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ABSTRACT

We present results on optimization of pilot spacing
and power in adaptive coded modulation (ACM) sys-
tems operating in spatially correlated receive antenna
diversity. The analyzed ACM system has a set of mul-
tidimensional trellis codes—which are designed for
Gaussian channels—to switch between. In order to
switch between different modes the transmitter is pro-
vided with the channel-signal-to-noise ratio as pre-
dicted at the receiver. The results are presented for
identically distributed Rayleigh fading subchannels
with Jakes spectrum, and with 2 different correlation
models: equal and exponential correlation between
the antennas. Exact closed-form solutions are difficult
to obtained due to the spatial correlation. Instead,
approximated closed-form expressions are calculated.

1. INTRODUCTION

Quality of service (QoS) in future multimedia services
can only be achieved by realizing high information
rates. Thus, spectral efficient transmission schemes
are called for. As opposed to the “classical” systems
where the transmission is designed for and fixed to
the worst channel conditions—i.e. the system is de-
signed to perform acceptably in deep fades—the fu-
ture systems also take advantages of good channel
conditions. Adaptive (coded) modulation (ACM) is a
promising tool to combat fading and to maximize the
information rate. The idea behind an ACM system
is to dynamically change rate (and power) to a mode
which is more suitable to the quality of the channel,
and, at the same time, maintain some QoS measure
such as the target bit error rate (BER0). In order to
do such adaptation, information about channel varia-
tions must be available to the transmitter.

It is well known that pilot-symbol-assisted modu-
lation (PSAM) can be used to track the variations of
the channel, based on the fact that known symbols
(pilot symbols) are inserted into the data stream at
regular intervals and transmitted along with data in-
formation. These pilot symbols are extracted at the
receiver and are used to perform the channel estima-
tion and/or prediction [1]. However, uniform spacing

pilot symbols regardless of the channel quality is not
necessarily optimal scheme. More pilot might be nec-
essary when the average channel quality is bad and
vice versa. However, it is obvious that too many pi-
lot symbols will degrade system performance because
much of the bandwidth is devoted to send overhead in-
formation. On the other hand, too few pilots cause in-
accurate channel prediction/estimation, which would
imply that the system is adapting to wrong the chan-
nel conditions, and, hence, the performance is also
degraded. As a result, there should exist an optimal
value which maximizes the throughput. In [2], [3]
optimization schemes which adapt both pilot spac-
ing and power allocation to the average chanel signal-
to-noise ratio (CSNR) in order to maximize average
spectral efficiency (ASE) have been shown.

The ACM system under consideration in this pa-
per is depicted in Fig. 1 where nR denotes the num-
ber of receive antennas. The system has a set of
N codes/constellations {Mn}N

n=1—corresponding to
a set of spectral efficienies (SEs) {Rn}—to switch
between. The code with a lower index is also of a
smaller size than the one with a higher index. I.e.,
Mn > Mn−1 ∀n, and hence Rn > Rn−1.

While it is straightforward to derive the estimation
error when a linear estimator is used, we will assume
now that estimation is perfect since the estimation
error is very small, such that prediction error always
will be the dominating factor in performance analysis.
The predicted CSNR is fed back to the sender and it
is called channel state information (CSI).

In order to have uncorrelated subchannels, the re-
ceive antennas must be spaced at least half the wave-
length apart [4]. However, from an experimental point
of view, about 10–20 wavelengths separation of the re-
ceive antennas is required to provide sufficient spatial
decorrelation at the base station [5], [6]. Similarly,
to provide spatial decorrelation between the anten-
nas at the remote units, it is sufficient to separate
the antennas with quarter wavelength [5].1 Due to

1This is due to the difference of the scattering environment
around the base station and the remote station. While the re-
mote station is usually surrounded by nearby scatterers, the
base station is spaced at higher altitude with no nearby scat-
terers.
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Figure 1: ACM system with multiple reception of receiving signals.

space limitations, in practical systems with antenna
diversity implemented, the antennas might be spaced
closed to each other. This implies that there exists
some correlation between these antennas. In this pa-
per we are going to optimize the pilot spacing and
power distribution between pilot and data symbols
of the ACM system (shown in Fig. 1) in the maximal
ASE sense, when maximum ratio combining (MRC) is
implemented and spatial correlation between different
receive antennas is included. Note that the optimiza-
tion algorithm used is presented in [7] and not covered
in detail here.

2. SYSTEM MODEL AND THE
COMBINED SIGNAL STATISTICS

With the reference to Fig. 1 the input-output relation-
ship of the transmit data signal s(k; l) and the receive
data signal yd;j(k; l) at the jth branch can be found
as

yd;j(k; l) =
√
Edhj(k; l)s(k; l)+nj(k; l), l ∈ [1, · · · , L].

(1)
Similarly, we can write the receive pilot signal as

ypl;j(k; 0) =
√
Eplhj(k; 0)s(k; 0) + nj(k; 0), (2)

where the Ed and Epl denotes the actual data power
and the pilot power, respectively. Note that the data
stream is devided into frames of L symbols where each
frame starts with a pilot symbol. Thus k and l is used
to index the frames and the symbols in that frame,
respectively.

Based on (1), the total detected data CSNR—when
assuming perfect estimation—can be calculated as

γd =
Ed‖h(k; l)‖2

F

N0
(3)

where h(k; l) = [h1(k; l), h2(k; l), · · · , hnR
(k; l)]T, N0

is the noise power of the zero-mean additive white
Gaussian noise (AWGN) nj(k; l). ‖·‖2

F and (·)T de-
notes the Frobenious norm and vector transpose, re-
spectively. While assuming that the channel hj(k; l) is
complex Gaussian with zero mean and variance equal
to 1, the total average data CSNR is γ̄d = nREd/N0 =
γ̄jrdnR where rd = Ed/E and γ̄j , E/N0 is the average
received CSNR on each branch with E is the average

power each symbol (both pilot and data) is allowed
to use.

We define the average predicted CSNR on one sub-
channel as [3] ¯̂γj = E[γ̂j ] = ĒdE[|hp;j(k; l)|2]/N0 =
Ēd(1−σ2

p;j)/N0, where hp;j(k; l) is the predicted chan-
nel gain. Then the total average predicted CSNR will
be ¯̂γ = Ēd(1 − σ2

p)nR/N0 = γ̄jrnR. This amounts
assuming that the prediction error variance is the
same on all branches, i.e., σ2

p;j = σ2
p ∀j, and r =

Ēd(1 − σ2
p)/E . It should be mentioned that detect-

ing the different branches independently and assum-
ing the same prediction error variance on all branch
is clearly a suboptimal scheme since the spatial corre-
lation is not exploited. The development of an opti-
mal scheme is a subject for further research. It is also
noted that the predictor is made linear and maximum
a posteriori (MAP) optimal. We refer to [1], [8, Chap.
14.2] and [2], [3] for details derivation of the predictor
and calculation of the predication together with the
prediction error variance σ2

p;j , respectively.
When a frame of size L contains one pilot and

L − 1 data symbols, the pilot power and the aver-
age data power is distributed as Epl = (1− α)LE and
Ēd = αLE/(L − 1), respectively. α is the constant
which determines the power allocation between pilot
and data symbols.

In rate-adaptive systems, sometimes data are not
sent because the channel is predicted to be so bad
that the requirement of bit error rate is not fulfilled.
During that period, the transmitter continues to send
pilot symbols—in order to predict the channel—and
data is buffered. As a result, no data power is used
during that time, and, hence, the actual data power
can be set to

Ed =
Ēd

1 − outage probability
=

Ēd∫∞
γ̂1

p(γ̂)dγ̂
. (4)

When the branch gains (i.e., βj , |hj(k; l)| and
β̂j , |hp;j(k; l)|) are Rayleigh distributed2 and are
mutually uncorrelated, both γd and γ̂ will follow
Gamma distributions [9]. In this study, however, we
assume that there exists some correlation between the
receiving branches. Thus, the output CSNRs are not

2x is said to have Rayleigh distribution with variance Ω =

E[x2] if the pdf of x is p(x) , 2x
Ω

exp
“
−x2

Ω

”
, x ≥ 0.



Table 1: Parameters of the Gamma pdf of γd and γ̂.

Correlation model md θ

Constant nR

1+ρs(nR−1) γ̄j(1 + ρs(nR − 1))

Exponential nR

1+ 2ρs
1−ρs

„
1− 1−ρ

nR
s

nR(1−ρs)

« γ̄j

(
1 + 2ρs

1−ρs

(
1 − 1−ρ

nR
s

nR(1−ρs)

))

Gamma distributed anymore [10], [11]. As a result,
we can not model the correlation between γd and γ̂
exactly. In [12] pdf for the CSNR of arbitrarily corre-
lated Nakagami-m fading channels (Rayleigh fading if
m = 1) is shown to be well approximated by a Gamma
distribution, with the two first moments equal to the
exact pfd. With the reference to that paper we let
γd and γ̂ be Gamma distributed with the same shape
factor md and the scale factors θ1 and θ2, respectively,
and use the short hand notation γd ∼ G (md, θ1) and
γ̂ ∼ G (md, θ2) to denote that.3 Hence the joint dis-
tribution is still described by the bivariate Gamma
distribution [9], i.e., (γd, γ̂) ∼ G (md, θ1, θ2, ρ), where
ρ is the correlation between γd and γ̂:

ρ =
Cov(γd, γ̂)√

Var(γd)Var(γ̂)
=

Cov(β2, β̂2)√
Var(β2)Var(β̂2)

. (5)

It can be shown that ρ = |ωHrp|2/η [13], where
ω is the vector of predictor filter coefficients and
η = ωHRω + ‖ω‖2/((1 − α)Lγ̄j). Rp denotes the
covariance matrix and rp is the covariance vector of
the channel [7]. Note that θ1 and θ2 can respectively
be written as θ1 = rdθ and θ2 = rθ, where θ (also
md) is found in [13, Tab. B.1], but reproduced here in
Tab. 1 for the sake of completness. It has been shown
in the same paper that the system performance with
the approximated pdfs is identical or close to the per-
formance obtained with the exact pdfs, except at very
high CSNRs.

Given the power spatial correlation between any
two adjacent branches as

ρs =
Cov(γd;j+1, γd;j)√

Var(γd;j+1)Var(γd;j)
=

Cov(β2
j+1, β

2
j )√

Var(β2
j+1)Var(β2

j )
,

(6)
for j = 1, 2, · · · , nR − 1, the two spatial correlation
models using in this paper is: (i) the constant corre-
lation

ρij =

{
1 for i = j

ρs for i 6= j
, (7)

and (ii) the exponential correlation

ρij = ρ|i−j|
s , (8)

3x is said to be gamma distributed with shape parameter
ϕ and scale parameter χ denoted by x ∼ G (ϕ, χ) if the pdf is

p(x) , xϕ−1

Γ(ϕ)χϕ exp
“
− x

χ

”
, x ≥ 0.

where i and j is the antenna index; i, j ∈ [1, · · · , nR].
The exponential correlation model can be applied to
an equidistant array of antenna elements, while the
constant correlation model corresponds to the sce-
nario of closely spaced receive antennas or three an-
tennas placed on an equilateral triangle [14].

3. PERFORMANCE ANALYSIS

3.1. BER Analysis

For a given choice of code, the system is required
to operate with an intantaneous BER4 below a pre-
defined value BER0. Thus, we need an expression for
BER(Mn|γ̂), which can be found as

BER(Mn|γ̂) =
∫ ∞

0

BER(Mn|γ)p(γ|γ̂)dγ (9)

where

BER(Mn|γ) =
L∑

`=1

an(`) exp
(
−bn(`)

Mn
γ

)
(10)

is the expression obtained by curve fitting to the sim-
ulated BER performance of trellis codes over AWGN
channels. Unlike in [15], where the approximation
expression—for high CSNR only—contains just one
exponetial function, we use L of them to match to
the simulated values over the whole range of instan-
taneous CSNR. The code-dependent constants an(`)
and bn(`) are found as the result of curve fitting.
Those constants, and illustration of the approxima-
tion, are to be found in [7].

The instantaneous CSNR is given by (3). Replac-
ing γ in (9) and (10) by γd and using the relation
p(γd|γ̂) = p(γd, γ̂)/p(γ̂), BER(Mn|γ̂) can be found as

BER(Mn|γ̂) =
L∑

`=1

an(`)
(

Mn

Φ

)md

exp
(
−γ̂

ρθ1bn(`)
θ2Φ

)
(11)

where Φ = Mn+bn(`)θ1(1−ρ). The switching thresh-
olds {γ̂n}N

n=1 are found by equating (11) to the level
BER0 and solving for γ̂ for different constellation sizes
Mn. A numerical search must be used here.

An estimate of the average BER over all codes is
given by the average number of bits in error divided

4instantaneous with respect to the predicted CSNR.



by the average number of bits transmitted in total
[16]:

BER =
∑N

n=1 BER(Mn)Pn∑N
n=1 RnPn

, (12)

where BER(Mn) =
∫ γ̂n+1

γ̂n
BER(Mn|γ̂)dγ̂ and is

BER(Mn) =
L∑

`=1

an(`)
(

Mn

Mn + bn(`)θ1

)md

×
{

Γ
(

md, γ̂n
Mn + bn(`)θ1

θ2Φ

)
− Γ

(
md, γ̂n+1

Mn + bn(`)θ1

θ2Φ

) }
. (13)

Rn is the SE of the actual code, Pn =
∫ γ̂n+1

γ̂n
p(γ̂)dγ̂ =

Γ (md, γ̂n/θ2)−Γ (md, γ̂n+1/θ2) is the probability that
the predicted CSNR falls into the region [γ̂n, γ̂n+1〉,5
i.e., the probability that the constellation Mn is used.

3.2. ASE Analysis

The SE Rn for the code Mn when using 2G-
dimensional trellis codes is given by [15] Rn = (1 −
1/L)(log2(Mn)− 1/G).6 Hence, given Rn and Pn the
average spectral efficiency is expressible as

ASE =
N∑

n=1

RnPn =
L − 1

L

N∑
n=1

(
log2(Mn) − 1

G

)
×

{
Γ

(
md,

γ̂n

θ2

)
− Γ

(
md,

γ̂n+1

θ2

)}
(14)

When using Nyquist sampling, L must be less than
Lmax = b1/(2fdTs)c [3] where fd is the maximum
Doppler shift. Thus, for L ∈ [2, · · · , Lmax] we have
the following optimization problem:

maxα,L ASE
subject to 0 < α < 1. (15)

The optimization algorithm is presented in [7]. Thus
we choose not to reproduce it here, but, instead, refer
to that paper.

4. NUMERICAL EXAMPLE

Illustrated here is an example ACM system which
has a set of N = 8 QAM signal constellations of
sizes {Mn} = {4, 8, 16, 32, 64, 128, 256, 512} to switch
between. These constellations are used to represent

5Γ (a, b) , Γ(a, b)/Γ(a) is the nomalized incomplete gamma
function[7].

6G = 2 is utilized in the numerical example in Section 4.
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Figure 2: ASE as a function of subchannel CSNR for
optimal L and optimal power allocation. The corre-
lation between every subchannels is the same and is
equal to ρs = 0, 0.2, and 0.7, respectively.

eight 4-dimensional trellis codes [15]. The carrier fre-
quency is 2 GHz and the length of a channel sym-
bol is 5 µs—corresponding to a channel bandwidth of
200 kHz using Nyquist sampling. The mobile veloc-
ity is v = 30 m/s and the system delay considered
is τ = 1 ms (meaning that we predict 1 ms ahead
in time). With these parameters, the Doppler fre-
quency is fd = 200 Hz and the normalized delay
τfd = 0.2. We require the system to tolerate an
BER0 = 10−5, and we choose the order of the pre-
dictor to be Kp = 250. Furthermore, we assume that
the expected subchannel CSNR is the same for all
the branches—i.e., γ̄ = {γ̄j}, ∀j ∈ {1, · · · , nR} where
nR is the number of receive antennas—and that they
are correlated either with equal correlation factor, or
with exponential correlation factor. Note also that
since τ = DLTs = 1 ms, the pilot spacing L is in
{2, 4, 5, 8, 10, 20, 25, 40, 50, 100, 200}.

We see from Figs. 2 and 5 that ASE is reduced
with increasing spatial correlation between the avail-
able antennas. This is due to the fact that the diver-
sity gain becomes smaller with larger spatial correla-
tion. Moreover, constant correlation causes more per-
formance degradation than exponential correlation.
This is due to the fact that, in the latter case, the
correlation between one antenna with the other an-
tennas decreases exponentially with distance between
them, while the correlation is the same between any
two antenna branches in the former case. The perfor-
mance is identical—for both cases—when nR = 2.

When all the branches are fully correlated with each
other, the diversity gain will disappear. This implies
that increasing the spatial correlation will affect both
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Figure 3: Optimal pilot spacing with equal correlation
for ρs = 0, 0.2, and 0.7, respectively.
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Figure 4: Optimal pilot power with equal correlation
for ρs = 0, 0.2, and 0.7, respectively.

the pilot insertion frequency and the power allocation
to pilot symbol in the way that it approaches the non-
diversity case (nR = 1), and this is shown in Figs. 3,
4, 6, and 7. At very high CSNR the pilot power in-
creases again. This can be explained the fact by that
pilot spacing L jumps to a very high value at the same
point—meaning that pilot symbols are seldom trans-
mitted. Since the system is relying on the accuracy
of the prediction of the channel, more power should
be put on pilots such that the quality of the predic-
tion is maintained (hence, the BER performance is
maintained).

Shown in Fig. 8 is the theoretical average BER per-
formance (evaluated from Eq. (12)) with constant cor-
relation model and different values of correlation ρs.
It is plotted for optimal values of pilot spacing and op-
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Figure 5: ASE as a function of subchannel CSNR for
optimal L and optimal power allocation. The cor-
relation between every subchannels is reduced expo-
nentially with the distance between the antennas and
ρs = 0, 0.2, and 0.7, respectively.

timal power allocation. The conclussion here is that
average BER is always below the requirement of 10−5.
Similarly, BER performance is also satisfied with the
exponential correlation model.

5. CONCLUSIONS

We have illustrated how the spatial correlation would
affect the performance of a certain rate-adaptive sys-
tem having receive antenna diversity implemented.
The throughput in terms of ASE is reduced due to
the reducing diversity gain when spatial correlation
increases. The performance degradation is larger with
constant correlation compares to with exponential
correlation when the numbers of receive antenna is
greater than 2.

The detection shceme and the optimization ap-
proach are however suboptimal since they do not take
into account the fact that the subchannels are corre-
lated. This problem might be solved by deriving a
joint detection and optimization algorithm for all the
branches, and this is subject to further research.
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