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Part |: The Experiment

>>randn(’state’,0);
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Part |: The Experiment

>>randn(’state’,0);
>>A=randn(24,24) /sqrt (24) ;
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Part |: The Experiment

>>randn(’state’,0);
>>A=randn(24,24) /sqrt (24) ;
>>a=svd (A) ;
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Part |: The Experiment

>>randn(’state’,0);
>>A=randn (24, 24) /sqrt (24) ;
>>a=svd (A);
>>plot(sort(a),(1:24)/24)
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Part |: The Experiment 1

>>randn(’state’,0) ;

- >>A=randn(24,24) /sqrt(24);
>>a=svd(A);

- >>plot (sort(a), (1:24)/24)
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Part |: The Experiment
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>>rand(’stat

>>randn(’state’,0);
>>A=randn(24,24) /sqrt(24) ;
>>a=svd(A) ;
>>plot(sort(a), (1:24)/24)
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Part |: The Experiment
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>>rand(’stat
>>B=rand (24,]

>>randn(’state’,0);
>>A=randn(24,24) /sqrt(24) ;
>>a=svd(A) ;
>>plot(sort(a), (1:24)/24)
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Part |: The Experiment
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>>rand(’stat
>>B=rand (24,]

>>b=svd (B) ;

>>randn(’state’,0);
>>A=randn(24,24) /sqrt(24) ;
>>a=svd(A) ;
>>plot(sort(a), (1:24)/24)
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Part |: The Experiment

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

>>rand(’stat!
>>B=rand (24,
>>b=svd(B) ; -
>>plot (sort (]

>>randn(’state’,0);
>>A=randn(24,24) /sqrt(24) ;
>>a=svd(A) ;
>>plot(sort(a),(1:24)/24)

e’,0);
04) /sqrt (2) ;

b), (1:24) /24)
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Part |: The Experiment 1

>>randn(’state’,0);
>>A=randn(24,24) /sqrt(24);
>>a=svd(A) ;
>>plot(sort(a),(1:24)/24)

>>rand (’state’,0);
>>B=rand (24,24) /sqrt(2);
>>b=svd(B) ;

>>plot (sort(b), (1:24)/24)
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Part |: The Experiment 1

1
0.95 . >>randn(’state’,0);
>>A=randn(24,24) /sqrt(24);
0.8+ . >>a=svd(A);
>>plot(sort(a),(1:24)/24)
0.7r |
0.6 | >>rand(’state’,0);
. >>B=rand(24,24) /sqrt(2);
05l | >>b=svd (B) ;
: >>plot (sort(b), (1:24)/24)
0.4+ |
.3l >>rand(’state’ [0);
0.2f / |
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Part |: The Experiment 1

1
0.95 . >>randn(’state’,0);
>>A=randn(24,24) /sqrt(24);
0.8 - >>a=svd(A) ;
>>plot(sort(a),(1:24)/24)
0.7F |
0.6 i >>rand(’state’,0);
. >>B=rand(24,24) /sqrt(2);
05l | >>b=svd (B) ;
: >>plot (sort(b), (1:24)/24)
0.4r |
0l >>rand(’state’ 0);
>>C=sign(rand(24,24)-.5)/sqrt(24);
0.2r / |
OLL;/,/ |
0 ' ' |
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Part |: The Experiment 1

1
0.95 . >>randn(’state’,0);
>>A=randn(24,24) /sqrt(24);
0.8+ . >>a=svd(A) ;
>>plot(sort(a),(1:24)/24)
0.7f |
0.6 i >>rand(’state’,0);
. >>B=rand(24,24) /sqrt(2);
05l | >>b=svd (B) ;
: >>plot (sort(b), (1:24)/24)
0.4f |
0l >>rand(’state’ 0);
>>C=sign(rand(24,24)-.5)/sqrt(24);
0.2f |
//// >>c=svd(C) ;
OLL;/,/ |
0) ' ' |
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Part |: The Experiment 1

1
0.9l ] >>randn(’state’,0);
>>A=randn(24,24) /sqrt(24) ;
08l i >>a=svd(A) ;
>>plot (sort(a), (1:24)/24)
O0.7r |
06l | >>rand (’state’,0);
: >>B=rand (24,24) /sqrt(2);
05l | >>b=svd (B) ;
: >>plot (sort (b), (1:24)/24)
0.4 i
| >>rand(’state’}0);
' >>C=sign(rand(24,24)-.5)/sqrt(24);
0.2F |
//// >>c=svd(C) ;
01 2 >>plot(sort(c)l(1:24)/24)
0 ' ' |
0 0.5 1 1.5 2
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Part |: The Experiment 1

>>randn(’state’,0);
>>A=randn (24,24) /sqrt(24);
>>a=svd(4);
>>plot(sort(a),(1:24)/24)

>>rand (’state’,0);
>>B=rand (24,24) /sqrt(2);
>>b=svd(B) ;

>>plot (sort(b), (1:24)/24)

>>rand(’state’,0);
>>C=sign(rand(24,24)-.5)/sqrt(24);
>>c=svd(C) ;

>>plot (sort(c),(1:24)/24)
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Part |: The Experiment 1

2 , (:1;)
- —arcsin | —
T 2
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Part |: The Experiment 1

Triple matrix size
to 72 X 72

2 , (:1;)
- —arcsin | —
T 2
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Part |: The Experiment 2

Change svd(:) to sum(.).
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Part |: The Experiment
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Part |: The Experiment 2

Matrix size
72 X 72
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Part |: The Experiment

Observations

e In both cases, the limit distribution did not depend on the distri-
bution of the matrix entries.

e For svd(-) convergence is faster than for sum(-).

e The limit distribution depends on the projection

fiREH S RE
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Part II: The Two Theories 4

T heories

Random Matrix Theory (RMT) considers the limit distributions
for various projection functions f and various joint distributions of
the matrix elements.

Free Probability Theory (FPT) considers the large random matrix
as a single random operator and develops a probability theory for
non-commutative operator algebras.

The two theories are relevant for communications engineering.
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Part lla: Random Matrix Theory 5

Quarter Circle Law

For a K x K random matrix with i.i.d. elements of variance % the

empirical distribution of the singular values converges almost surely to a
deterministic limit distribution with density

flx)==V4d—22 x€][0;2)

as K — oc.

\

© ftw. 2004 ftw
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Part lla: Random Matrix Theory

Semi-Circle Law

For a K X K random matrix H with i.i.d. zero mean elements of variance
%, the empirical distribution of the eigenvalues of %(HJrHT) converges
almost surely to a deterministic limit distribution with density

flx) = %\/ 2— 22z € (=V2;+V?2)

as K — oc.

\
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Part lla: Random Matrix Theory 7

Full Circle Law

For a K x K random matrix with 1.i.d. zero-mean elements of variance

%, the empirical distribution of the eigenvalues converges almost surely
to a deterministic limit distribution with density

fz) == o<1

as K — oc.

Uniform distribution on the complex unit disk.
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Part lla: Random Matrix Theory 8

Haar Distribution

For a K X K random matrix H with i.i.d. zero-mean Gaussian ele-
ments of finite variance, the empirical distribution of the eigenvalues of

1
H(HTH)_? converges almost surely to a deterministic limit distribu-
tion with density

1
f(Z)ZQ— 2] =1

as K — oc.

Uniform distribution on the complex unit circle.

Ralf R. Miiller: Random Matrices, Free Probability & The Replica Method © ftw. 2004 M




Part lla: Random Matrix Theory 9

Deformed Quarter Circle Law
1

Foran N x K, N < K random matrix with i.i.d. elements of variance e
the empirical distribution of the singular values converges almost surely
to a deterministic limit distribution with density

oy =Y ZC IR e (B 1B+ )

T

as K = BN — oc.

© ftw. 2004 M
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Part lla: Random Matrix Theory 10

The Stieltjes Transform

The densities for most other projections cannot be given in explicit form.
They are more easily characterized in terms of their Stieltjes transforms

r [ fla)da

r— S

G(s) Im(s) > 0.
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Part lla: Random Matrix Theory 10

The Stieltjes Transform

The densities for most other projections cannot be given in explicit form.
They are more easily characterized in terms of their Stieltjes transforms

r [ fla)da

r— S

G(s) Im(s) > 0.

Girko’s Law: The Stieltjes transform can be used to characterize the
asymptotic singular value distribution of a random matrix with indepen-
dent but arbitrarily distributed entries.
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10

Part lla: Random Matrix Theory

The Stieltjes Transform

The densities for most other projections cannot be given in explicit form.
They are more easily characterized in terms of their Stieltjes transforms

£ fz)de Im(s) > 0.
T — s

G(s)

Girko’s Law: The Stieltjes transform can be used to characterize the
asymptotic singular value distribution of a random matrix with indepen-

dent but arbitrarily distributed entries.

Stieltjes Inversion Formula:
1
= lim —Im|G(x + ]
f(z) i m [G(z + jy)]

© ftw. 2004 M
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Part |lb: Free Probability Theory

10

Classical vs. Free Probability

Random matrix is ensemble Random matrix is a sample
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Part llb: Free Probability Theory 10

Classical vs. Free Probability

Random matrix is ensemble Random matrix is a sample

Multiplication is commutative Multiplication is not commutative
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Part llb: Free Probability Theory 10

Classical vs. Free Probability

Random matrix is ensemble Random matrix is a sample

Multiplication is commutative Multiplication is not commutative

Non-commutative joint moments:

E{A’B’} # E{ABAB}
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Part llb: Free Probability Theory 10

Classical vs. Free Probability

Random matrix is ensemble Random matrix is a sample

Multiplication is commutative Multiplication is not commutative

Non-commutative joint moments:

E{A’B’} # E{ABAB}

Statistical independence cannot be defined without respect to the
elements of the matrix.

Independence vs. Freeness

Ralf R. Miiller: Random Matrices, Free Probability & The Replica Method © ftw. 2004 M:




Part llb: Free Probability Theory 11

The Definition of Freeness

Define {

Tr(X) = lim —trace(X).

K—o0

Two random matrices A and B are asymptotically free, if for all n > 0
and any sequences of non-negative integers (aq,...,an), (81,...,0n)
for which

Tr(A“) =... =Tr(A") =0
and

Tr (Bﬁl) =...="T1r (BB") =0,

we have

Tr (Ao‘lBﬂl . Aan35n> 0.

The generalization to more than two random variables is not straightforward. M
L
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Part llb: Free Probability Theory 12

Examples for Freeness

e Two independent Haar distributed random matrices are asympto-
tically free.

e Two i.i.d. Gaussian distributed random matrices are asymptotically
free.

e A Haar or i.i.d. Gaussian distributed random matrix is asymptoti-
cally free from a constant matrix.

Caveat: There exist independent random matrices which are not
asymptotically free and dependent random matrices which are.
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Part |lb: Free Probability Theory

13

Additive Free Convolution

Let A and B be free and
C =A-+B.
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Part |lb: Free Probability Theory

13

Additive Free Convolution

Let A and B be free and
C =A-+B.

Then,
Ro(w) = Ra(w) + Rp(w).
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Part llb: Free Probability Theory 13

Additive Free Convolution

Let A and B be free and
C =A-+B.

Then,
Ro(w) = Ra(w) + Rp(w).

The R-transform is defined as

R(w) = G H—w) — —.

The R-transform linearizes additive free convolution.
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Part llb: Free Probability Theory 14

Multiplicative Free Convolution

Let A and B be free and

Then,
Sp(z) = 5a(2)SB(2).

The S-transform is defined as

G (14
S(z) olte T7H2)  with T(s) SN (S>

Z S

The S-transform linearizes multiplicative free convolution.
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Part II: The Two Theories 15

The Two Theories

solve most engineering problems which are governed by the sin-
gular or eigenvalues of large random matrices:

e Mutual information calculations
e SINR calculations of linear receivers
e Asymptotic design of linear multistage receivers

e Power control for iterative multiuser decoders

Research is ongoing in the math community and frequently new results come up.
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Part lll: The Return of Physics

16

Spin Glasses
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Part lll: The Return of Physics

16

Spin Glasses

S -
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Part Ill: The Return of Physics 16

Spin Glasses
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Part Ill: The Return of Physics 16

Spin Glasses
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Energy function (Hamiltonian):
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1 71<1
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Part Ill: The Return of Physics 16

Spin Glasses
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. external magnetic field

Energy function (Hamiltonian):

— Z Z T3 T — Z h;x;

1 1<t
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Part Ill: The Return of Physics 17

Optimal Detection of Vector Channel

y=Sxr+n
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Part Ill: The Return of Physics 17

Optimal Detection of Vector Channel

y=Sxr+n
Best estimate for transmitted data:
£ = argmin ||y — Sz||
rc{E1}
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Part Ill: The Return of Physics 17

Optimal Detection of Vector Channel

y=Sxr+n
Best estimate for transmitted data:
£ = argmin ||y — Sz||
rc{E1}
| 1 R = —2S8'S
= argmin ——2'Rx — h'lz with L _ ol
rc{E1} B J
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Part Ill: The Return of Physics 17

Optimal Detection of Vector Channel

y=Sxr+n
Best estimate for transmitted data:
£ = argmin ||y — Sz||
rc{E1}
R = —2S'S

= argmin ——wTRaz ~hiz with L _ ol

rc{E1} B J
= argmin — Z Z 13Tt — Z h;x;

re{£1}k i <t
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Part Ill: The Return of Physics 17

Optimal Detection of Vector Channel

y=Sxr+n
Best estimate for transmitted data:
£ = argmin ||y — Sz||
rc{E1}
R = —2S'S

= argmin ——CBTRJZ ~hiz with L _ ol

rc{E1} B J
= argmin — Z Z 13Tt — Z h;x;

re{£1}k i <t

Minimization of the energy function of a spin glass!
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Part lll: The Return of Physics

18

A Phase Transition in Random CDMA

0

“//'1‘/7
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bit error probability
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signal-to—noise ratio [dB]
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Part Ill: The Return of Physics 19

[arge Systems

CExK O (KQ) interactions
T
(lCK O(K') microscopic objects
) v
C (O(1) macroscopic variables

Macroscopic variables are self-averaging.
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Part lll: The Return of Physics

20

Boltzmann Distribution

The Thermodynamic Equilibrium maximizes the entropy

H(X)=— Z Pr(z;)log Pr(z;)

for given constant energy

B(X) = Y Ilail| Pr(z)

yielding the Boltzmann distribution

1
ol

p— 1 .
5~ el
(

PI‘(Q:'Z'>

Ralf R. Miiller: Random Matrices, Free Probability & The Replica Method
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Part Ill: The Return of Physics 21

Free Energy

Since the energy is constant, we can minimize the free energy

F(X)2 E(X) - TH(X)

instead of maximizing entropy.

With the Boltzmann distribution, the free energy is given by

1
F(X)=—-Tlog Ze_T”xi” .
1

The free energy is self-averaging.
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Part Ill: The Return of Physics 22

Average Free Energy

When analyzing a random system, we evaluate the average
free energy
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Part Ill: The Return of Physics 22

Average Free Energy

When analyzing a random system, we evaluate the average
free energy

as Shannon analyzed the average performance of all codes.
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Part Ill: The Return of Physics 23

Free Energy for a Random Parameter

F(X|yj) = BF(X]Y)
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Part Ill: The Return of Physics 23

Free Energy for a Random Parameter

F(Xly;)

EF(X|Y)
Y

1
Tlos | S el
s |2

The energy function depends on the random parameter y;.

The expectation of a logarithm is a hard problem.
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Part Ill: The Return of Physics 24

Replica Continuity

o
log(Y) = lim — B V™
gog() lin ag

Evalute nth

the limit.

moments for integer n and assume analytic continuity for
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Part Ill: The Return of Physics 24

Replica Continuity

o
log(Y) = lim — B V™
gog() lin ag

th

Evalute n"" moments for integer n and assume analytic continuity for

the limit.

More general, we have
B TN

lim =~ & > fla,Y)

1 )
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Part lll: The Return of Physics

24

Replica Continuity

] Y )| = 1
gog ;f(x’u ) nli)n

0

9
on

D
Y

I n

Ralf R. Miiller: Random Matrices, Free Probability & The Replica Method
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Part Ill: The Return of Physics 24

Replica Continuity

0

.0
glog Zz:f(%y) =Agﬂa—n$ ;f(ﬂfuw

With
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Part Ill: The Return of Physics 24

Replica Continuity

B TN
0
glog Zz:f(%y) =Agﬂoa—n$ ;f(ﬂiz?Y)
With
n L (a)
(szz) = lezx@
a=
we finally get
0 T (a)
1 V)| = lim — Yy
plos | 2ty | = i 5 TIS 07y
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Part Ill: The Return of Physics 25

Replica Symmetry

Throughout the calaculations, we solve integrals of the form
I = —log/ Kf xhx?)dxldccg

for K — oo by saddle point integration.
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Part Ill: The Return of Physics 25

Replica Symmetry

Throughout the calaculations, we solve integrals of the form

_ —log/ K f(z1,22) dridzy — max f(x,29)

L1,L2

for K — oo by saddle point integration.
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Part Ill: The Return of Physics 25

Replica Symmetry

Throughout the calaculations, we solve integrals of the form

1
I = ?log/er(xl’l’?)dxlda:g — max f(x7, x9)

L1,L2

for K — oo by saddle point integration.
If the maximization is too tedious, we assume replica symmetry:

max f(z1,72) = max f(x, z)
1,79 T

Replica symmetry is a strong assumption and not always valid.
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Part Ill: The Return of Physics 2

The Meaning of the Energy Function
The choice of the energy function is almost arbitrary:

||| : CK —»RF

It is conveniently chosen as the metric of the receiver (which can even be
based on wrong or incomplete knowledge of the channel).

The free choice of the energy function allows to analyze mismatched
receivers.
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Part Ill: The Return of Physics 27

Phase Transitions

If the final equations allow for multiple solutions, the correct solution is
identified by minimizing the free energy.
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Part Ill: The Return of Physics 28

Phase Transitions and Neural Networks
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Part Ill: The Return of Physics 20

Statistical Physics have developed even more tools to
analyze large random systems.
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Finite Sized Systems 30

Random Matrix Theory

0.9 1 K =3N
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0.6 | for i.i.d. entries in the
0.5 - N x K matrix S.
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Finite Sized Systems
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Random Matrix Theory

K =3N

Eigenvalues of S"S
for i.i.d. entries in the
N x K matrix S.
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