, which is defined as the probability of B* > B. In this paper we will consider the following two
scenarios: first we will study the case that the data arrival is a deterministic process with constant rate
A and then the case that the data arrive according to a Poisson process with arrival rate .

3 Overflow Analysis of Buffered Adaptive Transmission

3.1 Case I: Deterministic Arrival Process

Consider the buffered adaptive transmission system in which the incoming data arrive deterministically
with constant rate A. Let B[i] is the number of buffer units occupied at the end of time slots ¢ which
can be written as

Bli] = max{B[i — 1] + [i](\ — Rli]),0}. (1)

Noting that the transmission rate is changed only at the beginning of each time slot, the overflow
probability P2 for this case can be specified as P} = Pr[B* > B] = Pr[B[i] > B]. Since Bli] > B is
equivalent to B[i — 1]+ 7[i](A — R[i]) > B, this overflow probability can be written by applying the total
probability theorem as

N
PR = S PuBli— 1]+ ri|(A — Rl]) > B| Rli] = R;] Pr[R[i] = R;]
§=0
N
= SOPr[B[i — 1]+ 7;(A— R;) > B] Pr[R[i] = Ry, 2)
=0

where we take 7[i] = 7; when R[i] = R;. For the simplest memoryless buffer case (i.e., assume Bi—1] =
0), (2) reduces to

P} = > Prrj(A— R;) > B] Pr[R[i] = R)]
j=0
B
= Pr|7; > ———— | Pr|R[i] = R;], 3
> %> G | PR = R ®

where J is an integer such that Ry < A < Rj11 (we assume Ryy1 = +oo for this comparison purpose so
that the largest J could be N). In the following, we will use Eqn. (3) to evaluate the overflow performance
of the buffered adaptive transmission with deterministic data arrival for two kinds of Rayleigh fading
channel models: conventional continuous model and finite-state Markov model.

3.1.1 General Formula for the Conventional Continuous Model

For ADR M-QAM, Pr[R[i] = R;] can be obtained by [2, Eqn. (34)] with m =1 as

Pr{Rl] = ;] = exp (1) —exp (’Y;) , (1)



where 7 is the average received SNR. If the target BER is BER, the region boundaries {v;} are given
by [2, Equ. (30)] as

o= [erfc_1(2 BERO)}Q,
2 .
v = —gln(S BERO)(Q‘]_l); 7=0,2,3,---,N,
IN+1 = +-00, (5)

where erfc™*(-) denotes the inverse complementary error function. Let 7, be the duration for which the
SNR process falls below level ; and N(v;) be the level crossing rate of level ; for the SNR process,
which is defined as the average number of times per unit interval that a fading signal crosses a given
signal level in the positive direction only (or in the negative direction only). One can show that the
duration 7; of the transmission rate R; can be approximated as

Tyjyr — T’YjT’Yj+1N(’Yj) (6)
L+7, N(y)

Tj:

where N (v,) is provided by [4, Eqn. (3)] as

Ny = 22 e (—”7) , ()

where f,, is the maximum Doppler frequency. Recall that the asymptotic probability density function
(PDF) of duration 7., is given by [5, Sec. IV] as

3
3?2 5 v
T t) = ,.7] F 773,77J B 8
0= e (30 ) )

where 1 (-, -, -) is the degenerate hypergeometric function [6]. Assuming 7,, and 7., , are independent,
the PDF of 7; in (6) can then be obtained by applying the Jacobian transformation method as

tiv1 —t(1+ 1N (y5)) | 1+t N ()
f‘l‘j,‘l'—yv t,tjt1) = fn‘ tj+1 fTw (J
J+1( i+ ) J+1( Jt ) fi tj+1N(’}/j) tj-l—lN(’Yj)
97% 3N (1)
J
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and further averaging over 7, , which yields f (t) = fooo Jrj s (t,tj11)dtj11. With fr (¢) in hand,

X

Pr |:Tj > ﬁ} is just the complementary of the cumulative distribution function (CDF) of 7; which
can be obtained by
B
Pr |7 > }
T (A Ry)

2 2N3(v))
N i 1+t;11N (7))
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Hence, substituting (10) and (4) into (3), we get the overflow probability for the Rayleigh fading channel
in the conventional continuous model.
3.1.2 General Formula for the Finite-State Markov Model

In this section we assume that the channel is described by a discrete-time (/N 41)-state Markov model.
Each of the states corresponds to one of the N +1 possible transmission rates R = {Rg, R1, Rz, -+ , Ry}



and the region boundaries (or switching thresholds) is given in (5). The channel is in state & if the SNR
is between 7, and k41 (or equivalently the transmission rate is Ry). If we assume that the transitions
only happen between adjacent states which is applicable for the slow fading case, we have transition
probabilities

Pei=0, if |k—il>1 (11)

and approximately [4, Eqns. (10) and (11)]

N
Py 1 = (”’jj:)f’, if k=0,1,--- ,N—1
N T
kak_lz%, k=12, N, (12)

where N (v) is given in (7), T}, is one packet time period, and 7y, is the steady-state probability which

is provided by [4, Eqn. (5)]
T = exp (%) — exp <%+1> . (13)
v Y

For this finite-state Markov model, Pr[R[i| = R;] is just the steady-state probability ;. By applying
the method provided in [7], the probability Pr[r; > 7T},] can be obtained as

P 1) = TP Pe; 14
7 > - _J J 7

> ) = g (14)
where 7; is obtained from 7w = [mo, 1, -+ , ] by setting to zero the entry corresponding to state

J, P is the transition matrix with entries Py ;, e; is a column vector whose (j + 1)-th entry is 1 and

others are 0s, and P; is obtained from P by setting to zero all P ; with ¢ # j. Therefore, one can get

Pr {Tj > ﬁ} by evaluating (14) at 7 = [ﬁ], where [-] denotes the operation rounding up to
J P J

the closest integer. Finally, the overflow probability for the Rayleigh fading channel in the finite-state

Markov model case can be given as

[ ms1-1
J B Tp(A—R;)
D _ ;P Pe;
PR = ij p—r ) (15)
j=0 7=

3.1.3 Numerical Examples

In our numerical examples for the case of deterministic data arrival process, we focus on the discrete
Markov model. Fig. 2 and 3 plot the effects of the buffer size, the target BER, and the average received
SNR on the performance of the overflow probability when the data arrival rate A = 350 kb/s, the number
of states N + 1 = 8, one packet time period T, = 0.384 ms, bandwidth w = 100 kHz, and maximum
Doppler frequency fm = 10 Hz. It can be observed from Fig. 2 that the overflow probability decreases
as the buffer size increases, as expected. Both of these two figures demonstrate that a lower target BER
will increase the overflow probability. This is because achieving a lower target BER requires a slower
transmission which in turn increases the possibility of overflow. Fig. 3 shows that a higher average
received SNR increases the transmission rate which will result in a smaller overflow probability.

3.2 Case II: Poisson Arrival Process
3.2.1 General Formula

When the incoming data arrive according to a Poisson process, the buffered adaptive transmission system
can be modelled as an M/G/1 queue. Specifically, in addition to the Poisson input with arrival rate A
to this queue, the general service time z is a discrete random variable with the set of possible values
T = {R%, R%, e ﬁ}l and discrete PDF

1 R . —
p<$:>:exp<_%_%>_exp(_%+l_%>7 j—1...N (16)
Rj Y Y

1When the transmission rate is Rg = 0, the server can be viewed as on vacation. In practice, the probability of this
occurs is very low, so for simplicity, we omit it in our analysis.




where «; is given in (5). Therefore the mean service time T is obtained by

T:m:i}% exp (221 e ()] 1)

j=1 v

For M/G/1 queues, the distribution of the number of customers in the system can be found e.g.
in [8, Chap. 5]. Applying their results to the buffered adaptive transmission system, when the traffic
intensity p = AT < 1 (for which the system can obtain statistical equilibrium after a sufficiently long
time), the overflow probability POQf of the buffered adaptive transmission with Poisson data arrival can
be shown to be given by

1
PY = 1- , 18
of 7.(_8 +p ( )
where 7§ is determined from the linear equations
J
ﬂ;#»l:pal W;_pjﬂ-g)k_zpjfi+lﬂ-j ) .7:0717 7B_1a
i=1

B
and sz* =1, (19)

i=0

where 77’s are the limiting distribution of the number of buffer units occupied at the transmission
completion points (i.e., the time point at which the transmission of a unit of data (e.g., a bit, a packet,
etc) is just finished) and also referred to as the departing customer’s distribution of an imbedded Markov
chain. In (19), the coefficient p; is given by the Riemann-Stieltjes integral

 (A\x)J
- /0 (ﬂ) exp(—Az)dF (), (20)

where F(z) is the CDF of the service time. Following the results for the Riemann-Stieltjes integral
provided in [8, Chap. 5], (20) can be shown to be written as

) () (222) ()

N
pi=y

3.2.2 Numerical Examples

Fig. 4 plots the effect of the data arrival rate on the performance of the overflow probability when the
incoming data arrive according to a Poisson process. The simulation setup is the following: the number
of states N +1 = 8, buffer size B = 5 packets, average received SNR 7 = 20 dB, and transmission rate is
R = [10, 20, 30, 40, 50, 60, 70] packets/s?. One can see from Fig. 4 that the overflow probability increases
as the Poisson arrival rate increases, as expected. Similar to the deterministic data arrival process case,
Fig. 4 also shows that a lower target BER increases the overflow probability of buffered adaptive system
with Poisson arrival data.
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Figure 2: Overflow probability versus buffer size for various values of the target BER.
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Figure 3: Overflow probability versus average received SNR for various values of the target BER.
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Figure 4: Overflow probability versus Poisson arrival rate A for various values of the target BER.



