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Abstract—This correspondence analyzes the behavior of code-division
multiple-access (CDMA) systems with correlated spatial diversity. The
users transmit to one or more antenna arrays. The centralized receiver
employs a linear multiuser detector. We derive the performance of a
large system with random spreading sequences and weak assumptions on
the flat-fading channel gains—the fading may be correlated and contain
line-of-sight components. We show that, as the number of users and the
spreading factor grow large with fixed ratio, the performance of the system
is fully characterized by a square matrix with size equal to the number
of receiving antennas and multiuser efficiencies are not identical for all
users. Our general result includes the analysis of CDMA systems with
spatial diversity discussed by Hanly and Tse (’01) for independent channel
gains in case of both micro-diversity and macro-diversity and provides a
rigorous proof for the macro-diversity case missing in their work. We also
show that to any scenario with correlated Rayleigh fading, there exists
a macro-diversity scenario with independent Rayleigh fading which is
characterized by the same signal-to-interference-and-noise ratio (SINR).
Furthermore, sufficient conditions are given which force the multiuser
efficiencies of all users to become identical also in case of statistically
dependent channel gains.

Index Terms—Antenna array, code-division multiple access (CDMA),
correlated channels, large system analysis, line-of-sight components,
multiuser detection, random spreading, resource pooling, spatial diversity.

1. INTRODUCTION

Modeling of spreading matrices in code-division multiple-access
(CDMA) systems by random matrices has been extremely fruitful
from both the theoretical perspective of system analysis, see the
seminal works of [2], [3], and [4], and from the practical point of
view of receiver design, e.g., [5]. In the large system limit, as both the
transmitted signals /' and the spreading factor NV tend to infinity with
a fixed ratio, certain functions of random matrices show self-averaging
properties. This allows for the description of the system in terms of
few macroscopic system parameters and provides deep insights into
the system behavior. Modeling the spreading matrices as random
matrices, Hanly and Tse [1] analyzed a CDMA system consisting of
users transmitting to a multiuser receiver with spatial diversity. The
spatial diversity can be obtained by multiple antenna elements at a
single base station, or by combining of signals received at multiple
base stations. These two cases of spatial diversity are referred to as
micro-diversity and macro-diversity, respectively. This celebrated
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TABLE I
ASYMPTOTIC CONSTANTS CHARACTERIZING CDMA SYSTEMS WITH CORRELATED AND INDEPENDENT SPATIAL DIVERSITY

Micro-diversity [1]
e Channel gains independent for all users and antennas. A=al
e For a given user, the channel gains at all receiving antennas are identically distributed.
Macro-diversity [1]
ay 0
e Channel gains independent for all users and antennas.
0 ao 0
A=
0 ap
General case
o Correlated channel gains. A=AH

work covered many interesting aspects of CDMA systems with spatial
diversity.

e There is a simple relation between the degrees of freedom in-
troduced by spatial diversity (L receiving antennas) and the de-
grees of freedom in frequency given by spread-spectrum tech-
niques (spreading factor /V'): the multiple-antenna system behaves
like a system with a single receive antenna but with spreading
factor multiplied by the number of receiving antennas, and with
the received power of each user being the sum of the received
powers at the individual antennas. This behavior is known as the
resource pooling effect. It shows the possibility to trade bandwidth
(spreading factor) for the number of antennas and vice versa ac-
cording to the peculiarity of the communication system.

* The effect of a single interferer on the user of interest is captured
by the concept of effective interference.

¢ A power control algorithm, the power-limited capacity region for
finite number of classes of users, and the interference-limited user
capacity are defined.

The work in [1] is based on the performance analysis of linear mul-
tiuser receivers under the assumption that the spreading sequences are
Gaussian and the random channel gains are circular symmetric and in-
dependent for all users and antennas, and for any user the gains to all
antennas are identically distributed. The analysis does not span cases
of practical interest like multiple-antenna element systems with corre-
lated channels and/or line-of-sight components.

The pioneering works in [6] and [7] on antenna arrays at the trans-
mitter and the receiver promise huge increases in the throughput of
wireless communication systems. Therefore, they motivated the flurry
of a rich output of works that study the capacities of such systems
in more realistic situations. In this stream are works that analyze
the effects of channel correlation [8]-[14], line-of-sight components
[15]-[17], multiple scattering [18], and keyholes [11] (this list does
not claim to be comprehensive). Fading correlation and line-of-sight
components were found to affect channel capacity severely. It is
natural and of practical interest to consider their effects also in CDMA
systems with spatial diversity.

In this correspondence, we consider a general framework with one
or more antenna arrays at the receive side including combined micro-
and macro-diversity scenarios. The transmitting users may use mul-
tiple-element antennas, but need not do so. The channel gains may be
correlated and contain line-of-sight components, i.e., their mean may
be different from zero. The analysis is based on the assumption of in-
dependent random spreading. Our general result includes the results in

[1] as special cases. Additionally, we provide a rigorous proof of the
results for the macro-diversity case, only conjectured in [1].

In the micro-diversity case with independent channel gains analyzed
in [1], the system behavior is captured by the multiuser efficiency, a nor-
malized signal-to-interference-and-noise ratio (SINR) defined in [19],
conditioned on the fading state of the user of interest. The multiuser
efficiency is shown to converge to a deterministic constant in the large
system limit. In the macro-diversity case with L receiving antennas,
L constants, ay, a2, ..., ar, characterize the system. With correlated
channel gains, we show that the large system behavior is captured by
a deterministic positive definite Hermitian matrix A with size equal to
the number of receive antennas.

Table I compares the scenarios investigated in [1] with the general
case considered in this work. The results in [1] are revisited in the light
of the general results so that all scenarios are represented by a matrix A.

* In the micro-diversity scenario with independent channels, A
is the identity matrix multiplied by the constant multiuser effi-
ciency a.

* In the macro-diversity case with independent channels, A is a di-
agonal matrix.

In this contribution, we consider three linear receivers corresponding
to different levels of knowledge of the interference structure and noise
at the receiver.

e Linear minimum mean-square error (MMSE) receiver, which re-
quires a complete knowledge of the spreading sequences and the
channel gains of the interferers.

* Single-user Bayesian receiver, which assumes only a statistical
knowledge of the spreading sequences and the channel gains of
the interferers;

» Single-user matched filter (SUMF) receiver. In this case, the re-
ceiver has no information about noise and interference.

Thanks to the assumption of independence among the chips, the anal-
ysis shows that these linear receivers are not affected by channel corre-
lation due to coupling effects among transmitting antennas and suffer
only from channel correlations due to coupling effects among receiving
antennas. For large CDMA systems without receive antenna diversity,
the multiuser efficiency fully characterizes the system since it is iden-
tical for all users. In contrast, we show that the multiuser efficiency
in CDMA systems with spatial diversity changes from user to user, in
general. Additionally, we give sufficient conditions under which also a
system with linear MMSE at the receiver, spatial diversity and statis-
tically dependent channel gains is characterized by a unique multiuser
efficiency.
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The single-user Bayesian receiver and the SUMF receiver are shown
to be asymptotically equivalent, in terms of SINR, to a finite CDMA
system with 1) linear MMSE detector and SUMF, respectively, at the
receiver; ii) spreading factor L; and iii) spreading sequences equal to
the vector of the channel gains.

II. NOTATIONS

Throughout this work, the superscripts -7 and " denote the trans-
pose and the conjugate transpose of the matrix argument, respectively.
I,, is the identity matrix of size n X n and C and R are the fields of
complex and real numbers, respectively. tr(-), || - ||, and | - | are the
trace, the Frobenius norm, and the spectral norm of the argument, re-

spectively, i.e., 4| = \/tr(4A™), |A] = max 2" AA 2 E{}
e <1

is the expectation operator. ;5 is the Kronecker symbol and §(}) is
the Dirac’s delta function. X = (x,'j)fi, ...... mi is the n1 X no ma-
trix whose (7, j )-element is the scalar z;;. X = (Xu)f;l:f is the
n1¢1 X M2qe block matrix whose (7, j)-block is the ¢1 X g2 matrix
X;. @ and A denote the Kronecker product and the logical “AND,” re-
spectively. e; is the L-dimensional unit column vector whose elements
are zero except the /th that equals 1, i.e., &, = (&) ;=1..... Re(-) and
Im(-) are the real and imaginary parts of the argument, respectively.
mod denotes the modulus and |- | is the operator that yields the max-
imum integer not greater than its argument. Furthermore, y(z € A)
denotes the indicator function of the multivariate random variable & on
the set A and x(z € A) = lif & € A and it is zero otherwise.

III. SYSTEM MODEL

We consider a CDMA system with spreading factor N and K users.
Each user employs a transmit antenna array with Nt elements sending
independent data streams through each of the elements. Thus, we may
speak of a system with K’ = K' N virtual users. The signal is received
by L receive antennas. These antennas can be part of an array or can
be placed at different locations, but processed jointly.

The baseband discrete-time system model, as the channel is flat
fading, is given by

y=Hb+n 1)

where y is the N L-dimensional vector of received signal samples, b is
the I{-dimensional vector of transmitted symbols, and n is discrete-
time, circularly symmetric complex-valued additive white Gaussian
noise with zero mean and variance 2. The influence of spreading and
fading is described by the N L x K matrix
L
H= Z (STA) @ e

=1

(@)

where S is the N x K spreading matrix whose kth column is the
spreading sequence of the kth virtual user. Furthermore, the diagonal
matrix T € C"*™ contains the transmitted amplitudes of all vir-
tual users such that its kth diagonal element ¢, is the amplitude of the
signal transmitted by the virtual user indexed by k. The diagonal ma-
trices A, As,...,A;, € C*F take into account the effects of the
flat-fading channels. The kth diagonal element of A; is the channel
gain between the transmitting antenna element of the kth virtual user
and the /th receive antenna and will be denoted by A in the following.
The channel gains can be, in general, correlated and contain line of sight
components as in Rice channels.

In the following, the spreading matrix S is modeled as a complex
random matrix whose elements are independent! with zero mean, vari-
ance %, and fourth moment such that there exists a v > 1 for which

INote that the random variables s,,; are not required to be identically dis-
tributed.
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E{|si;["} < 5 withi =1,...,Nandj = 1,..., K. This condition
is satisfied by all practically relevant choices of chips, like Gaussian or
binary chips. Moreover, we assume the transmitted symbols to be un-
correlated and identically distributed random variables with zero mean
and unit variance, i.e., E{bb"'} = I .In order to simplify notation,
it will be helpful in the following to define the L-dimensional vectors
L = ti[Mir, daks- .., Azk]’, B = 1,..., K, and the corresponding
L-variate random variable I = t[A1, Ao, ..., )\L]T.

IV. LINEAR MMSE RECEIVER

The linear MMSE detector generates a soft decision Ek = ¢!y based
on the observation y. The linear MMSE detector ¢, for the detection
of by, the transmitted symbol of virtual user %, can be derived from the
Wiener—Hopf theorem [20] for the estimation of zero-mean random
variables. It is given by

er = E{yy" } 'E{biy}

with the expectation taken over all variables that are unknown to the
receiver, i.e., the transmitted symbols b and the noise. Specializing the
Wiener-Hopf equation to the system model (1) yields

3

er = (HH" 4+ 6°1) ' hy,
=c- (HyHi +0°D) 'hy

@
(&)

for some ¢ € R. Here, h; denotes the kth column of H and H,
is the NL x (K — 1) matrix obtained from H suppressing the kth
column h. The second step follows from the matrix inversion lemma.
Its performance is measured by the signal-to-interference-and-noise
ratio SINR, at its output which is well known [19] to be given by

SINRy = h) (HyH) + o°I)™ " hy. ©6)

The SINR can be conveniently expressed in terms of the multiuser
efficiency 7
LTS
SINRk = o2 Nk (7)
The multiuser efficiency 7 is defined as the ratio between the SINR
for the user k& at the output of the multiuser detector of interest and
the SINR for the same user in absence of multiuser interference. The

multiuser efficiency is a useful measure, since it is identical to all users
in special cases [19].

A. General Case

Let us notice that SINR, depends on the spreading sequences and
the channel parameters of all the virtual users. To get deeper insights on
the linear MMSE behavior it is convenient to analyze the performance
as K, N — oo with constant ratio 3 = % To this aim, we have to de-
fine how the matrices T', A1, Ao, ..., Ar behave as the system grows
large. Let us consider a system with I virtual users and the /' corre-
sponding ( L+ 1)-variate random variables (t5, A1, A2k, ..., Apg) for
k=1,..., K.Theempirical joint distribution function for the random
variables (tx, Mgy Aaky. .., Ar) fork =1,..., K is the distribution
function

K 1
F;“.Xl,Ag,...,AL(t’/\lﬂ Aa, ... P AL): E
K
XY N((E= ) A (A2 Aag) A (Ao >Aop) Ao A (AL > ALk))-
k=1

We that
(K)

T A, Ao, Ap (t'/ A, >\2, ..

assume the  joint empirical distribution

.s A1) converges weakly with probability
At AL, Ao, AL)

.....
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with bounded support. Let us notice that, if (tx, Aix, Aok, ..., Ark)
for all %k, are independent realizations of a common cumulative
distribution function (cdf), then the empirical distribution
function FU9 (¢, A1, A2,...,AL) is the natural estimate of the
common cdf. The Glivenko—Cantelli theorem guaranties that, if
(ks A1k A2ks ..., ALg) are independent and identically distributed
(i.i.d.) in k, then the empirical distribution converges weakly to
the common distribution function with probability 1. For example,
if, for each virtual user k, (fx, A1k, A2k,...,ALk) is a realization
of the same Gaussian distribution F'(¢,\1,\2,...,\.), then the
Glivenko—Cantelli lemma guarantees that the sequence of the
empirical distribution functions converges almost surely to the same
distribution function F'(t, A1, A2, ..., AL).

In the following, when possible, we will use the limiting joint dis-
tribution of the received amplitudes Fi(11,l2,...,[;) rather than the
limit distribution Frr A, A,,...A, (t, A1, A2, ..., Ar) in order to sim-
plify the notation. Fj is obtained by the projection (71,l2,...,1r) =
(tA1,tA2,...,t ). Under these assumptions the asymptotic perfor-
mance depends on a small set of parameters, as shown by the following
theorem.

Theorem 1: Let 8 be an N x K random matrix with inde-
pendent entries. Let its elements s;; be zero mean, with variance
E{|si;|*} = + and forth moment E{|s;;|'} < <~ where v > 1.
Letl = [l1,l2,...,11] and let I}, be the vector of received amplitudes
of the virtual user k. Let us assume that the norm of the channel
gain vector ||Ix|| is uniformly bounded for all . Furthermore, the
empirical joint distribution of 11,15, ..., l—1,lx41,...lx converges
almost surely to some limiting joint distribution Fy(l1,12,...,1.) as
K — oco.Then,as N, K — oo with % — (3 and L fixed, the SINR of
virtual user k, given the fading amplitude I}, converges in probability
to the value

(®)

H
lim SINR; = @
K,N o

K,N—oo

where A is the unique deterministic L x L Hermitian matrix solution
to the matrix-valued fixed point equation
us

-1 5 [ ,
A :IL+ﬂ/mdF1(h,lg,...,lL) )
such that A is positive definite for any positive value of the noise vari-
2
ance o-.

Proof: See Appendix II.

Theorem 1 provides the asymptotic output SINR of a linear MMSE
detector for a synchronous CDMA system with correlated spatial
diversity. This result holds under very general conditions on the
channel gains and demonstrates interesting and useful properties of
synchronous CDMA systems with correlated spatial diversity and
linear MMSE detector at the receiver. The remainder of this section
is devoted to the discussion of these properties. More specifically,
in Section IV-B, Theorem 1 is specialized to the relevant situation
of practical interest where the received amplitudes are correlated
Gaussian distributed. In Section IV-C, Theorem 1 is utilized to derive
sufficient conditions under which the resource pooling effect arises.
General properties of CDMA systems with correlated spatial diversity
evinced from Theorem 1 are presented in Section IV-D.

B. Correlated Gaussian Received Amplitudes

In practice, fading amplitudes are often complex Gaussian dis-
tributed and correlated. Rayleigh fading also violates the demand for
uniformly bounded channel gains. However, it can be approximated
arbitrary closely by a distribution with bounded support. Thus, from an
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engineering perspective, we need not worry about that fact.2 Assume
that the limiting joint distribution is given as
i

exp (—IHCfll) . (10)

1
Hh= ———+
) rl det Cy
In the absence of power control, i.e., T' = I, this implies that C
is the correlation matrix of the fading at the receive side with entries
(C1)ij = E {Xi)X}}. Consider the eigenvalue decomposition

Ci=MI¥M" an

with ¥ = diag(¢1,. .., ) and the change of variables
g=M" (12)
9 =lgree o gri]” = ML, (13)

creating statistically independent components in the random vector g.
Plugging (12) into (9), we see that the matrix M also diagonalizes the
deterministic limit matrix A, i.e., the eigenvectors of the matrix A coin-
cide with the eigenvectors of the correlation matrix Cy. Thus, we obtain
for correlated Rayleigh fading

L

1 .
SINR, = Pl Z(1€|g€k|2

=1

lim

K N oo

(14)

where the coefficients a¢, { = 1... L, are solutions of the fixed point
equations

1

ar = ;
Yyleg]?

P T X .
o243 antnlen]?
n=1

1+ 25 IT—s exp(—zal?)d zs

1s)
for{ =1,2..., L.Letusnotice that, in the case of correlated Rayleigh
spatial diversity, the system of L? fixed-point equation (9) reduces to a
system of L fixed-point equations as in the macro-diversity case with
independent channel gains analyzed in [1] (cf. Table I in this corre-
spondence). Furthermore, the CDMA system with correlated Rayleigh
spatial diversity characterized by the limiting joint distribution of the
channel gains (10) is equivalent in performance to a CDMA network
with macro-diversity and with independent Rayleigh channel gains. For
this equivalent CDMA network, the virtual channel gains of user % are
given in (13) and the virtual limiting joint distribution of the channel
gains is Gaussian with covariance matrix ¥ defined in (11). Therefore,
it is apparent that to any correlated Rayleigh-fading scenario, there ex-
ists an equivalent macro-diversity scenario with independent Rayleigh
fading.

C. Uncorrelated Received Amplitudes

It is clear from (7) and (8) that unless the matrix A is a multiple of
the identity matrix, multiuser efficiency is, in general, not unique for all
the virtual users. In this subsection, we analyze under which conditions
on the limiting joint distribution Fi(l1,!2,...,11) or, equivalently, on
the corresponding limiting pdf fi(l1,12,...,[r) the matrix 4 is di-
agonal or proportional to the identity matrix. In fact, for diagonal A,
the general result in Theorem 1 simplifies to the system of fixed-point
equations in [1, Theorem 3]. The following corollary summarizes some
sufficient conditions that yield a diagonal structure of A.

Corollary 1: Let 8 and l;, be as in Theorem 1. If the joint pdf
filli,lo, ..., 1), for any 7, is an even function of Re(l,) and Im(/,.)
for any value of the parameters (/1,...,1k—1,lk+1,...,17,) then as

2In fact, real-world channel gains are always bounded. The infinite support
Rayleigh distribution is just a close approximation of the distribution for real-
world bounded channel gains.
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N, K — oo with % — (3 and L fixed, the SINR of virtual user %,
given the fading amplitude I;, converges in probability to the value

(16)

L
. 1 9
KEl’mwSINRk =3 ;_1 aeller|

where a¢, { = 1... L, are the unique positive solutions to the system
of fixed-point equations

1

a

= . (17)
/ [tg]?
L+i] 243 an|inl?

for{ =1,..., L.

Proof: Corollary 1 is proven if the system of (9) reduces to the
system of (17) under the conditions on fi({1,l2,...,1; ) required by
Corollary 1. This is verified if, foralli,j = 1,..., L, with ¢ # j, the
off-diagonal elements of A are zero. The uniqueness of the solution
for system (9) guarantees that the constants «, are the solutions we
are looking for. In fact, Vi,j = 1,...,L and i # j the off-diagonal
elements of A are given by

/l"l{'f’(ll’LlZ""’l%)dlldlo...
a2+ >y adlel?

:/17-, /W’llj—m(ﬂ] Al Al iy .l
o+ 3y allel?

Since the function 1;/(s* + Zle aelle)?) is an odd function of
Re(l;) and Im(l;), the integral with respect to I; will be always zero
if fi(l1,12,...,1.) is an even function in Re(l;) and Im({;). Since
this property is satisfied for all random variables /; with j = 1,..., L
then all the off-diagonal elements of A are zero and this concludes the

proof of Corollary 1.

filly,... . 0)dl ..l

diy,

Following the same approach used for Corollary 4 in [1] and using
Corollary 1, we find sufficient conditions under which the matrix A
is proportional to the identity matrix, i.e., A = nI. If A = 5l then
the scalar 7 coincides with the multiuser efficiency of a linear MMSE
detector as it is apparent from (7) and (8). Let us assume that the con-
ditions of Corollary 1 are satisfied. If we additionally assume that the

joint pdf fi(I11,12,...,11) is exchangeable, i.e., for any permutation 7
of {1,...,L}
fl(]17 127 Ty ]L) = fl(lw(l):\ I7r(2i)',\ RN ZTI'(L))

then the system of (17), which defines the diagonal matrix A, satisfies
a¢ =n,forall{ =1,..., L, A =nl,and the system of (17) reduces a
single fixed-point equation. This result is stated in the following corol-
lary.

Corollary 2: Let S and fi(l1,12,. .., 11,) be as in Corollary 1. If the

limiting pdf fi(l1,12,...,1.) is exchangeable, i.e., for any permutation
wof {1,...,L}

fillila, .0 0n) = fillz@ys Le2ys - - -5 Lrgey)

5 o K SINRyo?
then, as N, k' — oo with - — 3 and L fixed, y with P, =
[IZx||* converges in probability to a deterministic constant 7 which is the

unique scalar multiuser efficiency, solution to the fixed-point equation

1
1+ 5 [ oepd Fp(P)

n

Here, P is the random variable defined by P = ||I||* and Fp(P) is its
distribution.
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The conditions of Corollaries 1 and 2 imply that I1,15,... 1 are
uncorrelated. However, the converse is not true in general, i.e., the ma-
trix A is not typically diagonal for asymptotically uncorrelated received
amplitudes. Corollaries 1 and 2 provide sufficient conditions such that
the matrix A is diagonal and proportional to the identity matrix, respec-
tively, when the received amplitudes are asymptotically uncorrelated.
Under the conditions of Corollary 2, the resource pooling effect arises.
In fact, the multiuser efficiency of a synchronous CDMA system with
L receive antennas and spreading factor V is equal to the multiuser ef-
ficiency of a synchronous CDMA system with a single receive antenna,
with spreading factor NV L, and with the received power of each virtual
user being the sum of the received powers at the individual antennas

(11, [3].

D. Remarks
The empirical joint distributions F| ,(K) (Ii,12,...,11) and the lim-
iting joint distribution Fy(ly,l2,...,1r) are not able to capture and

describe the effects of the correlation due to antenna coupling at the
transmitter side. Since the effects of the channel gains on the system
performance are taken into account only by Fy(l1,12,...,11), we can
conclude that the correlations of the channel gains due to coupling ef-
fects at the transmitter side do not effect the asymptotic performance of
the linear MMSE receiver. This property is intrinsically related to the
assumption of the statistical independence of the spreading sequences
of the transmitting antennas. It does not hold true if the condition of in-
dependence is not satisfied. In fact, in this case Fi(11,12,...,1r,) would
not be sufficient to describe the system behavior.

As a consequence of Theorem 1, the asymptotic behavior of the gen-
eral system is completely described by a an L x L matrix A. In contrast
to the case of single receive antenna or the cases in which the resource
pooling effect arises, the multiuser efficiency of the linear MMSE re-
ceiver varies from user to user in general. In particular, for virtual user
k, it depends on the direction of the channel gains ;. with respect to the
eigenvectors of A: The SINR is maximum if {;, has the same direction
as the eigenvector corresponding to the maximum eigenvalue of A.

Typically, in order to determine the eigenvectors of the matrix A, the
solution of the matrix fixed point (9) is required. However, in the spe-
cial case that the limiting pdf fi(l1,12,...,1r) is zero-mean Gaussian,
the eigenvectors of A coincide with the eigenvectors of the covariance
matrix E{11"}.

In light of Theorem 1, we can revisit the known results in [1]. The-
orem 1 in [1] states that if the elements s;; are i.i.d. Gaussian random
variables with zero mean and variance %, if the received amplitudes
are independent for all users and antennas, if the received amplitudes
are identically distributed for a given user, and if the sequence of the
empirical distributions converges asymptotically to a bounded distri-
bution function, then the matrix A in (8) is given by

A=al,

(il ()
“—(HIE(m))

where P = 1Yl

By comparing this result to the result in Corollary 1 it becomes evi-
dent that Corollary 2 implies Theorem 1 in [1].

The following result is conjectured in Theorem 3 in [1]. If the chip
elements s;; are independent, zero mean, Gaussian distributed, if the
received signal amplitudes are independent, and if the sequence of the
empirical distribution converges to a bounded distribution function,
then Theorem 3 in [1] conjectures that the matrix A in (8) is given by

with

A = diag(ai,az,...,ar)



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 3, MARCH 2007

1121

TABLE 11
SUMMARY OF COROLLARY 1 AND COROLLARY 2
Condition A The joint probability density function f(l1,1s,...,l1) is an even function of Re(l;) and Im(l;)
fori=1,...,L
Assumptions 4
Received amplitudes uncorrelated at the receiver.
Condition B f(l1,l2,...,11) is exchangeable, i.e. for any permutation 7 of {1,2,...,L}
Fllsla, oo ln) = flle@ys beys -5 b))
Implications Condition A A is diagonal
Conditions A A B A=al
Conclusions The resource pooling effect arises if Condition A A B are satisfied.

with

s

—1
1+ BE R {=1,...,L.
( ’ (ﬂ +YE, an|zn|2>> |

By comparing the previous conjecture to Corollary 1, we notice that
Corollary 1 includes and proves rigorously Theorem 3 in [1].

In Table II, we recapitulate the results of Corollaries 1 and 2 and
summarize the sufficient conditions under which the resource pooling
effect arises.

Ay =

V. SINGLE-USER BAYESIAN RECEIVER

The single-user Bayesian receiver is the linear detector, optimum in
a mean-squared error sense, when the receiver is synchronized and has
complete information about the virtual user of interest, i.e., spreading
sequence, and received power, but it does not know the spreading se-
quences of the interferers and has only statistical knowledge of the in-
terference. More specifically, we assume that the following information
is known at the receiver:
* knowledge of the signature sequence, channel gains, and transmit
power of virtual user k;
* knowledge of the statistics of the signature sequences, the channel
gains, and transmit powers of all interferers.
This detector has been analyzed for the case of independent channel
gains in [1] under the denomination of matched filter.
The single-user Bayesian detector ¢ for the virtual user of interest
k that minimizes the mean-squared error between its output, bz . =
¢1’y, and the transmitted symbol is given by the Wiener—Hopf equation

er = E{yy" } 'E{biy} (18)

as for the linear MMSE receiver. However, in this case, the expectation
operator is taken not only over the transmitted signals and the noise,
as for the linear MMSE receiver, but also with respect to the signature
sequences, the channel gains, and the transmit powers of all interferers.
Equation (18) yields the following explicit expression for the Bayesian
filter:

o IvE((B= )01+ 0" L) D
Lv

= 19
W -G+ L el

with C7 = E{lI" }. A better insight into the Bayesian filter receiver can
be obtained from (19) by performing a permutation II of the elements of
¢, and g, such that the elements corresponding to the same antenna are
relocated next to each other (Il : i — ((i—1)modL)N + [+ |+1). Let
us denote with ¢! and y™ the Bayesian filter receiver and the received

signal vector obtained by such a permutation. Let £, = ((3— = )Ci +
o2I.,)7 1, and let & be the Ith element of &;. Then

. @ 81
el = & © 84

= ——— 20
’ 1+I£I£k3{,{3k @0

Equation (21) shows that, similarly to the case of completely indepen-
dent channel gains, the Bayesian filter despreads the received signal at
each antenna using the spreading sequence 8, and, then, it performs a
maximal ratio combining of the despread signals using as weight the
coefficients

&

1+ l;{’&sf 81 ’
The coefficients for maximal ratio combining depend on the correlation
matrix of the channel gains of the interferers.
The following theorem provides the performance of the Bayesian
filter in terms of its limiting SINR as the system dimensions grow large
with constant ratio.

l=1,...,L. @2n

Theorem 2: Let I, be the vector of received amplitudes of virtual
user k. Let us assume that, almost surely, the empirical joint distribu-
tionof 1, o, ..., lx—1,lky1, ..., I converges to some limiting joint
distribution Fy(11,12,...,1r,) as K — co. Additionally, the elements
of the spreading vector 8;, are assumed to be i.i.d. with zero mean and
variance E|s;,|* = +. Then,if N, K — oo with & — (3 and L fixed,
SINR, of the Bayesian filter for the transmitted signal %, conditioned
on the vector of received amplitudes I, converges almost surely to a
constant value

SINR, = I (BE{IU"} + o°1,) 1, (22)

lim
< N oo

K /
~N—B

where 1 is the L-variate random variable with joint distribution
Fi(li,la,.. . 1),
Proof: See Appendix III.

The asymptotic analysis provides a result of simple interpretation:
the SINR of the virtual user % is equivalent to the SINR at the output
of a linear MMSE detector for a CDMA system with the following
characteristics.

» Spreading factor equal to the number of receiving antennas.

* Spreading sequence of the virtual user of interest equal to the

vector I, of channel gains.

* Spreading sequences of the interferers equal to the vectors of
the channel gains attenuated by a factor /3. This takes into ac-
count the beneficial effects of the spreading in the original CDMA
system.
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In contrast to the case of independent channel gains in [1], the perfor-
mance depends on the direction of the vector of the channel gains. For a
given received power, the SINR is maximized as I, has the direction of
the eigenvector corresponding to the minimum eigenvalue of the cor-
relation matrix E{11}.

VI. MATCHED FILTER

The single-user matched filter requires only the knowledge of the
spreading sequence of the virtual user of interest. Its output is given by

?;mf,k = h/gi‘/

As in the case of the single-user Bayesian receiver, the matched filter
despreads the received signals at each antenna and then it combines the
despread signals using as weighting coefficients the received energy at
each antenna.

The asymptotic performance of the single-user matched filter is
given by the following theorem.

Theorem 3: Letly, 85, and Fy(I1,12,...1z) be as in Theorem 2.

Then, if N, K — oo with /’\i — 3 and L fixed, SINR; of the
matched filter for the transmitted signal £, conditioned on the vector of
received amplitudes I, converges almost surely to a constant value

(')?
(BB} + o2I)1,

lim  SINR; =

K ,N—oco
K _. 3
b

(23)

where ! is the L-variate random variable with joint distribution
Fi(ly,1s,....05).
Theorem 3 is proven in Appendix IV.

The SINR of the matched filter is equivalent to the SINR of a
matched filter for a CDMA system with spreading factor L, spreading
sequence of the virtual user of interest equal to the vector of the
channel gains, and the spreading sequence of the interferers equal to
their channel gains attenuated by a factor /3.

The multiuser efficiency depends on the direction of 1. It is maxi-
mized when I, has the direction of the eigenvector corresponding to
the minimum eigenvalue of the correlation matrix of the interferers

E{lI"}.

VII. CONCLUSION

In this contribution, we determined the asymptotic performance
of linear MMSE detector, the single-user Bayesian receiver, and the
single-user matched filter receiver in CDMA systems with random
spreading and spatial diversity. We consider the general case where the
channel gains are correlated and there are line-of-sight components.

When a linear MMSE detector is used at the receiver, our general
Theorem 1 shows that the system is asymptotically described by an
L x L matrix A that characterizes completely the effects of channel
correlation and line-of-sight components. Our result includes as spe-
cial cases the results in [1] that were derived under the constraints of
independence of the channel gains, uniformly distributed phases, and
Gaussian spreading. Deriving the results in [1] from the general equa-
tions (8) and (9) we could prove the results for the macro-diversity case,
which was only conjectured in [1]. The performance analysis shows
that the efficiency of the system in recovering the symbol transmitted by
the virtual user £ strongly depends on the direction of the channel gain
vector I}, with respect to the eigenvectors of A. However, the system
performance is asymptotically independent of coupling effects at the
transmitting antennas.

The single-user Bayesian filter and the single-user matched filter in
a large CDMA scenario with correlated spatial diversity were shown
to be equivalent, in terms of performance, to a linear MMSE detector
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and a matched filter, respectively, in a CDMA system with spreading
factor L and spreading sequences equal to the channel gains.

APPENDIX |
MATHEMATICAL TOOLS

The following mathematical tools are developed along the lines of
the REFORM method proposed by Girko in [21] and [22]. The com-
plete derivation of the results utilized in this work was omitted in [21]
and it is presented here. We will make large use of the following well-
known inequalities:

|4+ B| <|A] +|B|

Triangular Inequality for Spectral Norm 24)

|AB| <|A| B
Sub-multiplicative Inequality for Spectral Norm
(25)
|4+ B|*> <2||A|* + 2||BI? (26)
|4+ B+C|” <3)|AlI” + 3|B|I* + 3]|C|* @27
|AB| <|A]||B|| (28)
tr(AB"+BA") < ||A|* + || B|I® (29)

where A € C%1*%2 and B € C*'*"2 are matrices with consistent
dimensions, i.e., @y = by and a2 = bs for A+ B and a2 = b for AB.

In this section we adopt the following notation:

(i) n € Z7 is a parameter.

@ii) n1, na2, p1, P2, q1, g2 € 7t, withny = ny (n), n2 = na2(n),
p1 = pi(n), p2 = p2(n), and ny = pigi, n2 = paga.
ni,n2, p1, p2 are increasing functions of n and nq, na2, p1, p2 —
o0 asn — oo.

(i) 2 = (é("))’ 1:;12 is an n; X n2 matrix with complex
random elements &; ;. The superscript (n) is omitted as not nec-
essary, i.e., 2 = 2"

@iv) g(n) is obtained from = in p1p2 blocks
of size ¢1 X g2, 5, i.€.,

,E(" _ »—(n
=

(") by structuring =

= @)

=(n

. =
In the following, we use & ~ instead of & ) to stress the fact
that the matrix is block-structured. As the parameter n varies,
we obtain the sequence of random matrices 2 = {._ 1.

= _ & n)
superscrlpt (n) is omitted when not necessary, i.e., 2 = E

!—|!—|
— =
= o=

(V)

is a p; X p; matrix of complex g1 X ¢ blocks S,'J',
-5 = ()t
(vi) P =2 Eisap; X p; matrix of complex g2 X g2 blocks P;;,
ie., P= (Pij)ij=1,....ps-
(vii)) « =t +is € C w1ths #0Oandt > 0.
(viii) Q = (sz)'i Tpy = [S + oI]™", where Q,; are complex
blocks of size ¢1 X gi.
- (GU)LJ_I,..., P2
l:_)}OCkS of size q2 X qo. ~
(x) Eg is the kth block row of E.
(xi) 2(k) is a g1 X (p2 — 1)g> matrix obtained by suppressing the
kth block from Ey, i.e.,

(k) ={

(ix) G [P + o]t

, where G;; are complex

un
[

kl’:\/“ = 15----,272_1} = {Ek(f‘?[f;é k’(: 1"“7p2}'

The previous relation defines implicitly the g1 X g2 blocks éu
as Zpe = Eg oy (e5k)-

(xii) = ,Qﬁ]kr is a matrix obtained from =
the s block rows ki, ka,..., ks and the r

J17J2 7]7‘ — = ( J1d2sir EH J1:J250dr
k1 T =\ krka,nks )T k1,k2,..ks ) "

suppressing
block columns

l\)

(xiil
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(xiv) P ( J17]f>.44.<.,’]]'€7‘ ) _ ﬁ” (;ﬁi;fs) z (/ﬁiié‘z) . Thfzpreviois relation defines implicitly the ¢; X ¢2 blocks A
P -1 as Are = Apo—x(e>k)-
XV 1,025 ) - ( (.11,,721---,.» ) +aI) ] A
(xv) ?(’”1 ko k klkzks 4 (xxviii) D( ) = diag(DEJ))i:L,,,,pl is a p1g1 X p1¢1 block-diag-
(xvi) G (Ziggﬁ) = (P (k’i;z)jgs) + aI) . oNnall Hermitian matrix with p; blocks of dimensions ¢1 X ¢1.
(xvii) Sk isaqi X (p1 — 1)1 matrix obtained by suppressing the kth D (1"1711727--:(1?) isa (p1 — s)¢1 X (p1 — s)q1 matrix
¢q1 X q1 block from the kth block row of S, i.e., obtained from D~ suppressing the ki th, koth, . .., ksth block
. N B rows and columns.
Sp={Sru,u=1,...p1 =1} ={Spu,u#k,u=1,...,p1}. (xxix) b = d1ag(D£l))z-:l ,,,,, b IS @ P2ga X page block-diag-
onal Hermitian matrix with p2 blocks of dimensions g2 X ¢s.
o . .. A ~(2
The p1 x p1 blocks Sy, are implicitly defined as Si. = D( )(‘7’1,‘7’2,...,‘%) is a (p2 — 7)g2 X (p2 — r)g2 matrix
~(2
Skoutx(usk)- obtained from D~ suppressing the jith, joth,.. ., j,th block
(xviii) S ]i i; ]k: isaq X (p1 — s — 1)q1 matrix obtained by rows and columns.
suppressing the kth ¢i X ¢ block from the kth block row of  (xxx) M= (M=} 7P isapiqir X page complex matrix structured
S 111,1227‘ ) ie., in pip2 blocks of size g1 X g¢a.
1,72, Kg . — . 2=
(xxxi) M M, is the kth block row of M.
3 (IQ,ZZ,Q) (xxxii) M Jl J:k ) is the matrix with (p; — s) block rows and p2 —7
_ {g'm ( F10920eemrdim ) s=1,...p1 —5— 1} block columns obtained from M suppressing the s block rows
kakz,ks ’ kl,lsz,.. . ks and the r blockcolumns;l,p,...,j,.
B {(5(,5;;?;“”1:)) Lithkj=1,.. .pl—s} . (xxiit) U = (Ui)ijmty = (D + MDY) M), where
RS kg U,, are complex blocks of size ¢1 X ¢1. Similarly as in (xxxi),
The ¢1 X ¢1 blocks :g\vkj (/671 /Jf) ...... ;‘ ) are implicitly defined as U (lji ,i"; j;) is defined in the first equation at the bottom of
the page.
3 TR S 152 sir .\ 17 =) g =)
S (k)= (8 (,11,;1;;...;;5)),CMM L i) Vo= (Vi)ijer o = (D7 4 81 (D) M), where

V'i; are complex blocks of size g2 X ¢2. Similarly as in (xxxi)

~ ~ - vV [ Jid2eidn : :
(xix) H is the p1q1 X pqs block matrix given by H = E— (). H ., V; Nk ok ) is defined in the second equation at the bortom
of the page.

is the block (%, ) of H of dimensions ¢1 X ga. = ~(2) | H 5
xxxv) Z = (Z; ;)i j=1,...p0 = M(D Y'M . Zpisaqg X (p1 —

1)q1 matrix obtained by suppressing the kth block from the kth
block columns obtained from H suppressing the s block rows block row of Z. i.e

]vl,]iz,.. ks and the r block columns ji, j2,...,jr.
(xxi) EI 1 is the Lth block row of the matrix H. R
(xxii) H(k) is a g1 X (p2 — 1)g2 matrix obtained by suppressing the Zy, ={Zys,s=1,...,p1 — 1}

kth block from Hy, i.e., :{Eks.s#k s=1,....p1}

H()y={Hw,(=1,...p5 — 1y ={Hpo. (#k,(=1,....p2}. _ 31D 31" ().

k

(xx) H (k]l ,’f) L ) is a matrix with (p1 — s) block rows and p2 — 7

The previous relation defines implicitly the g1 X ¢» blocks ﬁ' ke

as Hu = Hio\oon). The q1 X ¢1 blocks Zj. are implicitly defined as Zy. =

Zk,s+x(s>k) .

(xxiii) H (Ijl i’i is a matrix obtained from H suppressing ) BN ) .
1,552y, s (xxxvi) Z ( 12y Jisaqu(pr — s) X qu(p1 — s) matrix obtained as

the s block rows ki, ka,...,ks and the r block columns
J1sd2se s Jie

(xxiv) A = (Ak]) p"’l is the p1 x py matrix of ¢1 X ¢z blocks 7 (k]l 112222)
glvenbyAfE(E). N o S IS I T
(xxv) A(,ﬁg '''''''''' Jkr) is a matrix obtained from A suppressing :M(ﬁi—;ﬁ) (D (Ji,]z,---dr)) M(;ﬁfzfﬁ) .
the s block rows ki, ka,...,ks and the r block columns
JlsJ2seees i

Lemma 1: Let C be a block matrix of size P1q1 X piqi. Aisa

(xxvi) Ay is the kth block row of the matrix A. nonsingular block matrix of size p1q: X prgi Then

(xxvii) A(k)isa ¢ X (p2 — 1)¢2 matrix obtained by suppressing the
kth block from Ay, i.e.,

P L S
B} - i det[A + ~ — Tr(CA ).
Ak) = (Ao t=1,. . po—1Y={Ape, (£k (=1,... pa}). g, ndet] +WC]‘,,:D (CA )

() = (D' (kl,kg,...,ks)—I—ﬁ(,ﬁ';iil"""lt)(1~)

(] 3 »))—11‘2 J1+J255dr ”)_1
15250257, ki,ka,. ks :

V([ Jrizein _(1~)(2)(/, K ; M (rizir H(IN)(U(;, A })71M 11712, Sir )1
E1.ko,.ks ) JisJoseeesjr) + k1, ko, ks vy ks ki) R )
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~ ~(1) = T
; z(;)+0" ‘ Z
Tr (CU) — Indet (32)
9y Z + ~vCle ‘ Zyy. —|—ng) + (k= 0OC
~ o ~ ~ -1
1O = 5t (det (2 (7)+D" () det Zua+ DY+ (k=00 = (Bt x (2(7)+D ) 20)) (33

p1—1

9 s o~ oH _ ~H ol ~H
oy it (Z“*D?? =20 (1) 2 +((=kC =10 (*““ﬂ > (0), 250 Y (U(), Z))

J=1 Jj=1
(34)
~(1 5 =~ SH
Te (C(Zu+D" (-2 () 2) 1), =1
15 ~H oo~ SHN\—L
-1 (o (251:11(17 (; ))”zh) (Zkk + DY — 2,0, )) Z, ) . U<k 35)
-1
~ 2 ~ _ .\ zH
< s ( (k)), . 7sz (z“ + DY~ ku(k))zk> . >k
Proof: Let A;(-) denote the ith eigenvalue of the matrix argument ~ Then, the relation holds also for the full block
in general not real for non-Hermitian matrices. Lemma 1 can be derived
as follows:
) . LHN —
U= (Zu+ DY) - 2.0 (7) 2y ) (36)
glndet(;l—l—ya)’ 63 Indet((I +4CA~ )A)‘ Using (36) in (35) for { < k and £ > k we obtain
! v=0 / ~=0
9 . N
=—In(det(I+~CA)det(A ~ ~H
9 ( ( el )) v=0 - < 5111 (U(I.))L ijUk'k')‘_* E<k
P141 62*1 (U,Ulc)ij — J . 1]
=—1 1 E2.¥ — _ -1 (11 (— 7' ]
5 n Zl_[l( + Al Nlv=o < §;1 (U(k'))tLjZk]Ukk)ij’ (> k.

Lemma 2: Definitions (xxviii), (xxix), (xxx), (xxxi), (xxxii),
(xxxiii), (xxxiv) hold. Then

p1—1
U,Ulc: —<Z U(k (—x(0>k) ) Ukk k;ﬁ[,k,le,...pl

(30)

Lo TINE |
Uno= (Zu+ DY - 20 (7)2) . 31)

Proof: Let (Nf be a block matrix of size p1¢:1 X pi¢: having all
¢1 X q1 blocks equal to zero except C¢ = C. éky isaqi X qi(p1—1)
row vector block with the (¢ — 1)th or the (th ¢ X g1 block equal
to Cif k < Lork > (, respectively, and zero elsewhere. Then, the
application of Lemma 1 to the matrices C' and U yields (32) at the top
of the page. The rule of determinant of block matrices? applied to (32)
yields (33)—(35) at the top of the page, and (35) follows from Lemma
1. By choosing C' such that (C');; = 1 and zero elsewhere, we obtain
an expression for (U )sj, the (4, j) element of the block matrix U ;.

) Lo~ SH\L
Ukr)ij = <(Zkk + D) = 2:U () 24 ) > :
)
3Let A € C™*™ be non singular, D € C"**,B € C™*" and C €
C]IX’"I.Then
A B

det > = det(A) det(D — CA~'B).
c | b

This concludes the proof of Lemma 2.

Lemma 3: Definitions (xxviii), (xxix), (xxx), (Xxxi), (xxxit),
(xxxiii), (xxxiv) hold and { = ¢ — x(¢ > k). Then
H
~H
.zk]}

Ue— (U (5 ))ﬁ
() — (U ()=t (Z.(U() )22, Vi) + (V).

(Sow

for { # k and

p1—1
zk]> Uk { S U(
7=1

Proof: Let C be a block matrix of size pi1q1 X piq1 having all
blocks equal to zero except C'y¢ = C where C'is an arbitrary ¢1 x ¢1
matrix. C'(k) is a (p1 — 1)g1 X (p1 — 1)¢1 block matrix obtained from
C by suppressing the kth block row and the kth block column. C; and
E;; denote two block vectors of dimensions (p1 — 1)¢1 X g1 with all
q1 % g1 blocks equal to zero except the kthequaltoC andtoaq; X ¢1
identity matrix, respectively. Then, c (k) = C~E~

Here, A;(-) denotes the ith eigenvalue of the matrlx argument.
Letv = tr(C(U¢e — (U( « ))77))- By applying Lemma 1 we obtain

v=tx(CT) — t(C(W)T (7))

= Oﬂﬂ (ln det (2 + .lN)(l) + ’)é))

— % (ln det (Z (;) +

~=0

DVik)+~C (k))) L:O 37)
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? 5 (m
V= alndct <Zkk + ng) —Zy (Z(k)
= lm = (ndet (Zu + DY) - Zu(Z (7)) +
Avy—0+ A")’ ) kk k

+0"()7'2/)).

+ 0V +50m) 2/ )

1125

~=0

IN)(I)(I;) + Aﬁ/é(k‘))flzf) — Indet (Zkk + ng) — ZK(E (;)

>

Zk

lim
Avy—0+ A

—Z(U () MC:I+ AMvEBYU () C) 'BYU ()Z

(ln det (Zkk + D(klk) - Zkﬁ (;)

) — In det (Zkk + DS,‘?

~2:0(,) 2. )
U Z Z 7 Tt = -1
0 (12000 2))

= Aﬂl"thJr Al (111 det <I - Z,U (;) AyCHI + A’)/Egﬁ (;) 07)_1
. p1—1 . . o H %
= Jm In 1;[1 (1429 (=20 (U (7) €1+ AE2U () € ' BYT (1)) 20 Un)) ™

p1—I1

> A (<2 () e (

=1

~ ((Z @ (mz,ﬁﬁ)

V) Z2{Uw)

—tr (2.0 () C0U (1) 2. Ui

p1—1 N H
Ui (zw(km,-zii) 0) .

The application of the rule of determinant for block matrices to the

matrix
)
and (37) yield the first equation at the top of the page.

By applying the Woodbury formula* we obtain the second equation
at the top of the page.

By applying (31) of Lemma 2 and the limit ¢” = lim,, oo (1 + f—l) K
we obtain the third equation at the top of the page.

Setting a single element of the matrix C' equal to 1 and keeping the
others equal to zero we can establish the identity between the elements
of the matrix U,y — U ( . ) 4. @nd the elements of the argument of the
trace. Therefore

-

2,
Z(7)+D" () +C

~ o~ Zkk+D(,l) ‘
Z—I—Dm: - kk
Z,

~ p1— s P1— N H
U”_U(Z)ﬁ <ZU Zk]>UAL<ZU ij> .
Thus
Z“ e = (U (7)) = —tr(Ze(T (7)) 24 Usr)
[;ék
and

(U) = (T () =—t0(Ze(T ()2, Uri) + te(U i)

4et A be an N x N matrix and X, Y be N x M matrices. Then,
(A+XYH)—1 (AT X(T+YHATIX)'YHATY).

tr

This concludes the proof of Lemma 3.

Lemma 4: Definitions (i), (ii), (xxviii), (xxix), (xxx), (xxxiii),
(xxxiv), (xxxv), (xxxvi) hold. Let { = £ — x({ > k). Then

Vo= - Uz () BV () MU
k# Ll andk, L=1,...,p (38)
Uss I(DE‘}k) + MV (;)M:{)_1
k={( andk,t=1,...p 39)
Proof: Equation (30) with £ # % can be rewritten as
pi=l Y . H
Up.=— Z U (;)7121” Ui — UT?(;)ZMUM» (40)
Jj=1
J#E
Applying (30) to the matrix U (%) instead of U we obtain
p1—2 .
@), =~ @), 2 v )
J ¢[7 ‘]‘éz 17"'7pl -1

where LNTM ( ) denotes the (£, ) block of the matrix U ( ) and j=
Ji—=x(G > 0. SlnceU U( ) andZ( ) are Hermitian

p1—2

T (D)o =@ ()t =T (3) Y Za () T (

=1

j#EL =1

gaeay
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Substituting (41) in (40) we obtain

p1—2p1—1

U= 3230 (00));: 20, ()0 (1), 250
JAC

- (T (), 2300

<(Z(k));f’ ()20 (5)- ZLZ) Usr.

By applying definitions (xxxv) and (xxxiii) and using the following
identities:

= (@)

(¥4

27(;) zﬂg(f)(z))*lﬂH ({/)

N ) ~(2) ~H

Zp(t—x(L>Fk)) = MyD )'M (k,l)
- ~ (2 - H

Zu = M, (D) AT,

we obtain (42) at the bottom of the page.
The inversion lemma yields the following identity:

- ”(k‘,f))d)(”(h )78 () + D)
= (D"

~H N\ o~ _\ =2 _~H  _

MU (S)or(5) @M ()
+ﬁ(1)(l"a1))_11‘7(/6_,,@)(5(2))_1 _ (5(2))_1 (43)

Here, (42) and (43) are used to derive

U

-1
~ Uy, (ﬂH (o) @ ko3 () +b<2>)

— H
><]M,C Ukk

~ o~ L H
= - UMV (kjﬂ) M, U, (44)

Definition (xxxiv) is applied to obtain (44).
By using definitions (xxxv) and (xxxiii) and the identities

~(2) _y = H = ~(2)
Zy =MD )"'M,., Z,=MyD

31) caC be rewrltten as follows

()

k

—1 _1’“’” —
Ugs Mk(D ) Mk+Dkk_Mk(D )M (%)

(7‘7 () B 3" (1) 45" )>

M(3) (D(Z))1M5>

— FT

(k=500 +(0) "t 4Ly )

(45)
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MV ()M, Df,f) (46)

Equation (45) is derived applying the inversion lemma as in (43). In
(46), we make use of definition (xxxiv).
This concludes the proof of Lemma 4.

%)ecmhzmg Lemmas 24 to the matrix Q by setting D = al,

D =I, M=% and Z = S we obtain Corollary 3.

Corollary 3: Definitions (i), (ii), (iv), (xii) (v), (vi), (vid), (ix), (x),
(viii), (xv), (xiv), (xvi), and (xvii) hold and £ = ¢ — x({ > k). Then

Qu.= - (pilé (i )z, §ﬁ> Qi
- kA0 kl=1,. (47)
Q,, = (SH +al - 8:Q(7) f) 3 (48)
p1—1 p1—1 H
Qu—Q (i )ee=— (ZQ "J)Q’»A { Z Q(: S"J} ’
~ (#k (49)
6Q-tQ (7)= -t (8@ (7))*80 Qu ) +u(Qu)  GO)
Que=—0aQu () EG () E)Qu
k#¢and k,{=1,....,p1 (5]
Qu =o' T+E6 ()5
k=(and k.L=1,...p1. (52)

Analogous results hold for the blocks of the matrix G defined in (ix).

Lemma 5: Let A be a Gram P1¢q1 X piq1 block matrix and «
be defined as in (vii). Then, the spectral radius of the matrix B =

(A + o)~ and the spectral radius of each block B, of B are upper-
bounded as follows:
Bl <[s|”" and |Bij| <ls|™" (53)

Proof: Let \; (';4) be the eigenvalues of the matrix A. Then, given
a=1t+iswitht > 0

|B| = max (|)\,(;1) +t+is|7l) <la| "< s 7"
A (A)

The upper bound is obtained for /\Z(;l) =0.LetE.beaq X pia
block matrix with all blocks equal to the null block matrix except the
t¢th block equal to the identity matrix. Then, the submultiplicative in-
equality for spectral norms (25) yields

|Bij| = |[E:BE;'| < |E:||B|IEj'| < |s| .

Lemma 6: Let Definition (iii), (iv), (x), (xii), (viii), (ix), (xix),
(xxi), (xxii), (xi), (xxiv), (xxv), (xxvi), (xxvii), (xxv) hold.

(7)

o= (00). (34
“)( Uil
- (@ ()

) - M.(D

()@ () D

~(2)

At (03" () (7() + B

(z))flﬂ(gk)ﬂ

)T ) U
~(1) (k[))flﬂ(k_t) (5(2))71



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 3, MARCH 2007

p2(n)

¢ =Ello ZHIW G (7)H, +HG(7)A

i, 0=1
12l

1127

P2

¢t <9Etr Z o’ |Hk£|2Hkiéi£ (;) G (; ) " HE | + 6Etr
z';;:;
P2
<

max E(|HM|2)
(=1,...,po i f=1
-

IN

i, 4=1

<9 (nax E(|H ke )Etlzazﬂh(G( )G (;))Hﬁ—l—ﬁ (nax E|H | E|| Az ||

=1

i P2
=, -4 _\H
,U:quafp?E(IerIQ) 9Etr (Z o"HiiGie () Gie (%)

P2 _ .
( Z o |H | AeiGie () Gre (;)” Aﬁ)

2,0, r=1

P2
9Etr Z 062Hkiél‘,g (;)é ( ) chz“l_GEtr( Z O:QAMET‘M (;)érk (k)HAIZi«)

i 0r=1

P2
- o®HuGii () Gii ()" H,ii) +6E[laAiG () ||2]
=1

(55)

Additionally, assume

p2(n)
sup max E||HZ]||
H-1 Z
ri(n)
+su max E|H; 2 < too,
npjﬁi’ﬁ(n)p)(n) 21 I H 5l
sup  max A;
H-2 n =1, p1(n) Jz::l | ]|
p1(n)
+sup max Al < +o0,
771 7=1,....,pa(n Z | J|

H-3 Lindeberg condition: V7 > 0

pa(n)
i (e 3 B (P I > 7)
p1(n)
ma‘( Z E( ||Hu|| {IHisl| >7}) | =0.
H-4 E,,, k=1,....p1,5 =1,...,p, the random blocks of the

matrix 2 are independent for every 7.

and set (1 as shown in the first equation at the top of the page. Then

lim ¢ =0.

n—oo

(54)

Proof: Applying the Liapunov inequality> and inequality (27) we
obtain
2
p2(n) ~
(I <E|la ZHkiGzﬁC (
7,6=1
i#e

- H

O HUAHG () A +AG () By

2
pa(n) -
<3E||( Z aH G (;)Hﬁ;)

+ 3E[|0A:G

+3E|aH G (% )AL IS

N
( k ) H|"
SLiapunov inequality: Given a random variable z, (E(|z|*~1)) T
1
(E(]2|*))* for k > 1.1In particular, (E(|x]))* < E(]z]?).

IA

Considering that from the definition of H E(Hy;) =
null matrix, and applying inequality (29), yields

0, where 0 is the

2
p2(n)

E (Z asz z(’( )chk)
li;;
p2(n) N 9
<E Z HaHkLGzz(;)Hf{;H
Z;‘;:(jl
p2(n) N
+ Z (}'QchiGit‘(
11;2(1
pa(n)

<E Z HO&H},, ,/'

7,0=1
1L

;)H/Ic’eﬂ'uéi (;)H/Z
(o a

Z

aH .G ;)Hﬁ”z
é

and
L~ SH .
Bllad G (;) A, |
—ElladG () B

P2
=Etr Z a’AiGie (7) HL/HL/Grl (%) Ak
2,6, r=1
Therefore, applying inequality (28), we get (55) at the top of th%page
To obtain (55) we make use of the fact that Z (;) G, ( % )
is the ¢th diagonal block of the matrix G ( ) G' ( & ) and we neglect
the term

~ T
)Gii () H

b2 -
Z o’ HyiGii (]
=1

< 1 and ap-
plying the 1nterlacmg theorem, we obtain that also the maximum eigen-

value of (a G( )G(L)
&< nllax E|H| EZHHM” 16 1}1&){ E|H | EZHA;”H .

sees D

=1 =1

~ 2
since it is always positive. Considering that ‘(I’G (_ ) ’

) ~is upper-bounded by 1. Therefore
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Assumptions H-1 and H-2 imply that > 22| E||Hy:||*> < +oc and
P2 |Awi|? < oo. Additionally, from H-3, the Lindeberg condition,
it follows that

lim lim max E|Hg
r—0+t n—+ocol=1,...,p2

= lim lim

T—0+ n—

-----

< lim lim

r—0+ n—+oco k

=0.

(56)

Then, lim,, — 1 ¢§ = 0. Since ¢; > 0, this completes the proof of
Lemma 6.

Lemma 7: Let Definitions (iii), (iv), (x), (xii), (viii), (ix), (xix),
(xxi), (xxii), (xi), (xxiv), (xxv), (xxvi), (xxvii), (xxv) hold.
Assume that Conditions H-1, H-2, H-3, and H-4 in Lemma 6 are
satisfied and define (> as shown in the first equation at the bottom of
the page. Then

lim { = 0.

n— oo

(57)

Proof: Let us define Ly = aHkSéSS (; ) H;{{ Then, (> can be
rewritten as

b2

G =E[Y L, - B{LG.. (})}I

s=1

By applying the triangular inequality of the Froboenius norm and the
linearity of the expectation we derive

P2
GLENY Lox(1H el > ) =E{Lox(|H ks | > 7)IGes ()

=

SIS LAl < 1)~ B{EA (I H | < DIGe ()]
P

where )

51 =Bl Y Lox(1Hrall > 7) = E{L\(|Hl| > D)IGes (7))}
and ::1

52 =EI S Lox(IHill € ) = E{Zax(|Hel| < DIGee ()3
=
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Let us focus on &1, the triangular inequality yields

b2

81 SECQY LN Hsll > 7)
s=1
P2
+ D NELax (1 H | > 7)IGes ())ID-
s=1

The triangular inequality and the linearity of expectation imply
E[E(LX (1 Hrsll > 7)1Gae ()

< E (E(ILs IxUH ksl > 7)IGss () -
Therefore, using the bound on the spectral norm |aGs, (;) | <1

P2
61 <2 E(IH | x(1H kel > 7))

s=1

Thanks to the Lindeberg condition

61 =0. (58)

lim

n—-—4oco

Letus consider 2. Applying the Lyapunov inequality we get the second
equation at the bottom of the page. Since H ., and H 4, are independent

for s #I}f
E(LL (Ml < O H il < 716es (7). G (7))
=B (Lo(lHs ) < PIGor (7)) B (LUl < DIGn (7))

Therefore pa
85 <Etr Yy E(LLIX(|Hi|l < MG (1))
s=1

b2

—Btr ) E(Lox(|Hill < DG, (7))
s=1
x E(LY X (| Hisll < 7)IGes (%))
P2
<Et Y E(LLA(1Hll < 1)IGes ()
s=1
P2
=EY B(IL P (1 Hell < 7)[Ges ().
s=1

By applying inequality (28) we obtain
85 <EY E(HislaGss (1) PIHw X Hioll <7)Gos (7))-

s=1

The bounds |(}(~;35 (7)1 < land [Ho|*x(||Hgs|| < 7) < 77 yield

P2
5 < S E(H ).

s=1

b2 - - -

¢ =E|Y (aHuG.. () Bl - B{aH.G.. () BEIG.. (k)})H .
s=1
P2

85 <EII D Lox(|Hioll < 7) = B{Lx(|H ol < 7)IGee ()
s=1

— Etr (sznﬂksn < 7) = B{Lo(|Hn ]| < 7)[Ges (J})

s=1
P2

=Bt Y (BELIOErN < INUEL] < DIG. (1) Gur (1))

,t=1

—E (Lo (1Hel) < PIGes (1)) E (L x(1Hedll < 7Gec (1)),
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Since 3727 E(||H.||?) is upper-bounded thanks to hypothesis
H-1, it results that

lim lim & =0.
r—0t n—+toco

This completes the proof of Lemma 7.

Lemma 8: Let Definition (iii), (iv), (x), (xii), (viii), (ix), (xix),
(xx1), (xxii), (xi), (xxiv), (xxv), (xxvi), (xxvii), (xxv) hold.

Assume that Conditions H-1, H-2, H-3, and H-4 in Lemma 6 are
satisfied and define (3 as shown in the first equation at the bottom of
the page. Then

lim (3 =0.

n—oo

(59)

Proof: The triangular inequality and the linearity of expectation
yield

=E ZE(QHM(GSQ(T) X)Hl.q|GS<(;))

s=1
P2

<F <ZE (||Hksa(és.q (7)-X)HL[IG.. (;)) \X:G”> :

By applying inequality (28) we obtain the second equation at the
bottom of the page.
Applying the Woodbury formula, we obtain

’X:G”

(G (;)E CEG ()

-
=

=73

with C = (I +E,G (7)
bounded by |C| < 1 and

e (S

)~!. Note that the spectral norm of C'is

H
) (Sa8)

GSS (

1129

By appealing to inequality (28)
P2

3G (3)

j=1

Héss () —G:: Ek;‘

<

Therefore, we have (60) at the bottom of the page. The bounds
||aG( )l < 1and ||G( ) Il < la|™" are applied to derive (60).

Hypotheses H-1 and H-2 of Lemma 6 imply that > /2 E||_'k SI% i
upper-bounded as n — +oc. Following the same l1ne as in Lemma 6
we get

lim

lim IIl-:LX E (|Hh| ) =0.

.....

This implies (59) and completes the proof of Lemma 8.

Lemma 9: Let definitions (iii), (iv), (x), (xii), (viii), (ix), (xix),
(xxi), (xxii), (xi), (xxiv), (xxv), (xxvi), (xxvii), (xxv) hold.
Assume that Conditions H-1, H-2, H-3, and H-4 in Lemma 6 are
satisfied and define

Eu_aHkG( )_k —aAkG( )Ak, k46 (61)
Then
dim E(||Ey|]) = 0. (62)

Proof: Referring to the Liapunov inequality and inequality (27)
we obtain

(El|Exell)? <E||Exel?
o H
<3B(|0HG (. )Hk P +lleAG () Bl

+llad G () A1)

Taking into account that Ji g ¢ and Jig « are independent for £ # k and
EH, = 0, where 0 is the null matrix, it results in equation (63) at the

P2 -
o> F (HuG.. (;) Hi
s=1

£1G.. (7))

_E (H;”XH{i) ‘

ss

¢ <E <ZE (|Hks|2||a((N}'SS () -X) |G.. (;))
<len<Gq, —G”)n).

max E |Hk3
s=1,

‘XGSS>

<Zntr ((Z G, (%

DES G (;)iii)))

=)

)" 6(0E0) )

Y EG (7)) Gue (3

=)

(60)

{3 < max E |H/CS
s=1,...p2
. P2 P2
= max E(|H1.~s|2)E <tra Z (
"""" j,6=1 \s=1
P2
_ 2 (=2, (G
- e, 2 (030 0 (BG
< max E(|HA5| ) (||n%é(;
_ =H
< |a| max E (|H ") E (JIE)
s=1,...,po
<o Jnax E( |H’kS ZE( =

”/c;'||2)-
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(B Exell)” <3E <t1‘ (az
+ 3E <

[ nax E(|H,|*)

,,,,,

ket

pZQ H[jé,'] (A_e) Hng;‘]é,] (

ig=1

igr=1
P2

tr Za H,( ZG” (Aé)

P2

>

i,7,7=1

<3

(-

G, (,;,g) AZ)) +

2
9

“max E(|H|*)E <tr
J=1,...,p2

tr(a” i Afiéz']' (k_é) Hﬁ-ijérj (k_)g)HA”)
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)

P2

Z H.G i (u)A A Gir (k_,/z)HHZ)

i,7,r=1

)

(63)

>+3E (
b (oo )

I{) + E <Tr

« Ak'Gli (k_,t) (/c_e) A,Z) .

p2

Z « A“Gu (I:Z)

,7,r=1

é,‘,‘,‘

top of the page. In (63) inequality (28) has been applied. Note that the

term
P2 _ -
Za G (k_[) G, (k_,l)
=1

coincides with the ¢th diagonal block of the matrix

*6 ()6 (&)

Appealing to the interlacing theorem and the bound on the eigenvalues

~H

G

k¢

of aG ( k_e) we easily recognize that
P2 5 - H
|Z(}' Gi; (kj[)Gii (l:é) | < 1.
=1
Additionally
p2 H ~ - H
3 a*40GGL Al = o 4G (o) 6 )4
2,7, r=1
These considerations yield s
(EIEw)® <3 max E(|Hy,l*) (Etr(Z HHp))
J=1,....,p2 o

H ~

+Etr(o¢23gé (A_e) G

(7)dh)

. 6 =~/ \NH~/ +H
+3 max E(H, " En(’ 4G () 6 () A

<EZ|IHM| +Z||Aa||>

<3 max E(|Hy|?)

J=1,...p2

+3 IlllaXp E(|He)|” ;HA/,H (64)
Inequality (28) and the bound on the spectral norm of oG ( k_t) are

used to derive (64). Hypotheses H-1 and H-2 imply that the sums in (64)
are upper-bounded for any n. Additionally, as in (56), the Lindeberg
condition implies that

lim _max E(|Hy;|*) = 0.

n—oo j

This yields the thesis of Lemma 9.

Lemma 10: Let definitions (iii), (iv), (x), (xii), (viii), (ix), (xix),
(xxi), (xxii), (xi), (xxiv), (xxV), (xxvi), (xxvii), (xxv) hold.
Assume that Conditions H-1, H-2, H-3, and H-4 in Lemma 6 are
satisfied.
Then, for « € C\R™

nlinclso E|Q, (o) = Tpe(a)| =0, pd=1,....m
and
lim E|G,e(a) —a 'Rye(a)] =0, p,l=1,...,p2

n— oo

E;

i.e., the blocks of the matrices é and G converge in the first mean to

the corresponding blocks of the matrices
T=" +a"@e”)"a~
and
rR=® a2

respectively, with

l)(a) = diag(ogk) (@) k=1,....p, (65)
and
~(2) ETPC))
C "(«) = diag(C}, (@))k=1,...,po- (66)

The matrix blocks C'EIL) () of size ¢1 X ¢, and C'ﬁ) (a) of size g2 X g2
are equal to

cV(a) _aI—i—Z (EHk](X)77H )X k=1....

;1 (67)

=

1,... (68)

2 (a) = I+Z(EH V), H! ) 5 * P2
with Q and G defined in (viii) and (ix), respectlvelgf

Proof: Let us consider the matrices @, G, c' andC’ deﬁned
in (viii), (ix), (65), and (66), respectively. Corollary 3, (51), and (52),
applied to the matrix @ yields

b - H
Qu=-Qu () 0AG () A +BuQu.  (#F (©9)
S~ S H
Qu. = (CY) +aAiG (7)Ar +Ew)? (70)
with By, defined already in (61) as
=5 -\=2H iA~a(-\3
Elk:@:UG(k,f‘):k —(IA.@G(k,f)Ak [#lx
and
=2 &\ =2 T ~/—\ 31 (1)
Ekk:O::kG(k):k —OUAkG(k,)Ak _Ckk -|—(II (71)
Thanks to Lemma 9
1i1_~r_1 | Jnax E(||Exel|) = 0, for { # k. (72)
é‘:l,,’p)

In order to prove an similar property for E;; let us rewrite Ey; as
follows:

‘ :n,ﬁ,ﬁé(*)ﬁf +aHG (7)) A, +0AG () Y

)

P2

_ZE(HI\SXSSHAb)X G+QZE(HA.5 s8 (

s=1 s=1

_”ZE Hks 58

k

G ( (7)) HiLlG ()
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ka

= ZQH]” 717

z;t(’

P2
+ oG (7) A +0AiG (7) B + a0 HiG.. (7)HL

s=1

) Hi G (7))

P2
—« Z E(HksGss (;
s=1

P2 P2 .
+QZE(HI\:SG55 (;)H;‘:13|G5.5 (;))_QZE(H}&‘SGSSH}YS)'
s=1 s=1

Appealing to the triangular inequality of the Frobenius norm

El|Bue]| K G+ G+ G

with (1, (2, and (3 defined in Lemmas 6-8, respectively. These lemmas
and (73) imply

(73)

lim

n—oo

L, max E||Ew| = 0.

.....

(74)

Making use of Lemma 4, the block elements of the matrix T can be
rewritten as

T = — T (;) (f_izk([e)f)Tkk.
k# AL, and k.l =1,...,p
Tkk:(oli}{)-FAkﬁ(;)Ak) k=1,....p1

with R () = (C® + 4 ()" €Dy A ()

and

R(,)=®+4() € a()H

~(1 ~(1
C'( )(L) is the matrix obtained from C'( ) by suppressmg the kth block
)(k {) is the block-

diagonal matrix obtained from C by suppressing the kth and (th
block rows and the kth and (th block columns. For further study, we
derive the following bound:

ElQ — Tel
:E| QM (

row and the kth block column. Analogously,

—Qu ( )EMQM
<E(=Qu (1) +Tue (5) oG ( o) IAAN Qi)
+E(Tee () 106G (7 ) 1AeN Al Que~Tiil)

P2

+E(Tee (3) ITeell Y AvslaGur (1)

s, t=1

= Rut (0 )ATD + E(Que () IElIQueD- (6)

Here, (76) derives from the triangular inequality (24) and the submul-
tiplicative inequality (25). Taking into account that

Qucl ITiel ITeeti)| < ol < [s| " and [aC ()1 < 1

1131
and
N P1 p1
|[4e| < Z 4] <\ | @ Z|A4L|2
=1 =1
we obtain
ElQu. — Tl
pP1 P1
Sh|a Z [Aci?\ | @1 Z |[Aril2]s]~"
=1 =1
X (E|QM (;) — T (;) |+ ElQ — Tl
4, EIG = 0™ R (1)1 + 5/ BB
—1 _
<ol e, (BIQer () = Tee (3|
s, t=1,.
+EIQu — Tuel +ElGr () a7 'Rt (1)
+ |0“'|_1E|Eké|) (77

where 0 < ¢’ < +oc is a finite constant thanks to hypothesis H-2. A
similar bound holds for E|Q;;, — T'i;|. In fact, (70) and (75) yield

ElQux — Trl
= ElTkkT/:leH - TAkQI._LlQH|
=E[TuAr(R(}) — aG () AQu, — TrrEre Q|

P2
Y lAkia™ R (1) =Gii ()AL

1l +lal”
ij=1

< |oz|71 (, Il]chX E(|a71R,‘]’ (;)

.....

XY 4w 1*) + |(1"|1|Ekl.~|>
-

"R (7) -Gy (7)1+ |a|—‘|Ekk|> .
79
Equation (78) is derived applying the triangular inequality (24). In (79),

we use hypothesis H-2.
Gi; (/c_e) —a”'R;; (A_k) :

For further study, we introduce the definitions, shown in the equa-
tions at the top of the next page. With the previous definitions and
taking into account (77) and (79) we can write

<lo|™'E Bl

-G (%)
(78)
. E|O:_

A similar inequality holds for E

) () < elal ™ (mas(a(D) (). 53} (@), B3} (@)
+ |a|” IlldX(E|EH | + E|Ekl))

<clal ™20+ clal”

max(agtl)g(ou), E(l);(oz) bég;(a’)) (80)

with
20 = co(n) = gy = 11}}?2}( E(|Exk| + |Ere])
and ¢ = 3¢’. Considering relations similar to (77) and (79) for
BlQ, (£4) - T (230)|
and

E|G,, [ J1720ir
P\ oy ko, ks

_ ! J1sJ250dr
) a Pl ("*1-,’“27----,"75
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0 = , _
a(o) (Q) - p,lI:nla,‘?.(.pl E|ng Tp['
(r) _ , , ( J1.J2,-dr ) ( J1,J2,-dr )
a o) = max max E - T
(s)( ) pyl=1,...p1 J1,J25-50r ( |Qpl k1.k2,. ks U\ by ko, ks |)
ki,ko,... ks

bEg%(a) = max E|G, —a 'R,
/ p,f=1,...po

,

(") oy — . J1532s0dr Y _ =1 J15d25eeesdr
o) = s max BIG ({350 ) - o7 B (R120) -
ky,...ks
we can write Note that :E:j — 0 for n — oo, then also lim, . ¢, = 0. Since
(0) -1
, _ - R - aggy(a) > 0, forcla| ™ <1
“E»g (@) < ¢lal™! (max(a‘éqi_])(a), bE:H), bggl_Q)(a’)) ©) Lomo1 .
1 (r lim -2 a7+ 2 ™™ = 0.
and
§ ) . \ § Then
b)) < elal ™ (max(a{l™ (@) all (@), 50 (a)) o .
: ' ' lim a) (@) = lim max ElQ, (@) = Tpe(a)| =0  (86)
’ —1 _(r) m,n— oo n—oo p,f
h tlol C(-‘i)) B2 for cla]™" < 1. Since the matrices Q,,,(a) and T'p¢(c), for p,{ =
wit ") o ) 1,...,p: are analytical in « € C\R™ then the convergence holds for
) =ma max (8]B (21) il €
R Sy S N The proof of the convergence in probability of the matrices Gy¢ to
L0d s R, follows along the same line.
+E[B (L) ’ ’
o ) o ) Lemma 11: Let us assume that the definitions of Lemma 10 hold
+E €0 (1311,{22[5 )‘ +E ‘SN (ﬁﬁ’[s ) ’ > and the conditions of Lemma 10 are satisfied.
L Then, the g1 X ¢1 matrices C’&,)(a), k=1,...,p1,and the g2 X ¢z
Here, E|&,( (zﬁiﬁ’i ) ‘ is  defined analogously  t0  mggrices Cf(;) (a),{ =1,....p2,definedin (67) and (68), respectively,
E ’Ep(( ( J1,d20 i ) ’ but for the matrix converge as n — oo to the limit matrices
k1iko.. ks
! lilil C'El,‘) :‘I’Elk) k=1,....p1
E‘G . (J”1ij2=---,j‘r) —ozile ({17J22,4~7j’r)’_ " i ) )
POk degeeks PO\ Kk ks ’ lilil ‘C%) :‘I’%)a (=1,...,p2
Note that 58 depends on the parameter n. Let us substitute the upper ~ where \115;,3 k=1,...,p1,and \Ilﬁ), { =1,...,p- satisfy the canon-
bounds (81) and (82) for ag?i (), bg?g (), bg{ (a) in6 (80). We obtain  ical system of equations
b2
- — _ 1 = ~(2) ~H =(1)_;~5]7!
agggg claf 1[max({3|ar| ](max(ag;, bg;, bfgi)—|—|n| ]EET;) ‘I’E:k) = aI+ZE (:k‘j—Ak]’){[‘I’ +A [¥ ] lA] } B
=1 77
—1, 2 3 2 - 1
clal 1(111&)(((150;, a,EO;, bgog) + | 1650;),
- - - —_ H
claf 1(max(a8§, a,gg, bg;)—l—|a| 15221)) + | 1658;] X (Er; —Axy) k=1,....,p1 (87
21,12 (0) 1(0) 2(0) (2) (3) p(2) (1) (2) 5(1)
< o] ™ (max(a(y) 85} 1) ) ale) b(E) als) a3 b)) I ()~ (@) ~H]
- 0 (1) (0 _. WP=I+Y B (E-4,0" 4 [ AT AT
o] 111&X(6((1;76((0376£2;) + cla] 250) ‘e ; (Ese=4je) [ ] i

20 12 (,(0) 72(0) ;(0) (2) (3)4(2) (1) (2) ;(1)
Selal T max(a ). bia) bia) @) (0) Do) Uz A2y Oi2)
+ o)™ Inax(e((?;, :E?;, Lg;) + ¢|a] 2e0. (83)
By denoting 51 = IIlELX(SE(l)g,é'ELl);,S((Sg,SQ) the quantity argg))(:a/) is
bounded as follows:
(0) 21 1—2 (0) 7(0) 2(0) (2) (3) 5(2) (1) (2) p(1)
() S |o] T max(ag), bz, bia)s (o) (o) Dioys Uzys Azyr b))
+ a1 (P e + ¢la| 7). (34)

By iterating the substitutions (81) and (82) in (80) and by considering
that the upper bounds

(123(&)
<max max E|Qu (L )| +E [T (2200
< 20" (85)

and similarly bxz () € 2|| ™! at the mth iteration we obtain

m—1

Z a4 25 o TR

1=2

“m

(0)
a(o)(a) < -

6In the following, aEZ; = aEZi(a)

X (E][—AM) [:1,...,})2
A=(A;), B =diag (¥ ()}, 7 =diag (T2 ()}, (88)

Proof: Let us consider the system of equations

P2
) =al +Y E (ijv(X)jo,ig)X_ .
i=1 =«

I+ ]Z E (Hﬁ
Jj=1

Taking into account the convergence of @, and @Gy to Ty and Ryye,
respectively, shown in Lemma 10 (86) we can substitute @, and oG,
with their limiting values. For finite n

c = (Y)joj,g)Yza.

\ P2 ~ ~ o~ ~ \
) =aT+Y F(H (€ + A" @V A7, B W)
J=1

\ P1 ~ ~ o~ ~
Oy =I+Y B(H(C+AC” A ) E )+ W

j=1
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where 6'(1) = diag(CSk))k:L,,,,,pl,6'(2) = diag(CEi))gjlw,,PZ, and
gt - "

pP1
Wilk) = ZE (Hk,]' (a(ad + g
j=1
TH A -1y -1 H
+4"(©) A, EL)
W =3 E (B +28")7 - ("

7=1

+a A" E ).

Let us con31der Wgck) By definition G= (o + g ﬁ) Yand R =
2
(@7 +4"(@")7 A thus
max E|W§<1k)| = deE| Z(HA, aG R)JJH i)l
=1

pP1

2
< 1113XE Z |H;|"|aGj; — Rjj|
j=1
P1
[ - - 2
< nl?XE <(J_1}1f}j‘fpz laGj; — Rjj|) 2:1 |H 1] ) :
j=

(89)

Here, (89) follows from the triangular inequality (24) and the submul-
tiplicative inequality for the spectral norm (25). From hypothesis H-1
and the convergence shown in Lemma 10

lim E max |G7,- —a 'R;;| =0

n—oo Jj=1,...p
we obtain
11111 max E|W(1)| =0.

Similarly, we can prove
nli_nic max E|W§i)| =0.

Then, we get (90)—(91) at the bottom of the page. Let us consider the
system of (87) and (88). The solution of this system coincides with the
solution of the system

il )
73

P2
oY) =aI+Y E{ (&, A, ){[O<2>+A [c
k=1,....,p1

j=1

AT e,

#{le"racta"
73

X (E]'c —A

X (Ek»]' —

g?Z—”‘ZE (Eje—Aje)
Jj=1

je) P, {=1,...,p2.

The system of limits (90) and (91) guarantees that C ,9,3 and C Ei) de-
fined in (67) and in (68) converge to the solutipns of the system of
equations defined by (87) and (88), \I’&) and \I’ﬁ) , respectively.

Lemma 12: Let us assume that the definitions of Lemma 10 hold
and the conditions of Lemma 10 are satisfied. Let us consider the
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it is unique in the class of nonnegative definite analytic matrices for
Re(a) > 0.

This lemma can be proven along the same lines as the proofs of
the existence and uniqueness of the solutions of canonical systems of
equations in [21], [22]. For example, the reader can refer to the proof
of Lemma 7.4 for the system of canonical equations K~ in [21].

APPENDIX IT
PROOF OF THEOREM 1: ASYMPTOTIC CONVERGENCE
OF THE LINEAR MMSE’s SINR

The proof of Theorem 1 is based on the results of Lemmas 10-12.
Then, let us verify that the matrix H satisfies conditions H-1, H-2, H-3,
and H-4 required by Lemmas 10 and 11. H;; is the L x 1 block i, j of
the matrix H. Consistently with the assumption on the linear MMSE
detector that the channel gains are perfectly known at the receiver, we
assume that the channel gains are given. Then, all blocks are indepen-
dent since the spreading sequence elements are independent and con-
dition H-4 is satlsﬁed Furthermore

p[ max ZE IPesl"} + _max ZE{HHI,H }]

K
<o [ s 1L+ s, 11

IN

sup |:(3 +1) max I,HIL:| < +o0. 92)

N i=1,...,K
The second inequality in (92) holds thanks to the assumption that ||I;]|
is uniformly bounded for all V. Then, H satisfies condition H-1.
Condition H-2 is trivially verified since the entries of matrix H are
all zero mean.

In order to verify condition H-3, we focus on the limit
K

Jim X;EIIHWII X(IHijll > 7) =0 93)
=
for any 7 > 0. The limit
N
94)

Jim SR > ) =0
=1

can be computed in a similar way.
Let us observe that Vi, j

E(1Mal1*x (1M 1> ) =11, {

@i
<o
{Isij1>0}

where F'(s,;) is the distribution function of s;; and § € R™. From the

}I-%’ijlng(ﬁij)

|sij [T dF (s:7)

assumptions in Theorem 1, E(]s;;|*) < <& with v > 1. Then, for
6=2
2 (qulj)J .
E (IHi P (IHil > 7)) < N with v > 1.

Since ||I;||, for j = 1,..., K is uniformly bounded for all I, there
exists a real number m < —|—oc such that max;=1,. . x 1 l < m for
all K and

system of canonical (87) and (88) with A and Ay ; defined in (xxiv). 9 m3 )
Then, the solution of the canonical system of (87) and (88) exists and H}?f( E (”Hij [I"x(IH:; 1 > "_)) < FANT’ with v > 1.
lim maX|C ol - ZE(Hk (Cc® +a (cw)—lA)—lH D=0, k=1,....p (90)
1=1
< Hom(1) | 32 —137 =1
lim maX|C I_ZE(HM(C P+ AC)TIA ) H )| = £=1,...,p2 )

n—o0 .
7=1
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Therefore
m* g3
hm ZE 1H 1P x (1 H | >7)) < hm ey =0.
FE

and H-3 is satisfied by the assumptions of Theorem 1.
The system of canonical equations (87) and (88) can be considerably
simplified for the matrix HH. Equation (87) can be rewritten as

K
=(2),_
O =al, + Z E {'ij([‘l’ ] l)jﬂfﬁi} (95)
- H
—ol, + Z([\If Y, E{m ) (96)
=aol, + K“J =0, 97
~(2)
The step from (95) to (96) is justified by the fact that ([\Il(z’ ™, isa
scalar (1 x 1 matrix). Equation (97) emphasizes that the matrix

K

KO 2 S, {Hml | ©8)
J=1

is independent of % since E {HAJH } = E {'HV 'HL/ } for all
k' =1,...,N.
Equation (88) can be specialized to system (1) as follows:

(1, _
) =1+ ZE {H]’lr([‘l’ ] 1).7’.7’71;’1} (99)
_ [ 4H (1)1—1 2
_1+ZE{1, (&)1l (100)
Jj=1
=1+ @M, (101)
Substituting (101) in (98), (97) can be rewritten as
K
E {H.Hi,}
o) — Ity
=alp +Z—1+1H @) -1,
K H
Ll
=aolr + = —
N ; 1+,
Then, considering the limit for X', N — oo
n’ ;
(1) _ / _ .
v = ol +’d/1-|-IH[\II(U]—WdFI(ll,lZ,'”,IL) (102)
and substituting (¥M)~" = % we obtain (9) for o« = o2,
Letd = (HyHE + o’ N7 andletU;j, 4,5 = 1,...,] N be its

L x L matrix-block elements. From Lemma 10

hm E|UU -T;|=0

K

7ﬁ9

with T;; = [c“)(az)];mj and
CL (o) = I+ (Els T X 510 [x— o2 et s 021y 1
j=1

Lemma 11 guarantees that
im Ty = [@®?

K=

Here, £ denotes the LN x K block-diagonal matrix whose blocks

are identically equal to 1. Its maximum singular value is equal to

VIE1, < 400 since ||I]| is uniformly bounded for all K. Then, hy =

L8, where 8y, is the kth column of the spreading matrix S.
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The convergence in probability of SINR; = hi U h;. to the quantity
17 [ @], is proven if g1 = E|hy/Uh; — 1/ [®D]7 11, | vanishes
asymptotically, i.e.,

lim

K/ N—c
I(

n = 0. (103)

—B

The rest of th? proof is gcused on showmg (103)7 Eljls_observe
m < E|hk Uh; — h;, Thi| + E|hk Thy — 17 1|
where the trlan§ular inequality of the spectral norm is applied and

T = dlad([C' SO I VRS
By applying the submultiplicative inequality for spectral norms (25)
and the triangular inequality (24) to the first term we obtain

Elh U — T)hi| =B Y sili U — Ticlser|

< ZEW = Tl LB s s
[lk

= ZE|U“ - TL[|

<171, max E\U;; — Ti;|.

Thanks to Lemma 10 and the fact that 171, < +oc

lim E[Rf U - T)hi| = 0.
K,N=oo
s
In order to prove the convergence to zero of 72 = E|hf Thy —

17§11, we consider
ns <E|hi'Thy — 1 [®D]711,)?
=E((hy Thy)*— 2k Thi 1} ¥ 171, +1, 1971

=E (Zl,?Tiilkl,UTnlk|,9ik|2|.9jk|2 AL S A

iy

X szHT“msikﬁ + (zf[w(li’]—lzkf) (104)

= Z IL T”lk + Z lHTzzIk)(lL T]]lk)
1?5]

2 _ ) _ .
—A—,lf[q’“)] 11kzzﬁmzk+(zf[\p<1>] )%

7\72

(105)

From (104) to (105) we make use of the assumptions on the second
and fourth moments of s;;. Let us observe that the spectral norm of
[@D]=! and T, for any i, are bounded by |[€V]~'| < &2 and
|T::| < o2, Then, the first term in (105) vanishes as N — oo since
v > 1. By appealing Lemma 11, for any i, T;; — [®¥("]7!
K, N — oo with % — (. Then, the second and third terms in
(105) converge to (I3 [¥V]7'1;)2 and —2(1f [®'V]7'1;,)2, respec-
tively. We can conclude that
lim
K,N—co
fﬁfaﬁ

=0

andne — 0as K, N — o as \ — (. Therefore, (103) is proven.
The Markov inequality implies that, V= > 0

Jim Pr{|hlUh, — 17OV, > <}
K, N —oc
f—s
< 1 o Jim ElhfUh, — 1]/ [ =0

and the convergence in probability stated in Theorem 1 is proven.
This concludes the proof of Theorem 1.
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APPENDIX 1T
PROOF OF THEOREM 2: ASYMPTOTIC CONVERGENCE OF BAYESIAN
FILTER RECEIVER’S SINR

Let us derive first the Bayesian filter. To this aim we calcu-
late E{yy”}~" and E{bjy} with the expectation taken over the
noise, all transmitted signals, and over all transmitted powers,
channel gains, and spreading sequences of all interferers. Then,
E{yy'"} = E{H HE} + hihi + 02In.. Because of the inde-
pendence and zero mean of the elements of the spreading sequences,
E{H,H} is a block-diagonal matrix with V blocks of size L x L.
Each block is given by (£52)Cy with Cy = E{II" }. It follows that

K-1

Cn=E{HHI} =1y ® <7> C.. (106)

N

By applying the Sherman—Morrison equation we obtain

(E{yy" )™ = (Cn+ 0 Ine) ™ = (Cr+ 0 Ine) "'
x(1+ i (Cy + (TQINL)_lhk)th(CH + U'QINL)_l-

Let us observe that E{0;y} = h. The Bayesian receiver is given by

(Cn + U'ZINL)ilhk

Cp = T T 3 .
14+ hy (Cu+ 02Inr) " hy

The energy of the useful signal % at the output of the Bayesian filter is
given by

E{lef hubel*} = ( B (o + o*Ine) )
' 1+h£(CH+UQINL)_1hk

The energy of the noise at the output of the Bayesian filter is

hf(CH +0°In.) *he
(L+ ki (Co+ 02In1 )~ hy)®

E{len|*} = o

Finally, the energy of the interferers is
K
Cf,i h j hf{ Ci.

j=1
J#k

K
EQ > lei'hbi* p =E
j=1

J#k

K
= Cf{ E Z h]' hf{ Ck
j=1
JFk
=ci E{HcH[ }er
= cf Cre.
Therefore, it holds that

K
E{lg/nP} +E ; lei ;b2
o
Ith(CH +0%Ing) " by,
N
P 1 — *
:l,il((/j—j\—r)ol+0-21;f) 1lkzgnksnlc' (107)

n=1

Applying the strong law of large numbers we obtain the convergence
of SNIRy, to I (3C; + o*I;,)~ "1, with probability 1 as N — oo.
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APPENDIX 1V
PROOF OF THEOREM 3

The proof of Theorem 3 follows the same lines as the proof of The-
orem 2, taking into account that ¢, = hy. Then
E{ |k hyby|?
SINRL:: T {| kI I.‘Kkl } 7 -
E{lhi n?} + E{325=1 |hi hjbj[*}
iFk

B (hlrgrhk)z
- O'thhk + hfckhk
(01, 23:1 Snksiy )’

T (- 5) Crt ot I I saisly

(108)

Applying the strong law of large numbers, we obtain the almost sure
convergence of SINR; as K, N — oo with % — 3. More specifi-
cally, we obtain

UK

SNIRL 04:‘94 TH oA~ o o7 g -
lk (/301 =+ G'QIL)IL»

lim
K=8N—oo
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