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Abstract — A random matriz model for com-
munication via antenna arrays introduced re-
cently in [1] characterizes the space—time na-
ture of the channel in terms of the asymptotic
eigenvalue distribution of its space—time covari-
ance matric as a function of the number of
transmit antennas, receive antennas, and sig-
nificantly scattering objects. This paper finds
the theoretical predictions in [1] to accurately
match data obtained in a recent measurement
campaign. The number of significant scattering
objects is found to strongly vary with frequency.
The latter effect is described by the newly intro-
duced richness spectrum.

I. INTRODUCTION

Communication via antenna arrays allows for a
significant increase in spectral efficiency [2]. Sev-
eral recent proposals [2, 3, 4] are aiming to utilize
this advantage in various ways while the physical
nature of such multiple-input multiple-output
(MIMO) channels is still not fully understood.

Recently, a new model to describe the con-
ditions for communication on such channels has
been derived from random matrix and free prob-
ability [5] theory in [1]. Since it reduces the de-
scription of the propagation conditions to the
distribution of the eigenvalues of the channel’s
covariance matrices, it provides a direct link
from the physical environment, which it compre-
hensively parameterizes by the number of signifi-
cantly scattering objects, to the standard perfor-
mance measures in communication theory, such
as channel capacity or signal-to—interference—
and-noise ratios for various types of signal pro-
cessing at receiver site.

Since the random matrix model proposed in
[1], includes several assumptions made for sake
of analytical tractability, the question how ac-
curate it models real-world scenarios seems im-
portant. In this paper, data obtained from in-
door measurements of MIMO channels are found
to accurately match the theoretical predictions
in [1] and show large deviations to earlier ran-
dom matrix models reported in [6, 7]. For con-
venience of the reader, the proposed model is
brievly summarized in the following section.

II. CHANNEL MODEL
Consider a communication link with T transmit
and R receive antennas. Let there be Smax scat-
tering objects each corresponding to a propaga-
tion path with excess delay 7... Then, the signal
that is received at antenna v is given by
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where z,(t) is the signal transmitted at antenna
@ and @k, 0%, ., and A, are the relative carrier
phases at the v*" receive and p'" transmit an-
tenna and the attenuation of the " path, resp.

Paths whose delays are not sufficiently sepa-
rated in time cannot be resolved at the receiver.
Thus, all paths are grouped in ascending order
of their respective delays into L disjoint sets Dy
such that all paths with similar delays form one
set. Then, (1) can be decomposed into
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Thus, the propagation coefficient from antenna

1 to antenna v at the delay associated with index

{ is given as

By = Z Anej(ﬂn,p"l“l’n,ll).
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The number of scatterers may vary with delay.
Therefore, it is sensible to model this effect by
the scatterer count delay profile [1] S¢ 2 |Dy| in
addition to the well-known power—delay profile

1
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The received signal at fixed delay may be
written in vector notation as y, = Hyx where
the entries of the R x T matrix H; are defined
in (2). It is obvious from (2) that those entries
show strong statistical dependencies even if A,
e?=r and e¥¥* are statistically independent
for all k, p, and v.

Let D, = {1,...,S;}. Define the matrices
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and A, = diag([A1,...,As,]). Then, H; may

be expressed as

H; = @?A[@g. (6)
If there is no line of sight and the antennas
within the transmitter array are spaced suffi-
ciently far apart from each other, it is reason-
able to assume that the entries within the ma-
trices @, are statistically independent random
variables. A corresponding statement holds for
the receiver array and the matrices @,. Physical
measurements strongly indicate that the corre-
lation between the direction of arrival and the
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direction of departure are negligible [8]. There-
fore, we also assume @; and ¥, to be mutually
statistically independent.

The propagation in time is described in ma-
trix algebra by a space-time channel matrix (7)
where the matrix—valued symbols x[k] and y[k]
at transmitter and receiver site, resp., sent at
subsequent time instances k are stacked into a
single vector each.

Theorem 1 [1] Let T, R,S; — oo, but the ra-
tios T T
A A
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remain fized. Moreover, let the power delay pro-
file be constant, i.e. Ay = I, then the normal-
ized moments of the space—time covariance ma-
tric HUH converge in probability to [1]
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The parameters 8 and ¢ are called system load
and channel load [1]. Note that, the moments
in (9) are also the moments of the respective
eigenvalue distribution

1
m,(8,{) = lim — A"
n(8,6) |Ej—o0 |E|>§
with £ denoting the set of eigenvalues of the
space time covariance matrix.

III. COMPARISON TO MEASUREMENTS

Previously, several assumptions, i.e. asymp-
totically large arrays, constant power delay pro-
file, statistical independence among the entries
of @ and O, etc., have been made. The mo-
tivation behind these assumptions was analyti-
cal tractability. Moments calculated under such
idealized assumptions are not sure to adequately
match eigenvalue statistics experienced in prac-
tice. This section provides a comparison be-
tween the moments of the eigenvalue distribu-
tions of space—time channels matrices calculated
from the channel model proposed in Section II
to those ones observed in an indoor measure-
ment campaign with the vector channel sounder
RUSK-ATM manufactured by Medav GmbH.

All measurements mentioned in the following
were recorded with a bandwidth of 120 MHz
around a carrier frequency of 2 GHz. The
receiver was an 8-element linear patch array
spaced at half a wavelength. The transmitter
was a single omni—directional antenna that was
re-located by software control over a straight
line in steps of half a wavelength. The patch

array was directed in such a way that line—of-
sight was blocked.

The raw data provided by the vector channel
sounder RUSK-ATM are matrix—valued com-
plex frequency responses of the antenna array
channel. The comparison to the theoretical pre-
dictions is based on the moments of the eigen-
value distribution given in (9). Following the
reasoning in [1], the moments can be extracted
from the measured data by
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where H(f) and 7, denote the matrix—valued
frequency response and the measured n*® mo-
ment, resp.

Space—Time Measurements: For the first
measurement described in this paper, the re-
ceiver was located in the author’s office while
the transmitter was placed in an adjacent room.
The moments of the eigenvalue distribution ob-
tained from this measurement via (10) are given
in the first row of Tab. 1. For comparison,
the moments calculated under the assumption
of Smax = 6 scattering objects of unit power us-
ing (9) are given in the second row of Tab. 1.
The accurate fit of the calculated and measured
moments give rise to the assumption that there
actually happened to be 6 dominant scattering
objects.

In order to investigate the influence of scat-
tering objects, we sticked 35 pieces of scram-
bled tin foil, about % to 1 m? in size, onto
the walls, floors, ceilings, and furniture close
to either receiver or transmitter. The moments
measured from the same antenna positions with
the help of tin foil are given in the third row
of Tab. 1. They accurately match those mo-
ments calculated from (9) under the assumption
of Smax = 30 scattering objects of unit power,
cf. fourth row in Tab. 1. For comparison, the
fifth row of Tab. 1 shows the moments calcu-
lated from the probability density function of
the eigenvalues of a covariance matrix that re-
sults from an 8 x 8 channel matrix with indepen-
dent complex Gaussian entries reported in [6].
While reference [6] is able to model the finite
size of the antenna array, it assumes indepen-
dent identically distributed (i.i.d.) entries. The
latter assumption, however, has turned out to
be the critical one, while the absolute number of
elements is less important.

The close fit between the theoretical predic-
tions and the actual measurements in Tab. 1 are



R=T—3 5] %] ] %] %] ®] %] x|
measured without tin foil | 1.00 | 3.32 | 14.7 | 74.2 | 406 | 2.34k | 14.0k | 86.5k
calculated for { = 8/6 1.00 | 3.33 | 14.8 | 75.0 | 413 | 2.39k | 14.4k | 88.8k
measured with tin foil 1.00 | 2.34 | 6.96 | 23.0 | 81.4 301 | 1.16k | 4.56k
calculated for ¢ = 8/30 1.00 | 2.27 | 6.67 | 22.3 | 80.8 307 | 1.21k | 4.92k

[1id. [6] [1.00 [ 2.00 [ 5.02 | 142 [ 43.1 | 139 | 466 | 1.62k ]

Tab. 1: Moments of eigenvalue distributions. Measured in the author’s office without tin foil, calculated for
Smax = 6, measured with tin foil, calculated for Smax = 30, and under i.i.d. assumption, resp.
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Fig. 1: Power delay profile in factory hall.

a convincing confirmation for the random matrix
model for antenna array channels introduced in
[1]. Note that the estimation of higher order mo-
ments of a distribution is a rather difficult task
in practice. Therefore, the close match in Tab. 1
is very convincing.

The moments calculated by (9) refer to equal
path loss for any scattering object. This as-
sumption is well justified for an almost constant
power delay profile. It is also justified as long
as the number of dominant scattering objects is
not much smaller than the number of antenna
elements on either side. The latter condition is
not straightforward. Therefore, it is explained
in greater detail in the following: There are
not more non—zero eigenvalues than min{R, T'}.
Thus, only the min{R, T} most powerful scat-
terers show significant influence onto the eigen-
value distribution. Note that for higher order
moments the power imbalances are more and
more amplified.

In order to give a fair comparison, moments
of eigenvalue distributions of channel covariance
matrices are measured under propagation condi-
tions which do not allow for negligence of power
imbalances. Such a situation was found in a
large factory hall (about 120 m x 120 m) where
the larger delays created the power delay pro-
file shown in Fig. 1. The measurements show
exponential decay of the impulse response over
delay with a time constant of 180 ns. The newly
introduced COST259 channel model [9] gives an
estimated time constant of 360 ns for the factory
hall scenario which is not confirmed by measure-
ments and seems to be too large. Based on our
measurements we recommend a time constant
of 150 to 200 ns for the factory hall scenario.
The moments measured in the factory hall are
shown in the first row of Tab. 2. The second
row of Tab. 2 shows the moments calculated via
(9) for Smax = 3 unit power scatterers which
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Fig. 2: Measured richness spectrum with and with-
out tin foil shown by the solid and dashed line, resp.

turned out to fit best to the measured data. It
can be observed that the fit is not as good as
in Tab. 1, but by far better than with the i.i.d.
assumption. Note also that the relative devia-
tion is largest for the lower order moments. For
those ones, the measured values are lower indi-
cating more than 3 scatterers. Since these addi-
tional scatterers are received less powerful, their
influence vanishes more and more at higher or-
der moments.

Frequency Selectivity: In order to exam-
ine the behavior of the number of significant
scattering objects over a wide frequency range,
the number of equivalent equal power scatter-
ers (EEPS) is extracted from the measurements.
For this purpose, the moments at a particular
frequency f are extracted from the measured
matrix-valued transfer function in almost the
same way as in (10), but without integration
over a wide frequency range

_ trace (HY(HH(H))" 1
~ trace (HY(H)H(f)) (11)
For the first N moments in (11), that channel
load (n(f) is found that results in the smallest

relative error to a set of moments that is allowed
by random matrix theory, i.e.

£ e(f) = argmin L 3| G20
(v (f) = argy an::l e Y @

From the channel load in (12), the richness spec-

frum Sn(f) 2 T/in () (13)
is obtained. It is depicted for the measurement
in the authors’ office, cf. Tab. 1, in Fig. 2. It can
be observed that the number of EEPS strongly
depends on frequency. The maximum relative
error compared to the model averaged over the
first eight moments is 26% and 14% with and
without tin foil, resp.

My (




lR=s8r=15] x| | ¥| x| [ x| X]| x|
measured 1.00 | 642 | 61.3 | 697 | 8.88k | 123k | 1.83M [ 28.6M
calculated 1.00 | 7.88 | 78.3 | 882 | 10.7k | 137k | 1.82M | 24.7TM

[1id. [6] [1.00 | 2.87 | 10.2 | 40.2 | 171 | 762 | 3.5k | 17.0k |

Tab. 2: Moments of eigenvalue distributions. Measured in a factory hall, calculated for Smax = 3, and under

i.i.d. assumption, resp.
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Fig. 3: Measured richness spectrum as in Fig. 2, but
at shifted position of transmitter array.

Interestingly, it does not only strongly de-
pend on frequency, but also on location: This
effect was observed repeating the previous mea-
surement with a uniform linear transmitter array
shifted 3.5 wavelengths sideward. At that posi-
tion, the richness spectrum depicted in Fig. 3

has been measured. The maximum relative
error averaged over the first eight moments is
15% for both cases. Here, the addition of tin foil
does not affect the number of EEPS significantly,
although it is still slightly increased.

The strong dependency of the number of
EEPS on frequency and position can be ex-
plained in the following way: At any scattering
object several waves interfere, as the scatterers
are larger than the wavelength. The exact posi-
tion of the transmitter and the exact frequency
of the wave determines whether the waves in-
terfere constructively or destructively at the re-
ceiver, i.e. determine whether the scattering ob-
ject counts as EEPS or not. Thus, only the dom-
inant scatterers contribute to the richness.

The dependency on position can be observed
even for distances that are fractions of the wave-
length. One example is given in Fig. 4. There
two arrays are compared that are shifted in po-
sition by half a wavelength. Obviously, the rich-
ness spectra are significantly influenced by the
shift in position. However, it can still be ob-
served that both spectra are strongly correlated,
i.e. the maxima and minima occur at similar fre-
quencies.

IV. CONCLUSIONS

The theoretical predictions derived from ran-
dom matrix theory in [1] have been shown to
accurately match measurement data. Even the
assumption of identical path delays leads to only
minor deviations between theoretical predictions
and indoor propagation conditions in terms of
eigenvalue distributions of the channel’s covari-
ance matrix. In addition the number of equiva-
lent equal power scatterers was found to strongly
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Fig. 4: The solid line shows the richness spectrum
measured with tin foil and a 7-element uniform lin-
ear transmit array spaced a hole wavelength. The
dashed line shows the richness spectrum measured
after the position of the array has been shifted by
half a wavelength.
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vary with frequency. Therefore, a frequency
hopping strategy can be helpful to achieve rich
scattering, in practice.
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