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Abstract

Polynomial expansion equalizers are found suitable to mitigate crosstalk and inter—symbol interference for
communication via large antenna arrays. Design rules are derived from random matrix theory. The asymptot-
ically optimum coefficients of the matrix polynomials are calculated analytically as a function of the number
of receive antennas, transmit antennas, and scatterers for constant power delay profile. The theoretical results
from random matrix theory are shown to accurately match data obtained by indoor measurements.

1 Introduction

Communication via antenna arrays allows for a signifi-
cant increase in spectral efficiency [1, 2]. Several recent
proposals [1, 3, 4, 5] are aiming to utilize this advan-
tage in various ways. An inherent problem of these
systems is distortion by crosstalk and inter—symbol in-
terference arising from spatial and temporal multipath
propagation.

The deleterious effects of crosstalk and inter-symbol
interference can be mitigated by appropriate signal
processing at receiver site if the correlation matrix
of the channel is known or can be estimated accu-
rately. Even suboptimum receivers that simply invert
the channel or maximize the signal-to—interference—
and-noise ratio (SINR) require to solve systems of lin-
ear equations that scale with the number of antenna
elements. Therefore, it has been common belief that
crosstalk and inter—symbol interference is the easier to
combat the smaller the size of the arrays.

Mathematical results on the convergence of the
eigenvalues of large dimensional random matrices yield
a completely different view of the complexity of this
problem. As the sizes of the channel matrices increase,
the eigenvalues of the channels become more and more
deterministic [6]. Since the quality of communication
via linear vector channels is sufficiently determined by
the eigenvalues of the channels’ covariance matrices,
the problem of efficient detection should simplify for
systems with larger sizes, as they become more and
more structured. This has been demonstrated suc-
cessfully for interference mitigation in code—division

multiple—access (CDMA) in [7, 8, 9]. Indeed, this pa-
pers will show that efficient mitigation of crosstalk and
inter—symbol interference is also feasible for communi-
cation via antenna arrays making use of recent results
in [10, 11]. The complexity per bit of the proposed
algorithm scales only linearly with the number of an-
tenna elements.

2 Channel Model

Consider a communication link with 7" transmit and R
receive antennas. Let there be Smax scattering objects
each corresponding to a propagation path with excess
delay 7. Then, the signal that is received at antenna
v is given by
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where z,(t) is the signal transmitted at antenna u
and ¢x,., V%, and A, are the relative carrier phases
at the v*M receive and p'* transmit antenna and the
attenuation of the s path, respectively. Note that
each of the relative carrier phases depends on the dis-
tance between the individual antenna element and the
scattering object.

Paths whose delays are not sufficiently separated in
time cannot be resolved at the receiver. In order to
model this effect all such paths are grouped in ascend-
ing order of their respective delays into L disjoint sets
D¢ such that all paths with similar delays form one



set. Then, the received signal at the v*" antenna can
be decomposed into
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Thus, the propagation coefficient from antenna pu to
antenna v at the delay associated with index / is given
as
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The number of scatterers may vary with delay. There-
fore, it is sensible to model this effect by the scatterer—
count delay profile! [10, 11]
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in addition to the well-known power—delay profile
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The received signal at fixed delay may be written in
vector notation as

Yy, = Hx (6)
where the entries of the R x T matrix Hy are defined
in (3). It is obvious from (3) that those entries show
strong statistical dependencies even if A,, ed?~», and
el?~v are statistically independent for all &, p, and v.
These dependencies are examined in greater detail in
the following.

Assume without loss of generality that D, =
{1,2,...,S¢}. Define the two Sy x T and Sy x R ma-
trices
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respectively, as well as Ay =
Then, H; may be expressed as

diag([A1, ..., As,]).

H, = $;]A,0, (9)
with -H denoting the Hermite operator. If there is no
line of sight and the antennas within the transmitter
array are spaced sufficiently far apart from each other,
it is reasonable to assume that the entries within the

1| .| denotes the cardinality of a set.

matrices @, are statistically independent. A corre-
sponding statement holds for the receiver array and
the matrices ®y.

It is not obvious whether the two matrices @, and
&, are mutually statistically independent, in practice.
In particular, strong dependencies are implied by the
single scattering model [12]. In contrast, physical mea-
surements indicate that the correlations between the
direction of arrival and the direction of departure are
not significant [13, 14]. This supports the proposal
that statistical independence of ®; and ¥, is realis-
tic. For the following calculations, independence is as-
sumed. Anyhow, the accuracy of the proposed model
for the design of polynomial expansion equalizers is
confirmed by measurements in Section 5.

3 Proposed Receiver Design

For ease of notation, we first consider the case without
inter—symbol interference, i.e. L = 1, and drop the in-
dex ¢. Later on our results are generalized to arbitrary
L.

A receiver that aims to maximize the SINR in pres-
ence of additive white Gaussian noise (AWGN) of vari-
ance o2 P needs to calculate the estimate

-1
(H'H +0°1)  H'y. (10)
The detector in (10) involves the inversion of a matrix.
This is a hard task for real-time applications, but can
be approximated very efficiently for large number of
antennas as shown in the following.

The Cayley—Hamilton theorem states that any ma-
trix is a zero of its characteristic polynomial, i.e.

T
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with \;,1 < i < T denoting the eigenvalues of H HE.
The polynomial can be written also as

[
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with appropriate coefficients «; depending on the
eigenvalues of C' and the variance of the AWGN. We
can rewrite (12) into

-1
(HHH + 021) =

(13)
and obtain the inverse in (10) as a matrix polyno-
mial of degree T' — 1 with coefficients depending on
the eigenvalues and the noise variance only.
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Random matrix theory [15] shows that the eigen-
value distributions of a large class of random matri-
ces converge in probability to some deterministic lim-
its if the sizes of the matrices grow over all bounds.
The limiting statistics of H have been calculated in
[10, 11]. Since the eigenvalues converge to a determin-
istic limit for large matrices, so the coefficients of the
polynomial in (13) do. Thus, the coefficients do not
depend on the actual realization of the matrix H as
the number of antennas grows large. Therefore, there
is no need to calculate them in real-time via eigenvalue
decomposition of HYH (or singular value decompo-
sition of H) when the channel is fading.

For practical purposes, (13) might still be too com-
plex as the number of transmit antennas T was as-
sumed to be large. Now, we ask for the optimum co-
efficients w; such that the polynomial

i w; (HHH + azI)i (14)
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is the best approximation to the inverse in (10) for a
given degree D that is smaller than 7" — 1.

Defining optimality in the sense that the SINR af-
ter equalization with the approximate inverse is max-
imum has been addressed in [8, 16]: In the case
of asymptotically large covariance matrices, the op-
timum weights were shown to be the solution to a
system of Yule-Walker equations (15) depending on
the moments of the asymptotic eigenvalue distribution
my,1 < k <2D + 2 and the noise variance.

For communication via antenna arrays with equal
attenuation on each propagation path, the moments
for n > 0 are given in [10, 11] as
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with the parameters
T T
ﬂé}—z and gég (17)

called system load and channel load. In that case, the
solutions to (15) for D =1 and D = 2 read
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respectively. Solutions for D > 2 are not listed here.
They can be obtained with symbolic algebra software
from (15) and (16).

The direct implementation of the matrix polynomial
is not the most efficient one. In CDMA communi-
cations, i.e. ( = 0, it is advantageous to implement
the matrix polynomial by subsequent re—spreading
and matched—filtering blocks whose outputs are com-
bined with the appropriate weights w;,0 < ¢ < D,
see [17]. This method avoids matrix multiplications
and makes the complexity per bit scale only linearly
with the size of the matrices involved in the calcula-
tions. For D = 1, the method in [17] can be general-
ized to work in combination with successive decoding
[8, 16]. The approaches reported in [17, 8, 16] have di-
rect counterparts in anntenna array communications:
The spreading sequences and the number of users cor-
respond to the columns of the channel matrix H and
to the number of transmit antennas T, respectively.
As an additional parameter the channel load ( enters
the weight design. Therefore, no matrix inversions or
eigenvalue decompositions are required to compute a
near—optimum linear beam former at receiver site in
real-time. Only accurate estimates of the channel ma-
trix H and the channel load { are essential.

4 Inter—Symbol Interference

Previously, inter—symbol interference has been ne-
glected. Inter-symbol interference can be described
in matrix algebra by a space-time channel matrix as
in (20), see top of next page, where the matrix—valued
symbols z[k] and y[k] at transmitter and receiver site,
respectively, that are sent at subsequent time instances
k are stacked into a single vector each.

Surprisingly, it can be shown [10, 11] that the
asymptotic eigenvalue distribution of the space—time
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channel matrix H is identical to those one of
L1
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Under the additional assumption of constant power
delay profile, its moments are also given by (16) [10,
11] with channel load

(21)
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Therefore, at least for constant power delay profile,
one can apply the same structure for space—time equal-
ization as proposed in the previous section for solely
spatial equalization. Moreover, Section 5 will show
that the deviations from (16) caused by realistic power
delay profiles are moderate.
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¢
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5 Comparison to Measurements

Previously, several assumptions, i.e. asymptotically
large arrays, constant power delay profile, statistical
independence among the entries of & and @, etc.,
have been made. The motivation behind these as-
sumptions was analytical tractability. Moments calcu-
lated under such idealized assumptions are not sure to
adequately match eigenvalue statistics experienced in
practice. This section provides a comparison between
the moments of the eigenvalue distributions of space—
time channels matrices calculated from the channel
model proposed in Section 2 to those ones observed
in an indoor measurement campaign with the vector
channel sounder RUSK—ATM manufactured by Medav
GmbH.

All measurements mentioned in the following were
recorded with a bandwidth of 120 MHz around a car-
rier frequency of 2 GHz. The receiver was an 8-
element linear patch array spaced at half a wavelength.
The transmitter was a single omni—directional dipole
antenna that was re-located by software control over
a straight line in steps of half a wavelength. The patch
array was directed in such a way that line—of—sight was
blocked.

The raw data provided by the vector channel
sounder RUSK-ATM are matrix—valued complex fre-
quency responses of the antenna array channel. Since

the design parameters for polynomial expansion equal-
izers are the moments of the eigenvalue distributions
of the channels’ space-time covariance matrices, the
latter were extracted from the raw measurement data.
Following the reasoning in [10, 11], see also in the ap-
pendix, this can be achieved by
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where H(f) and 1, denote the matrix—valued fre-
quency response and the measured n'® moment, re-
spectively.

For the first measurement described in this paper,
the receiver was located in the author’s office while
the transmitter was placed in an adjacent room. The
moments of the eigenvalue distribution obtained from
this measurement via (23) are given in the first row
of Table 1. For comparison, the moments calculated
under the assumption of Smax = 6 scattering objects
of unit power using (16) are given in the second row
of Table 1. The accurate fit of the calculated and
measured moments give rise to the assumption that
there actually happened to be 6 dominant scattering
objects.

In order to investigate the influence of the number
of scattering objects, we sticked scrambled tin foil, 35
pieces altogether and each about 1 m? in size, onto
the walls, floors, ceilings, and furniture close to either
receiver or transmitter. The moments measured from
the same antenna positions with the help of tin foil
are given in the third row of Table 1. They accurately
match those moments calculated from (16) under the
assumption of Spa.x = 30 scattering objects of unit
power, cf. fourth row in Table 1. For comparison, the
fifth row of Table 1 shows the moments calculated from
the probability density function of the eigenvalues of
a covariance matrix that results from an 8 x 8 chan-
nel matrix with independent complex Gaussian entries
reported in [18]. Although reference [18] accounts for
the finite size of the antenna array while the author’s
model [10, 11] uses matrices of infinite size, the as-



R=T=8 [ %] 2] »] x| »] N g
measured without tin foil | 1.00 | 3.32 | 14.66 | 74.17 | 406.25 | 2344.80 | 14044.97 | 86485.64
calculated for ( = 8/6 1.00 | 3.33 | 14.78 | 75.04 | 412.57 | 2390.29 | 14371.71 | 88832.83
measured with tin foil 1.00 | 2.34 | 6.96 | 23.03 | 81.37 | 301.13 | 1155.06 | 4560.53
calculated for ¢ = 8/30 1.00 | 227 | 6.67 | 22.34 | 80.78 | 307.44 | 1213.28 | 4920.13

[1id. [1§]

| 1.00 [ 2.00 | 5.02 | 14.16 | 43.10 | 138.60 |

465.61 | 1622.79 |

Table 1: Moments of eigenvalue distributions. Measured in the author’s office without tin foil, calculated for
Smax = 6, measured with tin foil, calculated for Spax = 30, and under i.i.d. assumption, resp.

sumption of independent identically distributed (i.i.d.)
entries which corresponds to infinitely rich scattering
drives the model far apart from the measured situa-
tions.

The close fit between the theoretical predictions and
the actual measurements in Table 1 are both a con-
vincing confirmation for the random matrix model for
antenna array channels introduced in [10, 11] and for
the applicability of (16) for design of polynomial ex-
pansion equalizers.

Limitations of the equal power assumption:
The moments calculated by (16) refer to equal path
loss for any scattering object. This assumption is well
justified for an almost constant power delay profile. It
is also justified as long as the number of dominant scat-
tering objects is not much smaller than the number of
antenna elements on either side. The latter condition
is not straightforward. Therefore, it is explained in
greater detail in the following: There are not more
non-zero eigenvalues than min{R, T}. Thus, only the
min{R,T} most powerful scatterers show significant
influence onto the eigenvalue distribution. Note that
for higher order moments the power imbalances are
more and more amplified.

In order to give a fair comparison, moments of eigen-
value distributions of channel covariance matrices are
measured under propagation conditions which do not
allow for negligence of power imbalances. Such a situ-
ation was found in a large factory hall (about 120 m x
120 m) where the larger delays created the power de-
lay profile shown in Fig. 1. The moments measured in
the factory hall are shown in the first row of Table 2.
The second row of Table 2 shows the moments calcu-
lated via (16) for Spax = 3 unit power scatterers which
turned out to fit best to the measured data. It can be
observed that the fit is not as good as in Table 1, but
by far better than with the i.i.d. assumption. Note
also that the relative deviation is largest for the lower
order moments?. For those ones, the measured val-
ues are lower indicating more than 3 scatterers. Since
these additional scatterers are received less powerful,
their influence vanishes more and more at higher order
moments.

2Note that the first moment was normalized to 1.
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Figure 1: Power delay profile in factory hall averaged
over all antenna elements.

6 Conclusions

Space—time equalizers for communication via large an-
tenna arrays have been proposed. Convergence theo-
rems from random matrix theory have been the key
tool to find solutions to large systems of linear equa-
tions easily. The proposed method originally sug-
gested for detection of CDMA has turned out to be
even more advantageous for antenna array channels
where it has also capabilities to combat inter—symbol
interference. In addition, a new method for equal-
ization of inter—symbol interference on antenna array
channels has been found that results from random ma-
trix theory and does not exist on channels without
multiple inputs/outputs at both ends of the commu-
nication link. The theoretical predictions derived from
random matrix theory in [10, 11] have been shown to
accurately match measurement data.

Using random matrix theory for both the channel
model and the receiver design, joint equalization of
inter—symbol interference and crosstalk becomes and
easy task for large antenna arrays if accurate channel
estimates are available.



|R=8T=15] x| | »[ x| x| X | X | X |
measured 1.00 [ 6.42 | 61.30 | 697.30 | 8881.86 | 123274.77 | 1830520.35 | 28643903.66
calculated 1.00 | 7.88 | 78.27 | 881.65 | 10715.90 | 137017.99 | 1816515.49 | 24744069.10
[iid. [18] | 1.00 [ 2.87 [ 10.16 | 40.16 | 17057 | 762.02 | 3538.39 |  16954.77 |

Table 2: Moments of eigenvalue distributions. Measured in a factory hall, calculated for Spmax = 3, and under

i.i.d. assumption, resp.
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Appendix

The purpose of this appendix is to confirm (23). Al-
though it straightforwardly follows from the consider-
ations in [11, 10], here a short motivation is given for
sake of completeness.

The goal of (23) is to calculate the moments of
the eigenvalue distribution of the space—time covari-
ance matrix H"H where # is defined in (20). Since
the channel sounder RUSK-ATM does not measure
the matrix—valued impulse response H,,0 < £ <
L—1, but the matrix—valued transfer function H(f) at
many samples of the frequency range, an appropriate
method for calculating the moments is needed.

One of such methods is certainly to perform RT in-
verse fast Fourier transforms (IFFTs) in parallel over
the transfer functions H;;(f),1 < i < R,1 < j <
T, compose the space-time channel matrix H, and
then calculate the moments of HE#H. However, that
method is both computationally heavy and inaccu-
rate, since it requires windowed IFFTs. An easier and
more accurate method is as follows: Note that H is a
circulant matrix, cf. (20), since its rows and columns
are filled up towards both ends with infinitely many
(matrix—valued) zero elements. Therefore, the space—
time covariance matrix can be decomposed into

HIN=TCT"

where L is a block—diagonal matrix, and T is a Fourier
matrix on the set of T x T identity matrices, i.e. T
is the Kronecker product of a Fourier matrix with a
T x T identity matrix. Since T is unitary, the moments
of the space—time covariance matrix are identical to
those ones of £. Note that £ is block—diagonal and
the T x T blocks are composed from the frequency
responses H(f)TH(f) at all frequency samples within

the range of the measurement. Therefore, calculating
the moments of the space—time covariance matrix is
equivalent to averaging the moments of the matrix—
valued frequency response over all frequencies as done
in (23).
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