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Abstract—In wireless communications, bandwidth is a scarce
resource. By employing link adaptation we achieve bandwidth-
efficient wireless transmission schemes. We propose a variable-
power transmission scheme for slowly varying flat-fading chan-
nels using a fixed number of codes. Assuming that capacity-
achieving codes for AWGN channels are available, the pro-
posed power adaptation scheme maximizes the average spectral
efficiency (ASE) for any finite number N of available rates.
We show that the power adapted transmission scheme, using
just four different rates, achieves a spectral efficiency within
0.15 bits/s/Hz of the Shannon capacity for continuous rate and
power adaptation. Further, when restricted to [V optimally chosen
rates, introducing power adaptation has significant ASE and
outage probability gains over a constant power scheme.

I. INTRODUCTION

Link adaptation, in particular adaptive coded modulation
(ACM), is a promising technique to increase throughput in
wireless communication systems affected by fading. Today,
adaptive schemes are already proposed for implementation in
wireless systems such as Digital Video Broadcasting - Satellite
Version 2 (DVB-S2) [1]. The underlying premise of ACM is
its ability to adapt to a time-varying channel through variation
of channel codes, modulation constellations and transmitted
power [2]-[7]. Consider a wireless channel with additive
white gaussian noise and fading. Under the assumption of
slowly varying, frequency-flat fading, the channel can be
approximated by a block fading channel [8], [9], so within the
length of a codeword the transmitter sees a constant AWGN
channel. Hence, an adaptive system such as shown in Fig. 1
can be designed to use codes that guarantee a certain bit error
rate (BER) within a range of channel-signal-to-noise-ratios
(CSNRs) on an AWGN channel. Based on a prediction of the
channel, the highest spectral efficiency (SE) code satisfying
the BER constraint is chosen. Adapting to the channel in such
a way makes it possible to achieve a significant gain in average
spectral efficiency (ASE), measured in information bits/s/Hz.

In [3], [4], [10] adaptive systems are designed subject to
N given codes. The switching levels 71,72, - ,yn between
the IV codes are obtained by analyzing the codes in order
to find at which CSNR level they will fulfill a certain bit
error rate requirement BER < BERy on an AWGN channel.
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Fig. 1. System model.

Under the assumption of perfect channel knowledge at the
transmitter, this approach will always provide an instantaneous
BER < BERj. The average bit error rate will then typically
be strictly smaller than BER(. Since the lower average BER
can be increased until it reaches BERy, BER can be traded
for a larger ASE, and thus the approach is not optimal from
an ASE point of view.

In [11] a different approach is proposed. Given the number
of codes, N, and assuming that capacity approaching codes
for AWGN channels are available for any rate, the switching
levels and corresponding rates are chosen such that they are
optimal with respect to maximal ASE. An upper bound on the
ASE of a practical ACM scheme with a finite set of discrete
rates to choose between, is then denoted by the maximum ASE
for ACM (MASA) [11].

Without power adaptation, the adaptive coded modulation
scheme derived in [11] is restricted to N degrees of free-
dom corresponding to the number of permissible rates. From
previous work by Chung and Goldsmith [10] we know that
the spectral efficiency of such a restricted adaptive system
increases if more degrees of freedom are allowed. In this paper
we optimize a discrete-rate continuous-power ACM system to
maximize the average spectral efficiency, while satisfying an
average power constraint. We show that introducing power
adaptation provides substantial ASE and outage probability
gains when the number of rates is finite.

The remainder of the present paper is organized as follows.
We introduce the wireless system model under investigation
in Section II. In Section III we show results for the MASA
with constant transmit power and then derive the optimal
power adaptation scheme for a discrete-rate continuous-power
MASA system. Section IV shows numerical results and plots



of the maximum average spectral efficiencies for both MASA
schemes, comparing them to the theoretical upper bounds
given by the corresponding Shannon capacities. Finally, con-
clusions are listed in Section V.

II. SYSTEM MODEL

We consider the single-link wireless system depicted in
Fig. 1. The discrete-time channel is a wide-sense stationary
(WSS) fading channel with time-varying gain. The fading
is assumed to be slow and frequency-flat. Transmitting with
signal power S, we denote the instantaneous pre-adaptation
received signal-to-noise ratio (SNR) by ~[i] and the aver-
age pre-adaptation received SNR by 7. Assuming that the
transmitter receives perfect channel predictions, sent over a
zero-error and zero-delay feedback channel, we can adapt the
transmit power instantaneously at time ¢ according to a power
adaptation scheme S(v[i]). The received post-adaptation SNR
at time i is then given by ~[i]S(7[i])/S. By virtue of the WSS
assumption, the distribution of ~[i] is independent of the time
index ¢ and is denoted by f, (7). To simplify the notation we
omit the time reference ¢ from now on.

The transmission scheme under consideration is based on a
set of N codes. Following [3], [11], we partition the range of
v into N + 1 pre-adaptation SNR regions, which are defined
by the switching thresholds {~, }N_, as illustrated in Fig. 2.
Code n, with spectral efficiency R,, is selected whenever
is in the interval [, V,+1), implying a constant transmission
rate within each region. For convenience, we let 79 = 0 and
YN+1 = OQ.

IIT. MASA ANALYSIS

Using N distinct codes we first examine the MASA for
a constant transmission power scheme. We then derive the
optimal power adaptation scheme for discrete rates. We shall
assume that the fading is so slow that capacity-achieving
codes for AWGN channels can be employed, giving relatively
tight upper bounds on the MASA [12], [13]. Now, recall
that pre-adaptation SNR region n in an adaptive system is
lower bounded by ~,,. Thus, we let R, = C,,, where C,, =
log, (1 + %’yn) is shown below to be the highest spectral
efficiency that can be supported within the range [V, Yn+1)
for 1 <n < N, after transmit power adaptation. Note that the
fading is nonergodic within each codeword, and the results
of [14, Section IV] do not apply.

Following [11], the basic principle is to create an expres-
sion for the MASA using a parameterized power adaptation
scheme. The optimal switching thresholds and power adapta-
tion parameters are then found by optimization techniques. In
general the MASA, under the restriction of utilizing capacity-
achieving codes designed for AWGN channels, is given by

N
MASA = Z C,P,, (1)

n=1

where P, = f]:’“ f+(v) dy is the probability that code n be
employed at any given time.
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Fig. 2. The range of ~ is partitioned into pre-adaptation SNR regions where
{%z}ﬁ;l are the switching thresholds.

For a fading channel with AWGN, the MASA is thus given
by (in bits/s/Hz)

N
S n Yn+41
MASA:Zlog2(1+ G )%)/ fH(dy, @
n=1 R

S

n

subject to the average power constraint,
N

> / " S dr < 8, (3)

n=0""Tn
where S denotes the average transmit power. Eq. (2) is seen
to be a discrete-sum approximation to the Shannon capacity
given in [2, Eq. (4)].
A. Constant Transmission Power Scheme

When a single transmission power is used for all codes, we
adopt the term constant transmission power scheme [15]. The
optimal constant power policy is easily seen to be

%, if v <77 < Ynta,
1<n<N, “4)
0, if v <,

S0 _

S

where F.,(-) denotes the cumulative density distribution func-
tion (CDF) of ~. From (4) we see that the received post-
adaptation SNR monotonically increases within [,,, ¥,,+1) for
1 <n < N. Hence, log2(1 + S(g")%) is the highest possible
spectral efficiency that can be supported over the whole of
region n.

Introducing (4) in (2) we obtain a new expression for the
MASA, denoted by MASAy:

N Tn Tt
MASA :;10g2(1+1_FM) /% F () dy. 5)

The optimal switching thresholds {v,}Y_, are found by
numerical optimization.

B. Optimal Power Adaptation Scheme

For each pre-adaptation SNR region, [y, Vn+1), We again
use a capacity-achieving code which ensures an arbitrarily
low probability of error for any AWGN channel with received
SNR greater than or equal to %%. To obtain the optimal
power adaptation scheme we propose, for the IV regions where
we transmit, piecewise channel inversion to keep the received
SNR constant within each region, much like the bit error
rate is kept constant in optimal adaptation for constellation
restrictions in [3]. Since the rate is restricted to be constant
in each region, it intuitively makes sense from a capacity
perspective to also keep the received SNR constant. The
optimality of this strategy is formally proven below.



Lemma 1: For the N + 1 SNR regions the optimal power
adaptation scheme is of the form

BnYn if <
, Tn SV < Vntls
Stv) _ ) 7
& = 1<n<N, ©)
07 if v <1,

where {3, v, }N_, are parameters to be optimized.

Proof: Assume for the purpose of contradiction that the
power scheme given in (6) is not optimal, i.e., it uses too much
power for a given rate. Then, by assumption, there exists at
least one point in the set

N
U :m <9<y} (7
n=1

where it is possible to use less power; denote this point by 7.

Fix any € > 0 and let 500 = Buln _ ¢ This yields a received

SNR of B, v, — €y < [Bn7n, but is less than the required SNR

for a rate of log,(1 + B,7,). Hence, there does not exist any

point where the proposed power scheme can be improved, and
the assumption is contradicted. |

From (6) it is seen that 3, is the transmitted power
(normalized by S) when v = +,,. Using (6) the received SNR,

after power adaptation, is then for n = 1,2,--- | N given as:
S(y BrnYns i v < < Ynga,
S0, ! * ®)
S 0, if v <,

i.e., we have constant received SNR within each region, sup-
porting a maximum spectral efficiency of log,(1 + %%)

Introducing the power adaptation scheme (6) in (2) we get
a new expression for the MASA, denoted by MASApgwer:

N Tn+1
MASAre = Y log,(1+00%) [ fi()dr ©)

n=1 n

We now seek to maximize (9) under the power con-
straint (3). For this purpose we change the inequality in (3)
to an equality, and by inserting (6) in the resulting average
power constraint we find

N
;ﬂn% L

If we make a Rayleigh fading assumption the above constraint
can be written in closed form as

iﬂn%i(&(z‘) - El(%:l)) —1,  an
n=1

where Fj(x) is the first order exponential integral defined
by [16, p. xxxV]:

Ynt1 |
;fv(V) dy=1. (10)

n

Ei(z) = /100 %e—“ dt. (12)

The optimal values of {v,,3,}Y_; are found through
constrained numerical optimization. Details of the numerical
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Fig. 3. (a) Switching levels as a function of average pre-adaptation SNR
for N = 2. Solid lines: 1 (lowermost curve) and 2 (uppermost curve) for
MASApower- Dashed lines: 1 (lowermost curve) and -2 (uppermost curve)
for MASAs. (b) Power parameters 31 and B2 for MASApyer Versus average
pre-adaptation SNR.

optimization process are given in the Appendix. Numerical
results for the resulting adaptive power policy and the corre-
sponding spectral efficiencies are presented in Section IV.

IV. NUMERICAL RESULTS

For the following numerical results, a Rayleigh fading
distribution has been assumed.

A. Switching Thresholds and Power Adaptation

Figs. 3(a) and 3(b) respectively show the optimal switching
levels {7,}2_; and power parameters {3,}Y_; for N = 2
and for ¥ € [0, 30] dB. Increasing NN yields similar results. We
can interpret Figs. 3(a) and 3(b) as follows: given a number
of codes N we find the switching thresholds for a given 7.
Then find the corresponding spectral efficiencies,

’Y’Vl
SE, — log,(1 + 1—F('h))
logy (1 + Bnm)

for MASAy,

(13)
for MAS Apgwer-

For each 4 of interest we then design optimal codes for
these SE’s, and use the adaptation schemes as given in (4)
and (6) for MASAy and MASApywe, respectively. Table I
shows numerical values for designing optimal systems with
N = 2 for 4 = 15 dB. Fig. 4 illustrates the correspondin
piecewise channel inversion power adaptation scheme 50)
from (6). We see that the optimal transmit power S() ranges
from 0 to 2.85. In the analysis of Section III no stringent
peak power constraint has been imposed, and as such it is
interesting to note that S(y) does not take very high values.

B. Comparison of MASA Schemes

Under an average power constraint the average spectral
efficiencies corresponding to MASAy and MASApgyer, are
plotted in Fig. 5 versus average pre-adaptation SNR. The plot
shows that the power adapted system clearly outperforms the
constant transmission power system. Specifically, we see that
a constant power system needs four codes to reach the MASA
of a power adapted system using just one code. This indicates
that if the number of available codes is limited, there is much
to gain by using power adaptation.
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Fig. 4. Power adaptation scheme (6) as a function of pre-adaptation SNR at
7 =15 dB.

TABLE I
RATE AND POWER ADAPTATION FOR TWO REGIONS, ¥ = 15 dB

MASAs | MASApoyer
71,72 (dB) 93,144 | 54,132
B1, B2 - 28,22
SE1,SEs (bits/s/Hz) | 32,48 34,56

C. MASA versus Shannon Capacities

Assume that the channel state information -y is known to the
transmitter and the receiver. Then, given an average transmit
power constraint S the channel capacity of a Rayleigh fading
channel with optimal continuous rate adaptation and constant
transmit power, Cogra, is given in [2], [17] as

1 1
CORA = 10g2(€)€:¥E1(§). (14)

Furthermore, if we include continuous power adaptation, the
channel capacity, Copra, becomes [2], [17]

e v
Copra = 10g2(€)(T - 7), (15)
where the “cutoff” value 7, can be found by solving
<1 1)
— — — ) fy(y)dy = 1. (16)
/ <% )50

In principle MASAy should be compared to Cora, While
MASAGpywer should be measured against Copra. But, as shown
in [2], the difference between Cora and Copra is negligible,
so both MASA schemes will here be compared to Copra-

The capacity in (15) can be achieved in the case that a
continuum of capacity-achieving codes for AWGN channels,
and corresponding optimal power levels, are available. That is,
for each SNR there exists an optimal code and power level.
Alternatively, we can attain Copra by a fixed rate coding
system as long as the single Gaussian code is long enough
to reveal the ergodic properties of the channel [14], [18]. As
the number of codes (switching thresholds) goes to infinity,
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Fig. 5. Average spectral efficiency as a function of average pre-adaptation
SNR. Solid lines: ASE of MASApower With N = 1 (lowermost curve), 2,4
(uppermost curve). Dashed lines: ASE of MASA with N = 1 (lowermost
curve), 2,4, 8 (uppermost curve). Solid-star line: ASE of Copra as reference.

MASA without power adaptation will reach the Cora capacity,
while MASApywer Will reach the Copra capacity.

As shown in Fig. 5, both MASA schemes perform close
to the theoretical upper bound (Copra) for a small number
of codes. Interestingly, we see that the power adapted MASA
scheme, however, approaches the upper bound much faster,
hence the power adaptation scheme has a significant effect.
This is in contrast to the case of continuous rate adaptation,
where introducing power adaptation gives negligible gain [2].

As a final remark we note that MASApywe for N = 1
gives, as expected, identical spectral efficiency to the Shannon
capacity for truncated channel inversion given in [2, Eq. 12].

D. Probability of no transmission

The probability that the SNR be so low that the lowest
code cannot guarantee a BER < BER( is equivalent to the
probability that the pre-adaptation SNR falls below v, thus
the outage probability can be calculated as

71
Pout = f'y(fY) d’Y' (17)

0
Fig. 6 illustrates the outage probability for both MASA
schemes as a function of the average pre-adaptation SNR.
First, when the number of codes is increased, the lowest
switching threshold +; decreases, implying that the outage
probability becomes smaller with increasing N. For a given
N, MASApqwer has a lower v; than MASAy, as illustrated
in Fig. 3(a) for N = 2. Thus, introducing power adaptation
significantly reduces the probability of no transmission, as
shown in Fig 6.

It is not necessarily a disadvantage that the outage proba-
bility be high, unless the service under consideration has strict
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Fig. 6. Probability of outage as a function of average pre-adaptation
SNR. Dashed lines: Pyt for MASA with N = 1 (uppermost curve), 2,4
(lowermost curve). Solid lines: Poyt for MASApower With N = 1 (uppermost
curve), 2,4 (lowermost curve).

real-time or low-delay requirements. For data-centric services,
such as file or email transfer, the most important quality-
of-service factor is the total time of data transmission. For
large data sets, this time will be minimized independently of
the value Py, as long as the average spectral efficiency is
maximized.

V. CONCLUSION

We have analyzed a capacity-achieving variable-rate and
variable-power ACM scheme adapting to a time-varying com-
munication channel. As long as capacity-achieving codes for
AWGN channels are available, the proposed power adaptation
scheme maximizes the average spectral efficiency for any
finite number of available rates. The adaptive scheme pre-
sented in this paper is compared to the theoretical continuous-
rate and continuous-power bound on spectral efficiency. Our
results show that the power adapted MASA scheme using
just four different rates achieves a spectral efficiency within
0.15 bits/s/Hz of the Shannon capacity for continuous rate
and power adaptation. Further, introducing power adaptation
for MASA has a large average spectral efficiency and outage
probability gain over the constant power MASA scheme. As a
result, we see that if the possible number of rates in a system
is limited the gains which are achievable by introducing power
adaptation are significant. This is of practical importance since
it may be easier to implement the proposed power adaptation
scheme than to design capacity-achieving codes for a large
number of arbitrary rates.

The work in this paper can easily be extended to account
for constraints on outage and block lengths as in [11]. Dis-
crete power adaptation schemes (corresponding to quantized
feedback) are treated in [19]. Extension to imperfect channel
knowledge is a topic for further research.

APPENDIX

In Section III-B, to maximize (9) for v,,53, > 0 (n =
1,---, N) while satisfying the average power constraint (11),
we use MATLAB. More specifically, we use the function

fmincon from the Optimization Toolbox, allowing for a
search for a constrained minimum of a function of several
variables. Depending on the number of rates, N, for high
values of 4 the objective function can have very small vari-
ations for large variations of the v,,’s and 3,’s. To remedy
this we multiply the objective function by a positive constant
and strengthen the termination tolerances used by fmincon,
TolX and TolFun.
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