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ABSTRACT
This survey gives an overview of analytic tools to the desagral-

ysis, and modelling of communication systems which can be de

scribed by linear vector channels suchyas- Hx + z where the
number of components in each vector is large. Tools fromatsibb
ity theory, operator algebra, and statistical physics evewed.

Asymptotic eigenvalue distributions of some classes of ran.
dom matrices are given in terms of densities, moments and/q%

Stieltjes transforms. Free probability theory which eealvfrom
non-commutative operator algebras is explained from agtitib-

tic point of view in order to better fit the engineering commu-

nity. For that purpose freeness is defined without referémoen-
commutative algebras. The treatment includes additiverand
tiplicative free convolution, the R-transform, and ther&sform.
The replica method developed in statistical physics forpingose
of analyzing spin glasses is reviewed from the view pointtsf i
applications in communications engineering. Correspoocee be-
tween free energy and mutual information as well as energg-fu
tions and detector metrics are established.

1. INTRODUCTION

In a multi-dimensional communication system many datsastse
are transmitted from various sources to various sinks viananeon
medium called a channel. Technical systems handling thisdee
telephone networks, both fixed and wireless, the interoes|larea
networks, computers’ data buses, etc.
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of nuclear energy levels. Random matrices and their aggitain
communications engineering are discussed in Section 3.

Advances infree probability theoryare driven by mathemati-
cians interested in operator algebras and the Riemann lggist
Since numerical evidence showed a striking connectiondstvhe
zeros of Riemann’s zeta function and the spacings of adjaigen-
values of large random matrices, physicist started to hopadw
sights into their problems. However, the first concreteanieg
r the R-transform one of the most fundamental concepts in free
probability theory, was found in the theory of large CDMA t&yss.

An overview on free probability is given in Section 4.

Random matrix and free probability theory are concepts well
suited to analyze the interaction of many Gaussian randam pr
cesses. However, they do not respect the binary nature of mos
signals in modern communications. Driven by the laws of ¢uan
mechanics which allow only two values for the spin of an etatt
physicists have developed powerful tools to analyze thertbdy-
namics of magnetic materials, one of which is called rbygica
method Though from a mathematical point of view not rigorously
established yet, itis able to predict the macroscopic hiehatspin
glasses just as well as bit error rates of maximum a-posteté
tectors for CDMA signals. An overview on the replica methed i
given in Section 5.

2. APPLICATIONS

The principles to be surveyed here apply to a broad classrof co
_munication channels. To just pick one of them, consider gwtor-

The complexity of such communication systems increasés wit,5|,ed additive white Gaussian noise channel

the number of people or data streams to be handled simulialyeo

This rise in complexity is not limited to the hardware to be de

ployed, but also affects the design, the modeling, and thdysis
of the system. From an engineering point of view, it is pattdy
important to be able to predict the behavior of a technicatesy,
before it is actually built. With respect to the steadily riegsing
number of people using various kinds of communicationsrtekh
ogy, this seems to become, sooner or later, a hopeless tfisét at
sight.

In a combustion engine, many molecules of fuel and air ictera

with each other. However, though we cannot control the iddiv

ual behavior of each molecule, and even do not intend to do s

we can trust that the mixture of gas and air will explode when
is lighted, heat up, expand, and drive the engine. Physibiatve
successfully build the theory of thermodynamics to explagmevo-
lution of macroscopic values like temperature and prestregh
the microscopic behavior of the molecules is only descritatls-
tically. Simply the fact, that there are enough objects Wwiteract
randomly, makes the unity of these objects to obey certdasru
These rules depend on the kind of interaction and some dthmeyst
and can be understood as generalizations of the law of lamge n
bers.

Communication systems for multiple data streams can be mod-

eled as well by statistical interactions between the sgybalonging
to different data streams. Provided that the number of dedarss
transmitted simultaneously through the system is largegimosim-
ilar effects as in thermodynamics occur.

The use of microscopic statistical models to predict macro- e

scopic quantities in physics is not limited to thermodynzsnit was
already used by Wigner in the 1950s in order to predict theisga

y[V] 1)

with theK x 1 vector of transmitted symboigv], theN x 1 vector
of received symbolg[v], theN x K channel matri¥[v], theN x 1
vector of additive white Gaussian noiggv], and discrete time.
The time index will be dropped whenever itis not needed toes®
the dependency on discrete time explicitly.

It is well known in literature [1] that the signal

H[v]x[v] +n]V]

r[v] = Hv]y[v] = H"[V]H[v]x[v] + H[V]n]v]  (2)
cbrovides sufficient statistics for the estimation of thensigx[v].
Allinformation aboutx[v] that could be extracted from the received
signaly[v] can also be extracted from the sigmnal].

The two equivalent channels (1) and (2) appear in severatare
of wireless and wireline communications:

e In CDMA, the components of the vectarare regarded as the
signals ofK individual users while the matriKI contains their
spreading sequences as columns.

In antenna array communications, the components of the vec-
tors x andy represent the signals sent and received bykthe
transmit andN receive antenna elements, respectively.

In cable transmission, the components of the vegtopbntains

the signals sent on the bundled twisted pairs within a cabie.
coefficients in the matriH"H describe the electromagnetic
crosstalk between the respective twisted pairs.

For block transmission over a dispersive channel, the cempo
nents of the vectors andy contain the symbols sent and re-
ceived consecutively in time. Discrete tinvecounts blocks,



and the matrix is a circulant matrix of the channel’s discrete- 3.1.1 Quarter Circle Law

time impulse response. . . Let the random matri¥ be squarelN x N, with independent iden-
e In orthogonal frequency-division multiple access (OFDME icaly distributed entries with zero mean and varianghl 1Let
components of the vectossandr represent th& sub-carriers

at Htransmltter and receiver _sng, respectively, and therimat Q- \/ﬁ @)
H"™H accounts for inter-carrier interference.

Regardless of the application one has in mind, performanceset.# denote the set containing the eigenvalue®of.e. the singu-
can be analyzed for a variety of receiver algorithms andrapions  |ar values offL. Then, the empirical distribution of the eigenvalues
on the properties of the channel matik. Numerous results are
reported in literature [1, 2] and we do not try to make any rtffo _1 .
be comprehensive here. Pq (x) = N |{A €Z:A< X}’ ®

3. RANDOM MATRIX THEORY converges to a non-random distribution functionNas» « whose
o ) density is given by
The channel matriH in (1) is composed oK random elements.

Though it can be simply considered ash dimensional random 1. /22
objec?, it has also sonF1)<ey more interesting interpretations. Pq (x) = {g 4-x 2I§e)\(/vi e2re' ©)
Consider a scalar zero-mean random prod#gu] over dis-

crete timeu. Stack the time samples into the row dimensions of theThis distribution is called the quarter circle distributio
matrix H and the ensembles into the column dimensions d&f With standard methods for the transformation of probapbilit
such that densities, see [3], the asymptotic eigenvalue distrilbutibQ? =

Hi[0] Hy[1] Hi[2] --- HH" can be derived. It reads

Ha[0] Ha[l] Hp[2] -

H=| H3l0 Hal1] HalZ - |. 3) Pz (X) = { iy R 0<x<a (10)
. . . . 0 elsewhere

Its m" moments are the Catalan numbers which play an important

If we let the dimensioN, K — o, the matrixH describes a whole role in combinatorics [4].

random process. Nevertheless, we can still think of it anglei

_realization_ of a many_—dimensional ra}ndom variable. Thislde 312 peformed Quarter Circle Law

interpretation results in theelf-averaging propertpf many func- . )

tions of a large dimensional random matrices. The quarter circle law is part of a more general result fotenegu-
Consider the function rowsumX e CN*K , K-3X1 ¢ N lar matrices: Let the entries of tix K matrix H be independent

with 1 denoting the all one vector. It Simplv SUMS Up the rows Ofidentically distributed with zero mean and variang®1 Then, the
h 9 . : Ply P empirical distribution of the singular values Hf, i.e. the eigenval-
its argument and normalizes the result. K\s- «, the value of the

: : - ; ! ues of
function h = rowsun{H) is an N-dimensional Gaussian random /T H
vector d_ue to th(_e centr_al limit theorem. As— oo, the empirical R =VHH (11)
distribution function of its componentsg converges to a non-random distribution functiorNa& — o with
1 B = K/N fixed and its density is given by
Pn(X) = = [ {hi :h <x}| (4)
N P01 B
converges to a Gaussian distribution. Communicationsheeging PR (X) = w—— |1- \/E| <x<1+ \/E (12)

builds upon this result, whenever something is modeled aausG
sian random process.

The type of distributiorh follows does not depend on the distri- . . . istributiordt
bution of H asN — . Instead, the distribution df is determined AHgaln, we also consider the eigenvalue distributionot =
by the mapping fronN x K-dimensional space int§-dimensional HH" and find
space. For many linear mappings, such as rowsytie projection
follows a Gaussian law. For non-linear mappings, a richadityrof
other limit distributions occurs. PRz (X) =

[1-B]"8(x)  elsewhere

VIR (1- VB <x< 1+ VB2

[L-B]Td(x) elsewhere
3.1 Convergence of Eigenvalues S )
The eigenvalues of the channel matrix are important to ciariae This d'Str'bUt'on. is known as the Marcenko-Past_ur distitm. 1t .
performance measures in communications engineeringufasifg has been used in [5] to calculate channel capacity for CDMih wi
the eigenvalues of (a function of) a random matrix, is a fotpe, random spreading.

though a non-linear one, similar to the rowsum function. P
Calculation of the moments of the eigenvalue distributien i 3.1.3 Haar Distribution
conveniently done by a normalized trace since Let the random matriH be squaré\ x N with independent identi-
N cally complex Gaussian distributed propentries with zero mean
1 m_ 1 m and finite positive variance. Then, the empirical distiidwitof the
N kzl)‘k N trace(H™). ®) eigenvalues of the unitary random matrix
. _1
In the following, we also use T—H (HHH> ] (14)
A1

Tr(H) = ,\l,'ﬂl, N tracgH). ® converges to a non-random distribution functionNas- o that is

uniform on the complex unit circle and vanishes elsewhere.

to denote the normalized trace in the large matrix limit. €fgen-
value distributions of several types of random matriceseaam- 1A complex random variable is said to peoper if real and imaginary
ined in greater detail in the following. part are independent and identically distributed [6].



3.2 Stieltjes Transform

The task of finding an unknown probability distribution givigs
moments is known as thgroblem of momentdt was addressed by
Stieltjes in 1894 using the integral transform

692 / dP(x)

X—S
with Os > 0. It is now commonly referred to as tiSgieltjes trans-
form.

A Taylor series expansion of its kernel

m / . XTdP(x)

shows how the moments can be found given the Stieltjes tremsf
without the need for integration. The probability densimpdtion
can be obtained from the Stieltjes transform taking thetlimi

(15)

d" G(

e _

S

—lim —

s—0 ds™ (16)

I|m 1 DG(xﬂy)
y4>

p(x) (7)

which is often called th&tieltjes inversion formulf7].

3.2.1 Products of Random Matrices

Let the random matriH fulfill the same conditions as needed for
the deformed quarter circle law. Moreover, ¥t= XHbeanN xN
Hermitian matrix, independent &, with an empirical eigenvalue
distribution converging almost surely in distribution tdiatribution
function P (x) asN — . Then, almost surely, the eigenvalue dis-
tribution of the matrix producP = HH"X converges in distribu-
tion, asK,N — o, but 3 = K/N fixed, to a nonrandom distribution
function whose Stieltjes transform satisfies fitce> 0 [8, 9]

o dex
% (9= [ (=5 psoe )

3.2.2 Sums of Random Matrices

(18)

75.

Let the random matriH fulfill the same conditions as needed for
the deformed quarter circle law. L& = X" be anN x N Her-
mitian matrix with an eigenvalue distribution function eenging
weakly to R (x) almost surely. LefY = diaglys,...,¥k) be a

K x K diagonal matrix and the empirical distribution function of
{Y1,-., ¥k} € RX converge almost surely in distribution to a prob-
ability distribution function R- (x) asK — «. Let H,X,Y be in-
dependent. Then, almost surely, the empirical eigenvaikteital-
tion of the random matri = X + HYH" converges weakly, as
K,N — oo, but3 = K/N fixed, to a nonrandom distribution function
whose Stieltjes transform satisfies fog > 0 [10, 11]

“ox (> feta)

1+yGS
Thisresultwas usedin[12, 13, 14, 15, 16,17, 18,19, 20,211, 2
to derive results on the capacity, the SINR, and the outpitissts
of CDMA or antenna array channels.

Gs (s) (19)

3.2.3 Girko’s Law

LettheN x K random matrix be composed of independent entries
(H);; with zero-mean and varianceg; /N such that allw;; are
uniformly bounded from above. Assume that the empiricattjoi
distribution of variancew : [0, 1] x [0, 3] — R defined byw(x,y) =

wij for i, j satisfyingi/N <x < (i+1)/Nandj/N <y < (j+1)/N
converges to a bounded joint limit distributiarix, y) asK = BN —

. Then, for eacla,b € [0,1],a < b, andJ(s) > 0

-1 b
sI) — /u(x s)dx
Il
a

[bN]

i:%m <HHH - (20)

Zl-

where convergence is in probability andx,s) satisfies the fixed
point equation

-1

u(x,s) =

s+ / wx y)dy 1)

0 1+ fu(X,s)w(X
0

,y)ax

for everyx € [0,1]. The solution to (21) exists and is unique in the
class of functionsi(x,s) > 0, analytic for(s) > 0 and continuous
onx e [0,1].

Moreover, almost surely, the empirical eigenvalue distiin
of HH" converges weakly to a limiting distribution whose Stiedtje
transform is given by [23]

1

/UXS

0

Gypr (s (22)

This result was used in [24] to analyze asynchronous CDMAwén t
large system limit, in [25] to proof resource pooling of chiand
receive antennas in CDMA systems with antenna diversity,ian
[26] to study capacity scaling in large dual antenna arrayesys.

3.3 Convergence Properties of Eigenvectors

While there are many results known in literature about tlgerei
values of large random matrices, few is known about the g&en
tors. However, there is one particular result which provelpfial
for communications engineering applications:

LetH be anN x K random matrix with independent identically
distributed real-valued random entries with zero mean #mbai-
tive moments bounded from above. Let the orthogonal méairbe
defined be the eigenvalue decomposition

U'AU=H"H. (23)
Note that the rows obJ are the eigenvectors #TH. Letx € RN
with ||x]| = 1 be an arbitrary vector with unit Euclidean norm and
the random vectoy = [y1,...,yn]" be defined ag = Ux. Then,
asN,K — oo, but 8 = K/N fixed,

(24)

o]
> %t
k=1

almost surely for every € [0; 1] with [x] denoting the nearest inte-
ger tox which is not smaller thar [27].

This result is like a law of large numbers for the components
of any linear combination of the components of the eigemrsabf
HTH. The elements of the eigenvector matti¥ behave, for the
purpose of summing its squared elements, as they weretisttis
independent in the large matrix limit. This property wasdlisg28]
to show that the SINR of linear multiuser receivers is asyrtigdlly
Gaussian distributed for a random signature assignment.

4. FREE PROBABILITY THEORY

While random matrix theory considers a large random matsix a
a whole ensemble and proves convergence results, freelplighba
looks at a random matrix from a different point of view: A ramad
matrix is primarily seen as a linear random operator. Frebatil-

ity theory provides a framework for dealing with certaingsdas of
linear random operators.

The essential feature that distinguishes random operators
cluding random matrices from scalar random variables istma-
mutative law which, in general, does not hold for matriced aif-
ers operators. In order to see what causes problems forlglibpa



theory, if a random matrix is seen as a single (non-comnwaati
random variable, consider the expectations

E{xy™ = E{XW"}
E(xy)m # EX"Ym)
ree
wherex,y are standard scalar random variables %n& are ran-
dom operators. For independent random variables, all joiot
ments must factorize. For statlstlcally independent ramdwatrices

(25)
(26)

X andY, thisis impossible, in general, due to the non-commutativeThen, the set@l ={Ay,..

nature of matrix multiplication. Thus, the fundamental cept of

4.2.2 Definition of Freeness

In literature [29, 30, 31, 7], freeness is defined in termslgélaras
and sub-algebras. Here we avoid referring to algebras, efided
freeness in terms of non-commutative polynomials.

Definition 4.1 Let g € {1,2,...
that

,r'} be a sequence of integers such

&~ %170 (32)

A
Aa}, 92 = {Blvab}l LT QI‘

form a free family(24, .. Qr) if, for every sequenceg, obeying

statistical independence does not make sense, if a randdrix ma (32), any sequence of polynomiaI& such thatQy € Zw(Zs,),

is considered as a single random object.
circumvented this problem, considering a random matrixeisgo
composed of standard scalar random variables. Thus, itedefitia-
tistical independence of two random matrices if all entoiethe one
matrix are jointly independent from all entries of the otheatrix.

In this section, we take the viewpoint of free probability.ou#

ever, we restrict ourselves to asymptotically large randaatrices
as free random variables. Free probability theory alsoieppb
other classes of random operators.

4.1 Free Expectation

An expectation operator should be linear and should assigrite
identity matrix (the unit element of the matrix algebra)tuitns out
that
Ef= £ 1r()
ree
is the right definition for some random matrices to fit intofitzene-
work of free probability theory. For those random matrices;) is
indeed (almost surely) a deterministic quantity due to tharg-
totic convergence of their eigenvalues.

@7)

4.2 Freeness

Freeness is the conceptual counterpart in free probabditpde-
pendence in classical probability theory. Unfortunatelgfining
freeness is considerably more involved than defining indepece.

Consider the following example of four random matrices and

assume that they satisfy
Tr(ABCD) = Tr(AB)Tr(CD) (28)
Tr(ACBD) # Tr(AB)Tr(CD). (29)
For commutative random variables, (28) and (29) would aatitt
each other. For non-commutative multiplication, howe{28) and
(29) can be true at the same time.
4.2.1 Non-commutative Polynomials

Due to the non-commutative nature of matrix-multiplicatithere
are more different matrix polynomials of two or more varigbfor

a fixed degree than for commutative variables such as theoreal
complex numbers. LeA, B be real matrices. The set of all second

order non-commutative polynomials in two variablésand B is
given by

a1A?B? + a,AB?A + a3ABAB + a,BABA+
asBA?B + agB2A2 + a;A2B + agABA + agAB?
+010BA2+ 011BAB + a15B2A + a13A2 + a14AB
+a15BA + 016B2 +a17A + a1gB + aqgl .

(30)

A non-commutative polynomial ip variables of orden can be

defined by
(5o fiae

n
Z likg€1{0,1,...,n}Aqj eRVi,q}.
K=1

Pn(A1,..., A

31)

Note that the number of terms can be considerably large even f

small values oh andp.

Random matrix ytheorand any positive integer n,

Tr(Q1)=...=Tr(Qn) =0=Tr(Q1Q2---Qn) =0. (33

Note that due to (32) adjacent factors in the prodQeQ2--- Qn
must be polynomials of different sets of the family. Thiseefs the
non-commutative nature in the definition of freeness.

4.3 Free Random Matrices

Random matrices are a very popular and practically relezsain-
ple of non-commutative random variables. However, not et s
of statistically independent random matrices are capabferm-
ing free families. So far, only a few examples of random roasi
are known which form free families as their dimensions grawgé.
Most of them were discovered by Voiculescu [32, 29]. His lssu
were strengthened and extended in [33, 7].

4.3.1 Gaussian Random Matrices

Let the random matriceH;, Vi, be squaréN x N with independent
identically complex Gaussian distributed proper entriéth wero
mean and variance/N. Moreover, lefXj,V |, be arN x N matrices
with upper bounded norm and a limit distributionMs— . Then
the family

({Xl,X?,X27X?7...}7{H1,H?},{H27H'2"}7...

is asymptotically free al — o almost surely [7, 33].

) @4

4.3.2 Hermitian Random Matrices

Let the random matriceHl;, Vi, be N x K with independent iden-
tically complex Gaussian distributed proper entries wighozmean
and variance AN. Moreover, let the matriceX,V], be as in Sec-

tion 4.3.1 and leSj = HiH!, vi. Then the family

({X17X?7X27ng---}7{51}7{52}7---)

is almost surely asymptotically free 8K — oo with 8 = K/N
fixed [7, 33].

The asymptotic freeness of some random covariance matrices
has been used in [34] to analyze multiuser channel estimatio
large CDMA systems, in [35] to calculate error rates of sp@oe
codes, in [36] to descibe scattered wave propagation betape
tenna arrays, and in [37, 38, 39, 40, 41] to design multiusted
tors with sub-cubic complexity.

(35)

4.3.3 Unitary Random Matrices

Let the random matrice®;, Vi, beN x N Haar distributed random
matrices as defined in Section 3.1.3. Moreover, let the oeri
X,Vj, be as in Section 4.3.1. Then, the family

({Xl,X?7X2,X§,...},{TLT?},{TZ,Tg},...) (36)

is almost surely asymptotically free Bls— o [7, 33].
The asymptotic freeness of such unitary random matrices has
been used in [42] for the analysis of multi-carrier systems.



4.4 R-Transform 5. REPLICA METHOD
Let A andB be two non-commutative random variables belongingin the previous part of this work, considerations were retstd to

to different sets of a free family. Further, let the eigenvalues (and eigenvectors) of random matrices.rdero
A to analyze and design large dimensional communicatioresyst
C=A+B. (37)  which cannot be described by eigenvalues and eigenvedtme,a

. L . but depend on more complicated functions of the channelixpatr
Then, we call the probability measure (asymptotic eigamaistri-  ¢,,ch as minimum distances between signal points, a more pow-

bution) pc (x) the additive free convolutionf the probability mea- gy machinery than random matrix and free probabilityotlye

sures p (x) and ps (x). Unlike classical convolution which pro- ig needed. Such a machinery was developed in statisticaigshy
vides the distribution of a sum of independent commutatvelom ¢4 the analysis of some particular magnetic materialsedasipin

variables, additive free convolution is a highly non-lineperation. glasses and is known as treplica method44].

In principle, the moments ofg(x) could be found from the The replica method is also able to reproduce many of thetgesul
moments of  (x) and 3 (x) via the definition of freeness. Then, \hich were found by means of random matrix and free protigbili
the distributions could be recovered from the moments sglthe theory, but the calculations based on the replica methodfee
problem of moments via the Stieltjes transform. Howeves ¢k more involved. Additionally, the replica method, imtast
a very tedious task. Significant simplification is achievéa the  {j free probability theory, has not been developed into aireahe-
R-transform The R-transform is defined in terms of the Stieltjes ory, yet. Moreover, it is still lacking mathematical rigar ome
transform as A respects. However, due to its success in explaining pHygshe:

RW) =G 1 (—w)—w? (38) nomena and its consistency with engineering results frardaa
matrix and free probability theory [45], we can trust thatptedic-
tions in other engineering applications [46, 47, 48, 49,50,52]
are correct. Nevertheless, we should always exercisephaticare
when interpreting new results based on the replica methethbE
lishing a rigorous mathematical basis for the replica metisoa
topic of current research in mathematics and theoretioaipb.

whereG~1(.) denotes the inverse function of the Stieltjes transform
with respect to composition (this should not be confusedh wie
inverse Stieltjes transform).

The R-transform linearizes additive free convolution obtw
non-commutative probability measures [29]. Thus, we have

Rc (W) =Ra (W) +Rp (W). (39)

Then, the distribution ofC can be recovered inverting (38) and
then, using the Stieltjes inversion formula (17).

Tse [43] discovered that the additivity of the R-transfoeme-
sponsible for the decoupling of interference powers in tH¢RS
of asymptotically large random CDMA with linear multiuses-r
ceivers.

5.1 Self Average

' While random matrix theory and recently also free probghbitie-
ory [7, 33] prove the (almost sure) convergence of some mando
variables to deterministic values in the large matrix linstiatisti-
cal physics does not always do so. It is considered a fundainen
principle of statistical physics that there are microscepid macro-
scopic variables. Microscopic variables are physical prog@s of
microscopically small particles, e.g. the speed of a gazoubé or

4.5 S-Transform the spin of an electron. Macroscopic variables are phygioab-

In analogy to additive free convolution, we define erties of compound objects that contain many microscopiti-pa
A cles, e.g. the temperature or pressure of a gas, the rad@tahot
D=AB (40) object, or the magnetic field of a piece of ferromagnetic migte

From a physics point of view, it is clear which variables ar@cno-
scopic and which ones are microscopic. An explicit proot ha
particular variable iself-averagingi.e. it converges to a determin-
istic value in the large system limit, is a nice result, ikifound, but
it is not considerably important to the physics communityhaff

and call the probability measurgyx) the multiplicative free con-
volution of the two probability measuresapx) and gz (x), again
under the restriction thah andB belong to different sets of a free
family of non-commutative random variables. Though, thetdes

are non-cgmn;gative operators, multiplicative free cémion is  5p51ving the replica method, systems are often only assumbd
commutative [29]. self-averaging. The replica method itself must be seen aslad

Under the additional assumption that the probability messu ble th lculati £ ; ties by ai
of both factors have non-zero mean, i.e(A) # 0 # Tr(B), we ;ehneam;ecrogctéz;i%upartcl)cr))r;r(t)ier;acroscoplc properties by auegag/er

can linearize multiplicative free convolutional via thefidéion of
an appropriate transform such that 5.2 Free Energy

Sp (2) =SaA (2 S (2) (41)  The second law of thermodynamics demands the entropy of any
physical system with conserved energy to converge to itSrmaxr

as time evolves. If the system is described by a densitipof
statesX € R, this means that in the thermodynamic equilibrium the
(differential) entropy

where §-) is called theS-transform In order to define the S-
transform explicitly, we first introduce an auxiliary tréosn

Y92 [F2odP=-sle(s) -1 (42
— _ S H(X) =~ [ logpx (9 dPx (% (44)
Calculating the inverse with respect to composition of #uigiliary
transform, the S-transform is given as is maximized while keeping the energy
1
S@ 221, (43) E() = [ IIXIdPx (9 (45)

In order to return to the probability distribution, you reiuto the ~ constant. Hereby, the energy functig|| can be any measure

Stieltjes domain via (43) and (42) and then apply the Séigijver- ~ Which is uniformly bounded from below. _

sion formula (17). The density at thermodynamic equilibrium is easily shown by
It was shown in [18] that formula (18) for products of some the method of Lagrange multipliers to be

asymptotic random matrices is equivalent to applying the S-

_1
transform. Thus, the S-transform is not restricted to fiaraom px (X) = et/ (46)
matrices, but also applies to any asymptotic random matvidech 7“’8,% X g

obey the conditions of Section 3.2.1.

—o00



and called the Boltzmann distribution. The param@&ter called the
temperature of the system and determined by (45). For adaanii
energy measure, the Boltzmann distribution takes on tha fifra
Gaussian distribution which is well-known in informatidrebry to
maximize entropy for given average energy.

A helpful quantity in statistical mechanics is the (norreadi)
free energy defined as

—+o00
E(X) - TH(X) = —Tlog /e*%”X”dx . @

—00

F(X) 2

In the thermodynamic equilibrium, the entropy is maximizeti
the free energy is minimized since the energy is constarg. fige
energy normalized to the dimension of the system is a selhgirgy
quantity.

5.3 The Meaning of the Energy Function

The free energy is clearly related in statistical mechattdhe en-
tropy of the system at given energy due to (47). This estadsis
the usefulness of the free energy for information theotas&s like
calculations of channel capacities. Moreover, the freegnis a
tool to analyze various types of multiuser detectors. I, the free
energy is such a powerful concept that it needs not any cddibg
involved in the communication system to yield striking lesuThe
only condition, it requires to be fulfilled, is the existermfenacro-
scopic variables, microscopic random variables and thstence
of an energy function. For communication systems, thisireguin
practice, nothing more than their size growing above alinoisu
The broad applicability of the statistical mechanics appho
to communication systems stems form the validity of (47)doy
definition of the energy function. The energy function canirbe
terpreted as the metric of a detector. Thus, any detectanpster-
ized by a certain metric can be analyzed with the tools ofssizal
mechanics in the large system limit. There is no need thapdine
formance measures of the detector depend only on the eigesva
of the channel matrix in the large system limits. Howevegréh
is a practical limit to the applicability of the statisticaechanics
framework to the analysis of large communication systemise T
analytical calculations required to solve the equatioisiray from
(47) are not always feasible. The replica method was intedu
to circumvent such difficulties in certain cases. Many ottases,
however, have remained intractable until present time.

Consider a communication channel uniquely characterized b

a conditional probability densityyf (y,x) and a source uniquely
characterized by a prior density x). Consider a detector for the
output of this channel characterized by an assumed charamesiit
tion probability §|x (¥, x) and an assumed prior distributiog {x).
Let the detector minimize some kind of cost function, e.gehior
probability, subject to its hypotheses on the channel ttiangprob-
ability Py|x (y,x) and the prior distribution (x). If the assumed
distributions equal the true distributions, the detectooptimum
with respect to its cost function. If the assumed distritmsi differ
from the true ones, the detector is mismatched in some sense.

reflects the properties of the detector. Using Bayes' law/aghpro-
priate energy function corresponding to particular hype#s on the
channel transition function and the prior distribution dencalcu-
lated via (48).

In order to study macroscopic properties of the system, wa mu
calculate the free energy of the system. For that purposenake
use of the self-averaging property of the thermodynamidlibgqu
rium and (47):

+o00

F(X):l\:;F(X|Y):—T/Iog /e*%ll"”dx dRy (y) (49)

— 00

Note that, inside the logarithm,the assumed distributiapgear
(implicitly) via the definition of the energy function, wil outside
the logarithm, the integration is with respect to the trigritiution.

In the case of matched detection, i.e. the assumed distnitsut
equal the true distributions, the argument of the logarithr(49)
becomes p(y) up to a normalizing factor. Thus, the free energy
becomes the (differential) entropy¥fup to a scaling factor and an
additive constant.

Statistical mechanics provides an excellent frameworkudys
not only matched, but also mismatched detection. The aigadys
mismatched detection based on asymptotic properties @ lan-
dom matrices is difficult and has been very limited so far. One
exception is the asymptotic SINR of linear MMSE detectorthwi
erroneous assumptions on the powers of interfering us¢&8]n

5.4 Replica Continuity

The explicit evaluation of the free energy turns out to be/ \eam-
plicated in many cases of interest. One major obstacle isd¢her-
rence of the expectation of the logarithm of some funcfi¢n of a
random variabley

l\; log f(Y). (50)

In order to circumvent this expectation which also appeags f
quently in information theory, the following identity is lpéul

.0
log(Y) _J]@O%Y . (51)
Under the assumption that limit and expectation can be -inter
changed, this gives

9 N
Elogf(Y) = lim ——log E[f(Y)] (52)

and reduces the problem to the calculation ofrtflenoment of the
function of the random variabl¥ in the neighborhood ofi = 0.

Note that the expectation must be calculated for real-chiai-

ablesn in order to perform the limit operation.

At this point, it is customary to assume analytic continwafy
the function E.y [f(Y)]". That is, the expectation is calculated for
integern only, but the resulting formula is trusted to hold for ar-
bitrary real variables in the neighborhood of = 0. Note that
analytic continuity is just an assumption. There is no maduical

The minimization of a cost function subject to some hypothe-theorem which states under which exact conditions thisnagtian

sis on the channel transition probability and some hypdghesthe
prior distribution defines a metric which is to be optimizethis
metric corresponds to the energy function in thermodynaraitd
determines the distribution of the microscopic variabiethe ther-
modynamic equilibrium. In analogy to (46), we find

1
) ot
Py (XY) = oo (48)
f ef%HXH dx

where the dependency ¥rand the assumed distributions is implicit
via the definition of the energy functidh- ||. The energy function

2Thefreeenergy is not related tileeness in free probability theory.

is true or false. In fact, establishing a rigorous mathecaafiun-
dament for this step in the replica analysis is a topic of amgo
research.

Relying on the analytic continuity, let(Y) = [ fy(x)dx for
some functionfy (x). Since the variable of integration is arbitrary,
this implies

1= ( [ olx)n - |f|1 [Hada 59

Thus, instead of calculating tmé" power of f (Y), replicas ofx are
generated. These replicated variablgare arbitrary and can be as-
signed helpful properties. Often they are assumed to beéamtent
random variables.



In general, it is not easier to calculate the expectatiorhef t
right hand side of (53) than just the expectation df&Y )]". How-
ever, there are some functiofg(x) for which the replica method is
indeed advantageous, particularly if there is no closeu ®wlution
for [ fy(x)dx, thus,f(Y) cannot be given explicitly. Then, it might
help to substitute the set of variablesg,...,xn,y) by some other
variables which allow to solve the integral.

5.5 Replica Symmetry

Typically, integrals arising from the replica ansatz aflesd by sad-
dle point integration. The general idea of saddle poingredon is
as follows: Consider an integral of the form

% log / K T00%) iy, iy, (54)

In the limit K — o the integral is dominated by that values x»
which maximize the functiori (x1,X2). Thus, we have

i Liog [eKTax) _
Jim =2 Iog/ e dx dxp = Qf@(f (X1,%2). (55)

That means, the integral can be solved taking the derivafithe
argument of the exponential function.

If the function in the exponent is multivariate—typicallyl a
replicated random variables are arguments—one would roefautt
the extremum of a multivariate function for an arbitrary raenof
arguments. This can easily become a hopeless task, unlesmon
exploit some properties of the exponential argument.

Assumingreplica symmetryneans that one concludes from the
symmetry of the exponent, e.d(x1,%2) = f(xp,x1) for the bi-
variate case, that the extremum appears if all variables dakthe
same value. Then, the multivariate optimization probleduces to
a single variate one, e.qg.

Q;fgf(xl,Xz) = maxf (x, x) (56)

for the bi-variate case. This is the most critical assunmptitnen
applying the replica method. Itis not always true, even acpcally
relevant cases. The general way to circumvent this troubk® i
assume replica symmetry at hand and proof later, havingdf@un
replica symmetric solution, that it is correct.

There are also practically relevant cases without replea-s
metric solutions. Such phenomena are labetguica symmetry
breakingand a rich theory in statistical mechanics literature sxist
to deal with them [54, 44]. For the introductory charactetto$
work, however, replica symmetry breaking is a to advancsaeis

5.6 Phase Transitions

In thermodynamics, the occurrence of phase transitioasmielt-
ing ice becomes water, is a well-known phenomenon. In digita
communications, however, such phenomena are less knoougtth
they do occur. Phase transitions in turbo decoding and tileteaf
CDMA were found in [55] and [45], respectively.

Phase transitions in digital communications are similath&®
hysteresis in magnetic materials. They occur if the eqoatateter-
mining the macroscopic parameters have multiple solutidhen,
it is the free energy to decide which of the solution corresiso
to the thermodynamic equilibrium. If a system parametey, the
load or the noise variance, changes, the free energy mayitsHd-
vor from the present to another solution. Since each solutbore-
sponds to a different macroscopic behavior of the systeamging
the valid solution means that a phase transition takes place

In digital communications, a popular macroscopic propésty
the bit error probability. As an example, the bit error prioibty
of a CDMA system with random spreading is depicted in Fig. 1.
The thick curve shows the bit error probability of the indivally
optimum detector as a function of the load. The thin curvesvsh
alternative solutions for the bit error probability copesading to

bit error probability —
[
o

|
w

=
o

-4

load B -

Figure 1: Bit error probability for the individually optinmu detec-
tor with uniform binary prior distribution versus systematbfor
10log;o(Es/No) = 6 dB.

alternative solutions to the equations for the macroscegiiables.
For a certain interval of the load, approximatelyd< 3 < 3.56 in
Fig. 1, multiple solutions occur. The bit error probabilibcreases
with the load. At a load of approximatefy = 1.986 a phase tran-
sition occurs and lets the bit error probability jump. Uelito fer-
romagnetic materials, there is no hysteresis effect fobtherror
probability of the individually optimum detector, but ordyphase
transition.
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