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Impact of Spatial Correlation on Adaptive Coded
Modulation Performance in Rayleigh Fading

Bengt Holter and Geir E. dien

Abstract—A performance analysis of an adaptive coded mod- and identically distributed Rayleigh flat-fading chanretsl as
ulation (ACM) scheme operating on identically distributed and sych, the joint distribution of the true and the predictedN&S
spatially correlated Rayleigh flat-fading channels is presented. In can be represented by a bivariate gamma distribution, since

particular, a single-input multiple-output system using maximum o .
ratio combining at the receiver is considered. The ACM scheme they both are individually gamma distributed and mutually

consists of a set of multidimensional trellis codes originally Correlated.

designed for additive white Gaussian noise channels, with codes In this paper, the results in [6] are extended to include
being based on quadrature amplitude modulation signal constel- jdentically distributed but spatiallgorrelated Rayleigh flat-
lations of varying size. Rate adaptation is achieved by providing fading channels. However, as in [6], both channel estimatio

the transmitter with channel state information as predicted by d dicti B d ind dentl h b h
the receiver. Numerical examples are given for the case of Jake and prediction are performed independently on each branch.

correlation profile and maximum a posteriori-optimal predictor ~Hence, from a prediction perspective, the advantage ofapat
coefficients, and results are compared to previously published correlation between the branches of the MRC receiver is

results for spatially uncorrelated channels. not exploited. The reason for this is that we in this paper
Index Terms— Adaptive coded modulation, spatial correlation, a@im primarily to quantify the performance degradation d th
fading channels, diversity. ACM scheme in [6] when the design assumption of spatially

uncorrelated channels is incorrect. In other words, théeays
is assumed to have been explicitly designed for spatiakiptn
related channels, but operates on spatially correlatednetis,
Adaptive coded modulation (ACM) is a promising tooland the analysis in the paper documents the consequences
for increasing the spectral efficiency of time-varying mebi of this mismatch. A performance improvement achieved by
channels while maintaining a predictable bit error rate RBE exploiting a more advanced predictor taking spatial catieh
[1]-[5]. The concept of ACM is to transmit with high in-into account is a topic for further research.
formation rates under favorable channel conditions and toin the presence of spatial correlation, neither the true nor
reduce the information rate in response to channel degoadat the predicted CSNR at the output of the MRC receiver will
An important restriction is that the transmitter needs teehabe gamma distributed. However, the same type of analysis as
accurate channel state information (CSI), which in marig [6] may be pursued with good accuracy if the densities of
applications must be estimated by the receiver and conveysisth the true and the predicted CSNR amproximated by
to the transmitter on a dedicated feedback channel. gamma distributions. To this end, an approximate prokgbili
Naturally, a time delay is associated with transmission efensity function (PDF) of the combined CSNR in MRC sys-
data on the feedback channel. Due to channel fluctuaticesns operating on correlated Nakagamifading channels is
during this time delay, the reported CSI may deviate fromtilized [7]. In particular, results for Rayleigh fadingarmels
the true state of the channel by the time it is used by tlge presented by letting the Nakagamiparameter be equal
transmitter. To alleviate this problem, a CSI predicébdad in  to 1 (m = 1).
time may be reported, rather than reporting the instantaneous
CSl. In [6], the effects of such a method are investigated
by describing how estimation error and feedback delay affec
some key performance measures of an ACM system whernThe rate-adaptive system depicted in Figure 1 is considered
using a linear fading-envelope predictor on each indiidu€hannel estimation is based on periodic insertion of pilot
branch of a maximum ratio combining (MRC) receiver. Arsymbols which can be viewed as sampling of a band-limited
important part of this analysis is based on the knowledge pfocess. Denoting the transmitted complex baseband signal
the joint distribution of the true and predictetannel signal- (after pilot-symbol insertion) at time index by z(i), the
to-noise ratio (CSNR) at the output of the MRC receiverreceived signal on branch at time index: can be written
since the correlation between these two entities is an itapbr as y,(i) = z(i) - x(i) + np(7), where z,(i) and n(i) are
parameter affecting the error performance. In [6], the MR@e complex fading amplitude and the additive white Gaus-
receiver is assumed to be operating on spatially independsian noise (AWGN) component, respectively. The signal)
contains information except at the pilot symbol instants.id
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Fig. 1. ACM system with pilot-symbol-assisted channel estioma(for coherent detection purposes) and prediction ffansmitter adaptation purposes).

multidimensional trellis codes originally designed for ANG transformation of random variables that the associated RCSN
channels [4]. The codes are based on quadrature ampliteeebranchb, v, = ﬁéﬁ, is a gamma distributed RV with
modulation (QAM) signal constellations and rate adaptationean?y, = 1\%71;"/, where P [W] is the constant average

is performed by splitting the received CSNR range ifte-1  transmit power,N, [W/Hz] is the one-sided power spectral
fading regions (bins). Each bin is associated with one codensity of the complex AWGN on each channel, aid[Hz]

n. The lower thresholds of each bify,, }2_,, are selected is the one-sided information bandwidth. Due to our assusnpti
such that a target BER—denoted Bi=Ris always achieved of identically distributed channels, bot? and 7, will be

for each available code in the rate-adaptive scheme, prdvidndependent ob. However, the latter will be indexed by

the code is chosen based on perfect CSNR knowledge. Whetyway, to indicate that this is the average CSNR per branch
the CSNR at the output of the MRC receivet, falls within  and not the averagesmbined CSNR at the output of the MRC
fading regionn (v, < v < 7,4+1), the associated CSlI, i.e.receiver.

the fading region index, is sent back to the transmitter. The

transmitter then adapts its transmission rate and codimgnse I1l. STATISTICS OF THE COMBINEDCSNR

according to the quality of the channel by transmitting with

izi ici < .
?racnos(:'r?isrs‘saiilézggin?o‘:‘raziitgil se ffr:ftl)irl]sc )ilsﬁ;gr.nlfo?aﬁl A/sislvzlayh ~ may be expressed as= ;" | 7, wherey ~ G(B,7,) in
y b y case of uncorrelated branches. Linear channel predfci®on

éc;ltgtage), and information must be buffered at the tranemlttperformed independently on each branch, and the prediction

To alleviate the outdated CSI problem, the receiver rep:)rts?]c the combined CSNR ({;12head in time) is given by [6]

B 4 ~ &P - .
predicted CSI ahead in time rather than reporting the instant%—[: 2= T YVhe.re% = 7w IS the predicted CSNR on
neous CSI. The CSNR on each branch is predicted every ti nchb, andé; is the pred[ct_e:d f_ad|_ng power on _branch
a new pilot symbol arrives, and a computationally intensi\;é For uncgrrelated ant_ennas, IS d'St”bL_Hed according to
predictor, optimal in thenaximum a posteriori (MAP) sense, 7 ~ 9(B:77,), wherer is a constant which depends on the

is used. The prediction is based on channel estimates from%ﬁd'dzr_ coefficients [6].d_1'h(.ab10|.nt dlstnbutlondo{f zndh’y IS
optimal noncausal Wiener interpolator filter. This filterllwi then a bivariate gamma distribution, becagsand<y both are

smooth the noise and improve reliability beyond what cdﬂdiVidua”y gamma distributed and mutually correlatedl [6

be achieved by a predictor. It can then be assumed that thén the presence OI Spat"’;‘l C(C)jrrelatlon however, b@thﬂd .
estimation error in the receiver is negligible comparedhie t )/ "€Present sums of correlated gamma variates, so the joint

prediction error, i.e. true coherent detection can be asgumdistribution needed to quantify the correlatipnbetweeny

Each channel is assumed to be slowly varying so that tﬁ?dﬁ is not known. However, according to [7], the exact PDF

fading remains relatively constant over many channel sysb@' @ Sum of correlated gamma variates mayapproximated
A y a gamma distribution with the first two moments identical

By assumption, the fading amplitude,(i)] = «; is a o
Rayleigh distributed random variable (RV). The instantarse tAO thos:e Or:_ the exact_ d|st(rj|but|on. As a dr.eSL.’tlJt’ bg’tga\?d d
fading powera?, may then be viewed as a gamma distribute are in this paper viewed as gamma Istribute s an
RV with shape factott and scale factof?, whereQ = £{q2} distributed according tg ~ G(1, 0) andy ~ G(v, rf), where

is the average fading power of the chanhdt. follows by the shape and sc_ale factq;tsand 9' neec_jed to generate the
correct moments in question are listed in Table I. The result

1X follows a gamma distribution with shape factor> 0 and scale factor are derived from [8] and are valid for a system operating on

6 > 0 when the PDF ofX is given by fx (z) = we—wlre&z/" U(z), where ideptically distributed and. spatially corr.elated Ngkaganm
I'(-) is the gamma function an@(-) is the unit step function. The short fading channels, wherg; is the normalized spatial power
hand notationX ~ G(v,0) is used to denote thakX follows a gamma

distribution with shape factor) and scale factof. With this definition of 2The channel prediction procedure employed in this paperéstidal to
the gamma distribution, the mean= £{X} = ¢ and the variance% = the one presented in [6], so the interested reader is refféorgs] for further
E{X?} — 72 = 02, £{} denotes the statistical average. details to avoid repetitive comments.

For an MRC receiver witlB branches, the combined CSNR



correlation coefficient between two adjacent antennas. Tiseapproximated by a gamma distribution~ G(3,0), the
joint PDF of v and4 can then be represented by a bivariat¥GF is equal to
gamma distribution, i.ey,y ~ G(, 0,10, p) [6]. 1
In [9], it is demonstrated that in terms of average spectral My (s) = A= s0)7" (4)
efficiency (ASE) [bit/s/Hz] and average BER, the introduced
approximation is applicable and valid with good accuraay f¢n Which case the SER performance of the fixed rate SIMO
B =2 when0 < 7, < 40 dB, and forB = 4 when0 < 5, < System (at high CSNR) is characterized by
30 dB. The reason for introducing an upper boundjgiis that Gy=1, (5)
the approximate PDF does not contribute to realize the true
slope (diversity order) or coding gain of the error rate euay and yy
high CSNR. In the next section, this fact is demonstrated by 20T (v + 1)
relating some recent results by Wang and Giannakis [10] to Ge=k W ’ 6)
™
a fixed rate single-input multiple-output (SIMO) systemngsi
an MRC receiver. wherev = (B/y) Y.
In Figure 2, G4 (top panel) andG. (bottom panel) are
IV. DIVERSITY ORDER AND CODING GAIN depicted as functions op, for BPSK® transmission on

In [10], the average symbol error rate (SER)—denotdgeYleigh fading channelsi{ = 1 and k = 2 [10]). Since
Py—of an uncoded (or coded) system at high CSNR (gd for the exact PDF is fixed and equal B8, the top
approximated by the expressidfy ~ (G. - 7)~C¢, where panel presentsy; based on the approxmate PDE only. It
G. represents the coding gaidi, represents the diversity's observed that th_e error rate curve quickly deviates from
order, and¥ is the received average CSNR. The diversit}'® fué slope ap; increases. Hence, SER resuits based on
order determines the slope of the error rate curve versud!'® approximate PDF are likely to be in error at high CSNR
at high CSNR in a log-log scale, whereas the coding gain @Qmpared'to t.hat qbtalned with the exact PDF. In the bottom
dB) determines the shift of this curve in CSNR relative to BaN€l Ge is visualized forB = 4 for both a constant and
benchmark curve given bgg—G4). an exponent|a_l correla’qon model. T_he results establigh th

The intuition behind the approach in [10] is that when th@Mount of horizontal displacement (in dB) of the error rate
average CSNR is high, the error rate performance will g&'"ve (at high CSNR) relative to a benchmark cufye™
dominated by the low-probability event that the instantarse (Ge = 0 dB) as a function op,. As an example, it is observed
CSNR becomes small. Hence, the behavior of Itheer tail &t G based on both the exact and the approximate PDF
of a PDF will determine the error rate performance at hig"llnnd an exponential correlation model is approximately qua

CSNR. To analytically quantify this difference and its inapa © 0 dB at p; = 0.7. The impact of a reduced correlation
Iﬁgel can then be quantified by observing tl@at increases

on the error rate performance at high CSNR, expressio X ; )
for G, and G, are presented for a fixed rate SIMO systerﬂs ps decreases. This amounts to a left-shifted displacement

using an MRC receiver. In particular, results are obtaired {of the error rate curve, i.e. a performance improvement. The
identically distributed and spatially correlated Nakagam 3Binary phase-shift keying.

fading channels, in which case the exact PDF is equal to [11,

Eg. (5)], and the approximate PDF is a gamma distribution,

i.e.y~G,0). a ——
Based on the exact PDF in [11, Eq. (5)], the moment S atiGm|]
generating function (MGF) of the CSNR at the output of 3 > p=1E0)

an MRC receiver operating on identically distributed and
arbitrarily correlated Nakagami fading channels is equal to

B 87 —-m . . . . .
b s
M) =TT (1T @ o
b=1 2P T T
i ; S 1 == Tzl
where s is the transform variable, anfi\,}2 | denotes the = ol RN St i S O -
. . . . o0 —— con (exacl N
set of eigenvalues associated with a channel power camelat S ap| ool v .
. . g . . — - exp (exact N
matrix C. Applying Proposition 3 in [10] to this MGF, the SER 2 exp (approx) N
performance of the fixed rate SIMO system (at high CSNR) %0 01 0z 03 04 05 06 07 08 09 1
is characterized by s
Gq = Bm, (2) Fig. 2. Diversity and coding gain realized at high CSNR foryastem
operating on identically distributed spatially corretateayleigh fading chan-
and —1/Bm nels, using BPSK transmission only. The abbreviations cah exp in the

2Bm=1yD(Bm + %) legends of both subfigures are related to results obtainédantonstant and
Ge=k \FF B 1 ) (3 exponential correlation model, respectively. Top parg); in (5) obtained
0 ( m+ ) with the approximate PDF is depicted. It should be relatedztp in (2),
_ -m . ,,Bm : . _ obtained with the exact PDF, in which cagg; = B. Bottom panel:
where v = [deI(C)] m , and k is a fixed COO_'e Expressions foG. in (3) and (6) are depicted faB = 4.
dependent positive constant [10]. When the exact PDF in [11]




TABLE |
EXPRESSIONS FOR) AND 6 FOR CONSTANT AND EXPONENTIAL CORRELATION MODELS

Correlation model P 0
Constant % Tb (14 ps(B — 1))
—_ B
Exponential i B 1 (1 + 12_”;‘9 (1 - ﬁ))
oS (PWZ.Q)
amount of displacement obtained with the exact PDF is more VI. ASE AND BER ANALYSIS

rapid than that obtained with approximate PDF. Combining c|gsed-form expressions for the ASE and the average BER
this result withGG; in the top panel, the error rate curve usinge derived in the same fashion as in [6, Sec. IV]. Hence,
the exact PDF will retain its slope during the displacementgg — ZNfl R, P,, where P, — f%”l f(7)d4 is the
whereas the error rate curve based on the approximate PBEbability of selecting code, andf&(&)%ibs the (approximate)

will gradually increase its slope until it reachés (ps = 0).  ppfg of 4 introduced in Section Ill. The average BER is
An increase beyonts = 0.7 amounts to a performancegpiqined as

degradation. _ ZN—l R, -BER,
In Section VII, p, = 0.2 and p, = 0.7 are selected for ER= =% R .P

numerical analysis. This is due to the relatively good match 2in= Bl - P

observed forB = 4 and constant correlation at, = 0.2, whereBER, is the average BER when codeis applied. It

and similarly for B = 4 and an exponential correlation ofcan be expressed as

ps = 0.7. In these cases, the approximate PDF realizes the Y1 oo

same displacement of the error rate curve as the exact PDF. BER, = / / BER, (/%) f+,5 (7, ¥)dvdy, (10)
Yn 0

; 9)

V. CORRELATION BETWEEN TRUE AND PREDICTEDCSNR  \yhere BER,(49) is the instantaneous BER experienced on
The correlatiorp betweeny and? is an important parameteran AWGN channel when code is applied [6, Eqg. (14)].
affecting the BER performance of the ACM system. For Burthermore,f, 5(7,¥) is the joint distribution ofy and 4,

constant correlation modep, may be expressed as which in this paper is identical to the (approximate) biati
B(E{62a2} + (B — 1)€{a2a2}) — (BQ)?r gamma distribution introduced in Section §II.
- B v )

In contrast to [6, Eq. (8)]p now involves correlation in both VII. N UMERICAL EXAMPLES
space and time, since? is the instantaneous fading power FoOr comparison reasons, similar system parameters as in [6]
on brancha, whereasa? is the instantaneous fading poweg@re applied. The Jakes (temporal) fading spectrum is used, b
on branchb, predicted ahead in time to compensate for the the analytical framework does not place any constraints on
time delay on the feedback channel. The prediction horizéhe actual shape of the temporal autocorrelation sequemte a
is assumed to be identical to the time delay on the feedba&kresponding Doppler spectrum. Parameters not direiettly t
channel. to the codes, albeit dependent on the implementation, are th
In this paper, spatial/temporal separability is assumed, icarrier frequencyf. = 2 GHz, bandwidthiV’ = 400 kHz, and
the normalized cross correlation coefficient between cempla terminal velocity ofv = 30 m/s. The prediction filter length
fading amplitudes on different branches and at differeg ia is K = 1000, the target BER is BER= 10"*, and the pilot
represented by a product of the individual spatial and teaiposymbol spacingl. = 10 (number of symbol periods between
correlations As a result, it can be shown that (7) reduces t&vo successive pilot symbols).
IfHp, |2 In Figures 3 and 4, results for the average BER o 4
= %, (8) are presented as a function §f and normalized feedback

) ) . . o time delay’ In Figure 3, the result for uncorrelated channels
wheref, is the MAP-optimal predictor filter coefficient vector

; ) - i is depicted, whereas in Figure 4, the result for expondntial
[6, Eq. (24)] (identical on each branch), andis a normalized correlated channels with;, = 0.7 is depicted. Note that for a

covariance vector [6, Eq. (25)], containing the covariance
between the fading at the pilot symbol instants and the Gadin éNote that in this paper, system performance is evaluateddbasethe
to be predicted at time instait-7.> The result in (8) is in fact switching thresholds{~, }Y_,, which are defined by assuming perfect

. . . : knowledge of the true CSNR. The selection of a code howesgehased
identical to the result fop obtained for spatially unCorreIatedon an estimated CSNR. The switching thresholds could have hdpisted

channels, and it holds for both a constant and an exponentigccount for this fact, as reported in [13], [14]. Howewbe MAP-optimal
correlation model. As such, all the results ferdepicted in predictor is negative biased, which means that the CNSR weiidltto be

. . underestimated. The bias will then not contribute to ineehs BER, but it
[6, Sec. VB] are equally valid for the results presented i8 th ;" .equce the ASE compared to an unbiased estimate.

paper. "The time delayr is assumed to be an integer number of pilot symbol
intervals = iLTs = jTs, wherej = iL. The normalized time delay
4According to [12], separable temporal and spatial corretetiis adequate 7,4, is then equal tormorm = 7/Tp = j - fpTs, WhereTp = 1/fp,
for gaugingaverage system behavior. fp is the maximum Doppler frequency, arfd is the duration of a single
5The superscripf-)H denotes the Hermitian transpose operator. channel symbol.
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feedback channel wheB = 4 and the system is operating on exponentially
correlated Rayleigh fading channelss(= 0.7). The pilot symbol spacing Fig. 6. Zero-delay ASE compared to the channel capacity ri@itirate
L =10, and the prediction filter length i& = 1000. adaptation with constant transmit power) [15, Sec. IV] #®r= 2 andps =
{0,0.7}.

given target BER, the operation of the system is perceived as

acceptable whenever the BERBER,. The shape of the BER the corresponding ASE on correlated channelsgfo= 0.7.
surface is, therefore, not significant, except for the contime As a reference, results for the channel capacity on iddhtica
at BER, = 10~“. In Figure 5, several of such contour lines adistributed and spatially correlated Rayleigh fading cteds
BER, = 10~* have been plotted foB < {2,4}, L = 10, and using optimal rate adaptation and constant transmit power
ps € {0,0.2,0.7}. The curves indicate the largest time delagre included [15, Sec. 1V], and we see that the performance
that is allowed in order to achieve the target BER10~* for degradation for the capacity and the ASE due to spatial
each given value of;,, so performance is acceptable for angorrelation is on the same small order. However, the ASE
CSNR/delay combination below and to the right of the curvefar correlated channels in Figures 6 and 7 are only valid for
It is observed that by predicting the channels indepengentCSNR values where the target BER is achieved. Thus, it can
the presence of spatial correlation reduces the acceptadededuced from Figure 5 that the ASE curves for correlated
feedback delay. In particular, fof, = 10 dB, B = 2, and channels in Figures 6 and 7 only are meaningfulgr> 5

L = 10, an acceptable feedback delay3sf) us was obtained dB for B = 2 and¥, > 7 dB for B = 4.

in [6]. For p, = 0.7, the acceptable delay is reduced &3 us, For uncorrelated channels, it was observed in [6, Fig. 10]
i.e. approximately one third of the acceptable delay okthinthat the ASE is almost independent of the feedback time delay
with uncorrelated antennas. Since the final result fop in (8) is unchanged from that

When the system is operating at acceptable BER levalbtained on uncorrelated channels, this trend is also ebder
(below BER), ASE is the key performance measure. In Figurfor correlated channels. In Figure 8, this fact is illusthby
6 (B = 2) and Figure 7 B = 4), the zero-delay ASE presenting the ASE in a three-dimensional graph as function
realized for uncorrelated channels [6, Fig. 11] is compaoed of 7, and normalized feedback time delay f& = 2 and
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The results in this paper are based on two assumptions: (i)
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can be approximated by a gamma distribution having identica
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from the case of uncorrelated channels reported in [6]. &Jsin
a more elaborate cross correlation function [16] may lead to

different results.
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Fig. 8. ASE as a function o, and normalized feedback time delay when

L =10, B = 2, andps = 0.7. The contour line divides the ASE into a 7]

relevant part where the BER constraints are fulfilled (tol#fieof the contour

line) and an irrelevant part where the BER constraints askaigd (to the right

of the contour line). The prediction filter length 1§ = 1000. (8]
(9]

ps = 0.7. The contour line, which is identical to the one in
Figure 5 with legenghs = 0.7 (B = 2), divides the ASE into a
relevant part where the BER constraints are fulfilled (alibee [10]
contour line (smaller grid)) and an irrelevant part whereyth
are violated (below the contour line (larger grid)). Conguhr
to a similar result for uncorrelated channels in [6, Fig.,10
the relevant part has been reduced due to spatial cormelatio
between the antennas.

fia

[12]

VIIl. CONCLUSIONS

The impact of spatial correlation on ACM performance 0H3]
identically distributed and spatially correlated Raytefgding
channels has been investigated. It is observed that spaftél
correlation has a significant impact on the BER performarice o
an ACM system designed for spatially uncorrelated channels
by reducing the acceptable BER region where the systétl
operates reliably with respect to average CSNR and pennitte
time delay on the feedback channel. To avoid this effect, the
adaptation parameters must be re-designed to expliciky td16]
spatial correlation into account, but this has not been & top
for study in this paper. When the system operates below the
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