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Abstract—We consider a canonical model for coded code-divi-
sion multiple access (CDMA) with random spreading, where the
receiver makes use of iterative belief-propagation (BP) joint de-
coding. We provide simple density-evolution analysis in the large-
system limit (large number of users) of the performance of the
BP decoder and of some suboptimal approximations based on in-
terference cancellation (IC). Based on this analysis, we optimize
the received user signal-to-noise ratio (SNR) distribution in order
to maximize the system spectral efficiency for given user channel
codes, channel load (users per chip), and target user bit-error rate
(BER). The optimization of the received SNR distribution is ob-
tained by solving a simple linear program and can be easily in-
corporated into practical power control algorithms. Remarkably,
under the optimized SNR assignment, the suboptimal minimum
mean-square error (MMSE) IC-based decoder performs almost as
well as the more complex BP decoder. Moreover, for a large class
of commonly used convolutional codes, we observe that the opti-
mized SNR distribution consists of a finite number of discrete SNR
levels. Based on this observation, we provide a low-complexity ap-
proximation of the MMSE-IC decoder that suffers from very small
performance degradation while attaining considerable savings in
complexity. As by-products of this work, we obtain a closed-form
expression of the multiuser efficiency (ME) of power-mismatched
MMSE filters in the large-system limit, and we extend the analysis
of the symbol-by-symbol maximum a posteriori probability (MAP)
multiuser detector in the large-system limit to the case of noncon-
stant user powers and nonuniform symbol prior probabilities.

Index Terms—Iterative decoding, multiple-access channel
capacity, multiuser detection, statistical mechanics.

I. PROBLEM STATEMENT AND PRIOR WORK

THE canonical real-valued model for the Gaussian mul-
tiple-access discrete-time waveform channel is given by

[1]
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where , , are the input, output, and
noise signal vectors at time , respectively, is a
matrix containing by columns the user discrete-time signature
waveforms (spreading sequences) , of length samples, and

contains the user amplitudes. The
noise is Gaussian independent and identically distributed (i.i.d.),
with variance per component (we write ).

We let denote the user codebooks, of rate
bit per symbol. As usual, in multiple-access chan-

nels the users send independent and independently encoded
information [2]. Let denote the th coded symbol of

user . We assume that , , and

for . Moreover, we normalize
the user signature waveforms such that , so that

takes on the meaning of received signal-to-noise
ratio (SNR) for user .

Each th user, in order to transmit its information message
, sends the codeword

in consecutive channel uses as given in (1). At the receiver, a
joint decoder maps the received signal into a

-tuple of information messages . Without loss
of generality, we assume that the user information messages are
represented by vectors of information bits (e.g., can be
seen as the binary representation of the index ). Hence, we
define the per-user bit-error rate (BER) as

(2)

under the usual assumption that the user information messages
are uniformly distributed.

From standard arguments [3, Ch. 8]), we have that the trans-
mitted signal bandwidth is , where is the (continuous-
time) duration of one channel use. Therefore, the system spec-
tral efficiency is given by [4]

bit/s/Hz (3)

We shall also define the system received energy-per-bit

and the system , given by [4], [5]

(4)
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The model (1) has been used extensively in order to derive in
simple and concise form most multiuser detection (MUD) al-
gorithms (see [1] and references therein) and several recent re-
sults on the performance analysis of MUD algorithms in the
large-system limit (i.e., letting both and go to infinity with
fixed ratio ) under the random spreading assumption,
i.e., letting the entries of be generated i.i.d. according to some
probability distribution (see, for example, [4], [6]–[13]).

In this work, we are concerned with the practically relevant
problem of maximizing the system spectral efficiency for a
given family of user codes , given iterative
joint decoders (see [14] and references therein) and subject to
the individual maximum BER constraints for all

, under the random-spreading assumption and in the
large-system limit. We conclude this section by reviewing some
known results on spectral efficiency of random-spreading code-
division multiple access (CDMA) and by providing a preview
of the remainder of this paper.

Maximum spectral efficiency with optimal coding/de-
coding and vanishing BER. The maximum spectral efficiency
of random-spreading CDMA with no restrictions on coding
and decoding and for vanishing BER (i.e., ) 1 was found
by Verdú and Shamai in [4], [5] for given finite channel load

, and reads

bit/s/Hz (5)

where is the solution to [6]

(6)

The optimal for given and is given by

The spectral efficiency (5) is achieved by Gaussian codebooks
and constant user received SNR. We say that the received power
distribution is constant if all users are received at the same SNR
level , i.e., the empirical cumulative distribution function of
the received SNRs is a unit step with jump at .

The supremum of over is obtained for
(an infinite number of users per dimension, with vanishing user
coding rate), and is given by the single-user Gaussian channel
spectral efficiency

(7)

It is interesting to notice that, in order to achieve (5), an optimal
(maximum-likelihood (ML)) joint decoder is not necessary. In
fact, the same optimal spectral efficiency is achieved by a strip-
ping decoder that considers the users in sequence (say, in the
order ) and, at each stage , decodes the th
message based on the linear MMSE estimate of the th user
codeword from the received signal after subtracting the already
decoded users [15]. The price incurred by stripping is that the
user coding rates must be assigned such that the transmitted

1The achievability results referenced in this section hold under the stronger
condition of vanishing message error rate. Well-known converse results ensure
that the looser requirement of vanishing BER does not allow any larger rate [3].

rate -tuple coincides with a successively decodable point of
the multiple-access capacity region [2] or, if equal user rates
are desired, the user received SNRs must be assigned such that
the equal-rate point is successively decodable (at the price of
some loss in the total achievable rate). The power/rate assign-
ment with practical families of user codes (notably, low-density
parity-check (LDPC) codes) for successive stripping decoding
is studied in [16].

The spectral efficiency with optimum joint decoding in the
case of constant received SNR and binary antipodal (instead of
Gaussian) codes was found by Tanaka in [9], and is given by

bit/s/Hz (8)

where is the solution to [9]

(9)

(we define ).
It is not hard to show that, for given , the maximum value of
in (8) is also obtained by letting and coincides with

the single-user Gaussian spectral efficiency (7).

Maximum spectral efficiency with optimal coding, sep-
arate detection/decoding, and vanishing BER. A common
suboptimal practice in multiple-access systems considers sepa-
rated MUD and single-user decoding. In this case, the decoder
is formed by some multiuser detector front-end, producing
an estimate of the th user transmit signal for ,
followed by a bank of single-user decoders, each processing
its own MUD front-end output and producing the decoded
message independently of the others. The spectral effi-
ciency of such schemes has been examined in several works
for various MUD schemes. In [6], Tse and Hanly investigated
the multiuser efficiency achieved by linear MUD (single-user
matched filter (SUMF), linear minimum mean-square error
(MMSE), and decorrelating filters) and arbitrary user codes.
It is worth noticing that for Gaussian user codes and linear
MMSE filter this is the optimal spectral efficiency achievable
by separated MUD and decoding, since linear MMSE estima-
tion coincides with the optimal maximum a posteriori (MAP)
symbol-by-symbol estimation for Gaussian signals. In [17],
Müller and Gerstacker found the spectral efficiency with binary
user codes and the individually optimal (symbol-by-symbol
MAP) MUD front-end. Remarkably, for both Gaussian and
binary codes the spectral efficiency under separated MUD and
decoding can be written in terms of the corresponding spectral
efficiency with joint decoding as [5], [17]

(10)

where is given by either by (5) or (8) and is the solution
to either (6) or (9), respectively. The term
quantifies the loss in spectral efficiency due to separation.

Spectral efficiency for given user codes, iterative detec-
tion/decoding, and arbitrary target BER. Driven by the
success of iterative decoding schemes in single-user channel
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coding (see [18] and references therein), “turbo” multiuser joint
decoding was proposed in several works (see, for example,
[19]–[21] and references in [14]). These algorithms seek a
tradeoff between the complexity of optimal joint decoding and
the performance loss of separated MUD and single-user de-
coding. The performance analysis for a wide class of user codes
(not necessarily random ensembles) and a class of iterative joint
decoders obtained as approximations of the belief-propagation
(BP) algorithm (see details in Section III) was provided by
Boutros and Caire in [14]. This analysis is based on the general
technique known as density evolution (DE) [22], commonly
used to determine the iterative decoding limits of turbo codes
and LDPC codes, and is exact in the limit of large block length
(notice: to obtain a meaningful large system limit we let first

and then with ).

Preview of this paper: Several issues are left open in [14].
In particular, how does the BP decoder compare with its inter-
ference cancellation (IC)-based approximations? What is the
received SNR distribution that maximizes spectral efficiency
for given user codes, user target BER and given iterative de-
coding scheme? How far is the spectral efficiency of an opti-
mized CDMA system with simple (in terms of practical com-
plexity) user codes and iterative joint decoding from the optimal
spectral efficiency with optimal (i.e., capacity-achieving) codes
and optimal joint decoding? Can we find iterative decoding al-
gorithms with complexity comparable to separated MUD and
single-user decoding which still significantly outperforms the
separated approach?

In this work, we provide answers to the above questions.
In Section II, we recall the BP decoder and some lower com-
plexity approximations based on IC. In Section III, we present
the DE analysis of this family of message-passing decoders
under random spreading and in the large-system limit. Based on
this analysis, in Section IV, we provide a simple linear program-
ming algorithm for the optimization of the received SNR dis-
tribution. Our results show that, under constant received SNR,
the BP decoder significantly outperforms its IC-based approx-
imations in terms of power efficiency (i.e., it requires signifi-
cantly lower SNR for given target BER). On the other hand,
in terms of spectral efficiency, the advantage of BP decoding
over its approximation based on soft IC and MMSE filtering is
only marginal. Moreover, for all the considered decoding algo-
rithms, the spectral efficiency attained under an optimized re-
ceived SNR distribution is significantly larger than that under
constant SNR. Driven by these observations and by the fact that,
for the user codes considered here, the optimized received SNR
distribution consists of a small number of discrete SNR levels,
in Section V we provide a low-complexity approximated ver-
sion of the MMSE-IC iterative decoder that offers a competi-
tive tradeoff between complexity and performance. Finally, we
point out our conclusions in Section VI. The proofs of the main
results are provided in the Appendix.

II. ITERATIVE JOINT DECODING ALGORITHM

In the remainder of this work we shall restrict the user codes
to be binary antipodal, i.e., . For a binary

variable with probability mass function (pmf) ,
we define its log-ratio by

(11)

The BP algorithm [23], [24] approximates iteratively the log-
ratios corresponding to the marginals of the a posteriori
joint pmf of the user information bits. After
a given number of iterations, a symbol-by-symbol decision is
made according to the threshold rule

(12)

Standard results [24] show that if the dependency graph
describing is cycle-free, then BP yields
symbol-by-symbol maximum a posteriori (MAP) decisions
with a finite number of iterations, thus minimizing the BER

for each user . Unfortunately, the dependency graph
of the coded multiuser channel (1) has cycles if
and the user codes are nontrivial (i.e., have rate ).
Nevertheless, for sufficiently large block length and under
some randomization of the user codes (e.g., the ’s may be
linear convolutional codes the output of which is independently
and randomly interleaved before transmission, or LDPC codes
whose graph is independently and randomly generated), the
probability of finding cycles of any finite-length decreases
linearly with [14]. Hence, BP decoding is locally optimal
provided that decisions are made after a finite number of
decoder iterations, while letting sufficiently large.

The BP iterative joint decoder belongs to the class of mes-
sage-passing decoding algorithms [22]. It is formed by some
computation building blocks that exchange messages in the
form of binary pmfs or, equivalently, of log-ratios. The main
building blocks of a BP iterative joint decoder are the soft-input
soft-output (SISO) decoders and the individually optimum (IO)
MAP multiuser detector (IO-MUD) (see the block diagram in
Fig. 1).

SISO decoding is formally expressed by

(13)

for all and , where is the
message (log-ratio) sent by the IO-MUD for user relative to
coded symbol and is the so called decoder “extrinsic
information” for the coded symbol . For convolutional
codes, (13) is efficiently implemented by the well-known for-
ward–backward algorithm [25]. The same forward–backward
algorithm can compute the log-ratios
for the user information bits while computing (13).

IO-MUD consists of calculating the a posteriori log-ratios
with (14) and (15) at the bottom of the following page for all

and . Unfortunately, there is no
efficient way to perform this calculation, in general.2

2Based on the fact that SSSWWWxxx, with xxx 2 f�1;+1g is a constellation of
N -dimensional points carved from a lattice with generator matrixMMM = SSSWWW , a
modification of the Pohst enumeration of lattice points (sphere decoder [26]) has
been proposed by some authors in order to generate a list of candidate transmit
vectors and approximate (15) by restricting the sum to a few significant terms in
the list [27]. However, this approach is prohibitively complex for largeK and/or
� > 1 (i.e., K > L).
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Fig. 1. Block diagram of a multiuser iterative joint decoder.

Various schemes have been proposed to simplify the BP de-
coder by replacing the IO-MUD block by some simpler soft-in
soft-out algorithm. In this work, we shall consider the following
options.

Conditional MMSE-IC. The optimal a posteriori estimation
(15) can be replaced by the unbiased MMSE estimation of
given the received signal and the SISO decoders extrinsic
information , given by

(16)

where the filter minimizes the conditional MSE as shown
by the expression at the bottom of the page under the unbiased-
ness constraint and is given explicitly by

(17)
where

(18)

is the output signal-to-interference-plus-noise ratio (SINR).
From (16) and (17), we can write , where

has mean zero and variance . Assuming
Gaussian distributed, the log-ratio sent to the SISO decoder is
given by

(19)

In the large-system limit, the output of the linear MMSE
detector converges almost surely to a conditionally Gaussian
random variable [8]. Therefore, the Gaussian assumption made
in (19) is exact for random spreading CDMA and large .

The estimator (16) consists of two stages: first, the observa-
tion is rendered zero mean by subtracting the (conditional)
mean

(20)

Then, the linear MMSE estimation of the zero-mean symbol
is obtained by filtering the zero-mean observation .

This decomposition of linear MMSE estimators is canonical
[28]. However, it is interesting to notice that, in this setting, the
elimination of the conditional mean of the observation takes on

(14)

(15)
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the meaning of soft IC. In fact, is the (nonlinear) MMSE es-
timate of the multiple-access interference rel-
ative to user , based on the SISO decoder output messages

.
The above algorithm was introduced in [19], [21] and an-

alyzed in [14]. Since (16) is obtained by solving an MMSE
problem conditionally on the SISO decoders extrinsic informa-
tion and involves soft IC, we shall refer to this detector as the
conditional MMSE-IC scheme.

Unconditional MMSE-IC. The conditional MMSE-IC de-
tector requires the computation of the filters (17) for each user,
each symbol interval, and each decoder iteration. A simplifica-
tion consists of applying unconditional, rather than conditional,
linear MMSE estimation to the observation after soft IC. The
resulting estimate of is still given by (16), where the filter

is replaced by the filter , minimizing the unconditional
mean-squared error (MSE)

under the unbiasedness constraint and is given
explicitly by

(21)
where

(22)
is the output SINR. The log-ratio sent to the SISO decoder is
given by (19) with replaced by .

In a practical implementation, the mean
can be replaced by the empirical mean

(23)

that can be computed directly from the output of each th SISO
decoder.

The unconditional MMSE-IC scheme was introduced in [11]
and requires the evaluation of only one filter per user per itera-
tion.

Single-user matched filter with IC. A further simplification
is obtained by replacing the MMSE filter by the SUMF, and
producing an estimate of as

This approach, referred to as the SUMF-IC scheme, was pro-
posed in several early works on uncoded multiuser detection
under the name of soft parallel IC (PIC) (see, for example, [29]),
and in [20] in the context of iterative joint decoding. It has the
advantage of not requiring the computation of matrix inverses.
The expression of the output SINR is well known and will be
omitted for the sake of brevity.

III. DENSITY EVOLUTION (DE) ANALYSIS

DE consists of propagating through the decoding iterations
the probability density of the messages exchanged by a mes-
sage-passing decoder under the assumption that the messages
received at each computation node are statistically independent.
Under some mild conditions (notably, that the probability of cy-
cles of any given length vanishes as the block length in-
creases), a general concentration theorem [22] ensures that the
empirical distribution of the messages at any fixed decoder it-
eration converges with probability to the limit density ob-
tained by DE, as . In [14], it is shown that the concen-
tration theorem holds for the coded CDMA channel model and
the message-passing decoders presented in the previous section
under mild conditions of regularity of the user codes ’s. In
particular, the theorem holds for the ensemble of convolutional
codes with random independent interleaving, for other standard
ensembles of randomlike codes such as LDPC codes and turbo
codes.

In the remainder of this paper we make the following assump-
tions: 1) the user codes are generated randomly and indepen-
dently in the same ensemble of rate ; 2) the user spreading
sequences are randomly generated with i.i.d. components ac-
cording to a symmetric distribution (zero odd moments), vari-
ance , and finite fourth-order moment; 3) the empirical dis-
tribution of the received SNRs, defined by

converges almost everywhere to a given (nonrandom) distribu-
tion , as ; 4) as anticipated before, we shall study
the large-system limit of the iterative decoders by letting first

(to approach the concentration theorem limit) and then
with fixed (to remove the randomness due

to random spreading). Under these assumptions, the following
general result holds.

Proposition 1: For the IO-MUD, conditional MMSE-IC,
unconditional MMSE-IC, and SUMF-IC detectors defined
above, at each decoder iteration the log-ratio sent to
the th SISO decoder converges in distribution to a Gaussian
random variable with conditional mean (given

) and variance , where the coef-
ficient depends on the detector and on the
iteration , but it is independent of the user index . Moreover,

for given finite and (that do not
depend on the block length ) are asymptotically conditionally
independent given the th user transmitted codeword.

Proof: It follows directly as a corollary of [8], [9], and
[13].

Proposition 1 essentially tells that each th SISO decoder
input sequence , at each decoder itera-
tion , can be thought as the posterior log-ratio of the output of
a virtual binary-input additive white Gaussian noise (AWGN)
channel where .
The virtual AWGN channel SNR is . Hence, repre-
sents the ratio between the effective SNR for user at the th
decoder iteration and the nominal received SNR . Following
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the standard definition of [1], we shall refer to as the mul-
tiuser efficiency (ME).

Let us consider the output of the SISO decoder when its
input is driven by the virtual AWGN channel defined above. The
probability density function (pdf) of the log-ratio defined
in (13) satisfies the symmetry condition [30]

(24)

In general, is non-Gaussian. However, it can be closely
approximated by a Gaussian random variable (conditionally on

). By imposing the symmetry condition (24) on a Gaussian
distribution, we find that the variance must be equal to twice the
mean (in absolute value). Therefore, we shall use the approxi-
mation

(25)

This is equivalent to modeling as the posterior log-ratio
of the output of a virtual binary-input AWGN channel

where . The above Gaussian
approximation (GA) has been used extensively to study the per-
formance of turbo codes [31] and LDPC codes [32] under iter-
ative BP decoding.

The output SNR of the virtual channel defined above de-
pends on the user channel code and on the input SNR .
However, since (25) is an approximation, there is some degree
of freedom in how to map into the corresponding , for
a given code . We shall use the “symbol-error rate matching”
approach proposed in [14]. Namely, let be the average
symbol-error probability at the output of the SISO decoder as a
function of the input SNR, defined by

(26)

Hence, we let

(27)

where is the standard Gaussian tail function.
Suppose that, for a given MUD scheme, we are able to com-

pute from the values . Then,

the new value can be computed by (27). The sequence of
ME uniquely defines the evolution of
message densities along the decoder iterations (under the GA).
Eventually, the DE with GA (referred to as DE-GA in the fol-
lowing) will take on the form of the one-dimensional dynamical
system

(28)

where the initial condition and the mapping function de-
pend on the specific MUD algorithm and on the system param-
eters, as the channel load and the limiting distribution of the
received SNRs . The next propositions give expressions
for the mapping function and for the initial condition ,
for all the MUD algorithms considered.

Proposition 2: The mapping function for the BP de-
coder is given by the stable solution to the fixed-point equation
(29) at the bottom of the page in the interval that mini-
mizes the quantity (30) at the bottom of the page, where
denotes expectation with respect to the received SNR distribu-
tion and where, from (27), we define the function

(31)

Proof: See Appendix A.

Equation (29) may have either one (see example in Fig. 2,
left) or three distinct solutions (see example in Fig. 2, right) in
the interval , depending on , , and . If (29) has three
solutions , and are stable fixed
points and is unstable. Then, the desired is given by

or by for which (30) is minimum.
From the proof given in Appendix A we notice that defined

in (30) takes on the operational meaning of mutual information
per dimension (i.e., spectral efficiency in bits per second per
hertz) for the channel (1) where the input symbols are binary
with nonuniform a priori marginal pmf given by

(29)

(30)
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Fig. 2. The curves show the reciprocal of the right–hand side of (29) as a function of 	 2 [0; 1] for � = 1:5 (left), � = 3:0 (right) constant 
 = 10 dB and
� = 0. The intersections of the curves with the straight line give the solutions of (29).

(with ), and where the empirical distribution

converges almost everywhere as to the distribution of
the random variable , with ,

, and . It is also interesting to notice that the
valid solution of (29) for constant received SNR coincides
with the solution of (9), and that, consequently, evaluated at

, , and constant received SNR coincides with
the spectral efficiency with binary i.i.d. uniform inputs given
in (8).

For the IC-based iterative decoders we have the following
results.

Proposition 3: The mapping function for the condi-
tional MMSE-IC decoder is given by the unique solution to (32)
(at the bottom of the page) in the interval , where is
defined in (31).

Proof: See [14, Proposition 3].

Proposition 4: The mapping function for the uncondi-
tional MMSE-IC decoder is given by the unique solution to (33)
(at the bottom of the page) in the interval , where is
defined in (31).

Proof: The proof of Proposition 4 is given in [11]. For the
sake of completeness, we report it in Appendix B.

Although not surprising, it is interesting to notice that (32)
and (33) reduce to (6) for and constant received SNR.
More in general, the solution of (32) and (33) for
and arbitrary coincide with the ME of linear MMSE MUD
found by Tse and Hanly in [6].

Proposition 5: The mapping function for the
SUMF-IC decoder is given by

(34)

where is defined in (31).
Proof: See Appendix B.

For all the above cases, the DE-GA initial condition is
given by , and coincides with the ME of the
corresponding MUD scheme used alone, i.e., without coding
and iterative decoding. With some effort, it is also possible to
verify that, for all and all SNR distributions , the
following inequalities hold:

(35)

Moreover, for any finite we have and the functions
are nondecreasing with . Therefore, the smallest solution of the
fixed-point equation in yields the stable fixed
point which the DE-GA tends to, i.e., by letting denote this
solution, we have .

(32)

(33)
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Fig. 3. BER versus E =N for � = 1:0, constant received SNR, convolutional code with generators (133; 171) , and different iterative decoding algorithms.

Within the limits of the assumptions made in order to obtain
the DE-GA, the iterative decoder performance is completely
characterized by the limiting ME . In fact, after many iter-
ations, every th SISO decoder “sees” a binary-input AWGN
channel with SNR . Therefore, for a given user code ,
the BER is uniquely determined by and by the individual re-
ceived SNR . For example, if , every user in the system
attains a performance close to its single-user lower bound, as if
it were alone in the system. In this case, the iterative decoder is
able to remove almost entirely the effect of multiple-access in-
terference.

To illustrate the above DE-GA analysis, we computed the
BER of a coded CDMA system where the user code is the
classical 64-state rate- convolutional code3 with (octal no-
tation [33]) generators . Figs. 3 and 4 show BER
versus for constant received SNR, and ,
respectively, and various iterative decoding schemes. We no-
tice that the BER shows the typical “waterfall” region (a be-
havior common to several iterative decoding schemes) where
the error curve decreases rapidly with and approaches
the single-user BER curve. For sufficiently large load , the wa-
terfall region becomes a “jump,” i.e., an abrupt transition from
very large to very small BER. As noticed in [14], this transition
corresponds to a fold bifurcation [34] of the dynamical system
(28) representing the DE-GA. The value of for which the bi-

3All the DE-GA numerical results of this paper are based on classical con-
volutional codes. We evaluated the symbol error probability function �( )
defined in (26) by simulation of the forward–backward decoder in the range of
symbol error rate above 10 and by using the standard union bound on the
coded symbol error rate of ML decoding in the region below 10 .

furcation appears depends on the decoder algorithm. For ex-
ample, for (Fig. 3) the SUMF-IC decoder shows the
bifurcation behavior while the other detectors have a smooth
waterfall. For (Fig. 4) the BP, conditional and uncondi-
tional MMSE-IC decoders show bifurcation (at different values
of ) while the SUMF-IC decoder is not able to elimi-
nate multiple-access interference (equivalently, the bifurcation
appears at infinite ).

IV. RECEIVED SNR DISTRIBUTION OPTIMIZATION

In this section, we aim at optimizing the received SNR distri-
bution in order to minimize for a given user code

, desired channel load , and given maximum BER constraint
(for all users in the system) and for a given iterative decoder

in the class of algorithms studied in Sections II and III.
We define the (nonnegative) load density function for

, with , such that
is the fraction of users per chip received at SNR . In order to
stress the dependency of the DE-GA mapping function on ,
we shall use the notation .

Since the BER is a nondecreasing function of the decoder
input SNR, fixing a maximum target BER to be achieved by
all users in the system is equivalent to requiring that the DE-GA
fixed point satisfies , where the SNR level

is determined by the user channel code . Suppose that,
for some value , we can force the DE-GA mapping
function such that . Then, by letting ,
the target BER is necessarily met by all users in the system.
This, however, is just a sufficient condition and might be too
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Fig. 4. BER versus E =N for � = 2:0, constant received SNR, convolutional code with generators (133; 171) , and different iterative decoding algorithms.

restrictive. Usually, choosing slightly larger than
yields good results. The value of can be chosen arbitrarily
provided that it is sufficiently large. More comments about how
to choose are given in the remark on numerical solution of
the optimization problem at the end of this section.

We look for the load density solving the optimization
program

minimize

subject to
.

(36)

Suppose that (36) is feasible and let be a solution. Hence,
has the property of minimizing

over all load densities such that the spectral efficiency is
equal to , and the DE-GA has limit (implying
that all users attain BER not larger than for what said before).
If for some and the program (36) is infeasible, then some of
the parameters must be changed, for example, by decreasing ,
increasing , or increasing .

Fortunately, for all decoding algorithms considered in this
paper, the condition can be reformulated as a
linear constraint with respect to . Therefore, (36) is a linear
program and can be solved by standard numerical methods (see
the remark here below). Before proving the above statement,
we would like to point out here that the optimization of
via linear programming has striking analogy with the methods
for optimizing the degree sequences of LDPC code ensembles,
as for example in [32], [35]. However, while a degree distribu-
tion is defined over a discrete set of possible degrees, here the
load distribution is defined over an interval of possible received
SNRs.

For the SUMF-IC decoder, from (34) we rewrite
as (37) (at the bottom of the page) which is clearly linear in .

For the conditional and unconditional MMSE-IC decoder,
is given implicitly as the solution of the fixed-point (32) and
(33), respectively. These equations have the following property
[6]. Let us write (32) and (33) in the form , and
denote by the solution. Then, for all

(38)

Due to the above iff implication, it follows that
is equivalent to (39) at the top of the following page for con-
ditional MMSE-IC, and to (40), also at the top of the page, for

(37)
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(39)

(40)

unconditional MMSE-IC. Again, both (39) and (40) are linear
constraints in .

Finally, for the BP decoder we have to be a bit more careful
because of the possibility of multiple solutions to (29) defining
the mapping function . Let us rewrite the fixed-point (29) in
the form , where is the reciprocal
of (41) at the bottom of the page, and denote by

its stable solutions. Clearly, the inequality
always holds. Thus, the condition for
implies the first constraint in (36).

Since is, by definition, the smallest solution of (29),
the function is positive for .
Thus, the first constraint in (36) can be replaced by the more
stringent constraint

(42)

As desired, (42) is a collection of linear constraints on , pa-
rameterized by and .

A simpler approach consists of requiring that (29) has a single
solution. Then, if is the unique solution of
(29), then the condition (38) holds and the corresponding linear
constraint is given by (43) at the bottom of the page. By re-
placing the first constraint in (36) by (43), the solution
is admissible if has a unique solution for all

. This can be checked a posteriori, i.e., by solving
the linear program given by (43), finding a candidate , and
checking the uniqueness of the solution of the fixed-point equa-
tion. Fortunately, for practically relevant choices of the code
and of the target BER (notably, in all numerical results pre-
sented here) we found that the solution of (29) for the candidate
optimal is unique.

Remark: On the numerical solution of the optimization
problems. Although the optimization problem (36), formulated
as previously given, is linear in the load density function ,
we still have an infinite-dimensional linear program. We can

find an approximated solution by using standard linear program-
ming tools (handling finite-dimensional constraints and objec-
tive functions) by 1) discretizing the load density function and
2) by imposing the constraint on a finite and dis-
crete set of values .

1) The discretization of the load density function is equivalent
to restrict the optimization to densities of the form

Notice that takes on the meaning of the fraction of users per
chip received at SNR . For this reason, we shall refer to the

’s as the partial loads. Clearly, the best results are obtained
by using a very fine grid and a large value of , and letting
the optimization algorithm find the best load density. Since the
objective is minimization of the average SNR, the linear opti-
mization algorithm will associate a zero partial load to values
larger than necessary, meaning that no user is required to be re-
ceived at that high level of SNR. As a matter of fact, numerical
experiments show that no further improvement is obtained by
increasing beyond a certain value and sampling the -axis
finer than a certain discretization step. The value of and
the discretization step of the -axis depend essentially on the de-
sired spectral efficiency. In particular, the larger is, the larger
the required will be. In the following results, we deter-
mined the discretization interval and the value by trial and
error.

2) A finite number of linear constraints can be obtained by
sampling the interval in a sufficiently fine grid of points

, and imposing the constraint for all . In this
way, we obtain a finite-dimensional problem where the variables
with respect to which optimization is carried out are the partial
loads . Some care should be devoted to the fact that a so-
lution satisfying the constraints for all might
indeed have some fixed points at some not on the grid

(41)

(43)
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Fig. 5. DE-GA mapping function 	(ggg;���; �) for the BP decoder, E =N = 6 dB, constant and optimized SNR distributions, � = 4:5, and convolutional code
with generators (133;145;175) .

or at some when the corresponding constraint is satis-
fied with equality.

A simple solution to this problem is to enforce the more strin-
gent constraints for some . The pa-
rameter governs the speed of convergence of DE-GA (and
eventually of the true iterative decoder) to the fixed point. If
is very small, is very close to for some values of

, and the decoder needs many iterations to find its way out of
these “tunnels” (this behavior is completely analogous to what
is observed in iterative decoding of turbo codes and LDPC codes
through the so-called EXIT diagrams [36]). On the other hand,
it may not be possible to obtain small by keeping
large. Therefore, can be used as a performance versus com-
plexity tradeoff design parameter.

As an example of the above optimization technique, consider
Fig. 5, showing the DE-GA mapping function
for the BP decoder, load , maximum free distance
64-state rate– convolutional user codes with generators

(see [33]), and 6 dB. The curve
corresponding to constant received SNR yields , i.e.,
the iterative decoder applied to this system yields very poor
performance for all users (10-dB degradation with respect to
their single-user performance). On the contrary, the system
with optimized SNR distribution yields , i.e., each
user attains its single-user performance after a sufficiently large
number of iterations. The SNR-optimized curve in Fig. 5 is
obtained by linear programming by using the constraint (43),
enforced over grid of points in , equally spaced

TABLE I
OPTIMIZED SNR DISTRIBUTION FOR THE UNCONDITIONAL MMSE-IC

RECEIVER WITH � = 4:5, CONVOLUTIONAL CODE WITH GENERATORS

(133;145;175) , AND (E =N ) = 6.29 dB

by , and by letting . For the -axis we used an
equally spaced grid in the decibel scale, between 2.18
dB and 20 dB with a step of 0.005 dB.

Table I gives the optimized SNR distribution achieving
at 6.29 dB under the unconditional

MMSE-IC decoder, at target BER and convolutional code
with generators . The corresponding channel
load is users per chip. The optimized distribution
consists of only three discrete SNR levels. Fig. 6 shows the
corresponding evolution of the ME provided by the DE-GA. As
a further validation of the DE-GA analysis, Fig. 6 shows also
the snapshot evolution of the user ME versus decoder iterations
for a finite-dimensional system with the same parameters and

( users). For this simulation, we generated
five independent frames of coded symbols each, for
each frame we generated a set of 144 independently generated
spreading sequences with uniform distribution on the 32-di-
mensional unit sphere. For each iteration, the corresponding
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Fig. 6. Evolution of the ME with the decoder iterations for the system of Table I.

cluster of points represents the values of the user ME. We
observe that these values are well concentrated around the
asymptotic value predicted by the DE-GA analysis. Some
discrepancy between the asymptotic analysis and the simulated
values is observed only around the point where the ME shows
a rapid transition from small values to values close to . It is
expected that the position of this transition is very sensitive
to the residual randomness of the finite-dimensional system.
This sensitivity is particularly evident for optimized SNR
distributions, characterized by a narrow “tunnel” between the

curve and the main diagonal (see Fig. 5).
Fig. 7 shows the achievable spectral efficiency at target

BER , for coded CDMA systems based on the convolu-
tional code with generators , and different itera-
tive decoders, with optimized received SNR distribution. For the
sake of comparison, we show also the spectral efficiency achiev-
able by optimal Gaussian (or binary) codebooks with joint de-
tection given by (7), with linear MMSE detection (optimal sepa-
rate detection for Gaussian inputs), and with (suboptimal) linear
SUMF detection (these curves have been presented in [4]).

Fig. 8 compares the spectral efficiency at target BER
for the same system described above with the performance of
a system with the same user codes and constant received SNR,
with iterative detection and with separate detection [51] (corre-
sponding to the performance of the iterative decoders after the
first iteration).

Based on these results, the following remarks are in order.

• All spectral efficiencies of the convolutionally coded sys-
tems are zero for 3.94 dB, that is, the

value of needed for a single user to achieve BER
. This limit depends on the user code alone, and

can be improved by choosing a more powerful code.

• As said in Section I, for both Gaussian and binary inputs,
spectral efficiency is maximized by infinite load and
vanishing per-user rate. On the contrary, the spectral
efficiency curves for the convolutionally coded CDMA
system with iterative multiuser joint decoding reported
in Figs. 7 and 8 correspond to per-user rate 1/3
bit/symbol and finite users per chip. In this sense, these
curves are much more meaningful from the viewpoint of
practical CDMA design.

• For large , the iteratively decoded systems
with optimized SNR distribution are not interference
limited, in the sense that their spectral efficiency in-
creases with . Remarkably, for the BP and
the MMSE-IC decoders, the large- slope of
spectral efficiency is (close to) optimal, at least in the
considered range of .

• CDMA systems with constant received SNR are basically
interference limited, and iterative joint decoding provides
a significant gain with respect to conventional separate
multiuser detection and single-user decoding only for
small .

• The unconditional MMSE-IC yields spectral efficiency
very close to BP with much smaller complexity with re-
spect to both BP and conditional MMSE-IC. This makes
the unconditional MMSE-IC decoder a good candidate for
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Fig. 7. Spectral efficiency versus (E =N ) at BER � 10 for convolutionally coded CDMA with user codes with generators (133; 145; 175) ,
optimized received SNR distribution, and different iterative decoding algorithms. Curves for joint detection and optimal codes (binary and Gaussian input),
and separated MMSE and SUMF detection and decoding (Gaussian inputs) are reported for the sake of comparison.

Fig. 8. Spectral efficiency versus (E =N ) at BER � 10 for convolutionally coded CDMA with user codes with generators (133;145;175) ,
optimized received SNR distribution, and constant received SNR distribution with iterative and separate detectiona and decoding. Each set of curves shows
the performance of BP, conditional MMSE-IC, unconditional MMSE-IC, and SUMF-IC (curves from top to bottom). Obviously, for separate detection
conditional and unconditional MMSE coincide.
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high-performance low-complexity iterative multiuser de-
coding. This point will be elaborated further in Section V.

V. LOW-COMPLEXITY IMPLEMENTATION

In this section, we consider the computational complexity
of the iterative multiuser joint decoders analyzed previously.
Our considerations apply to the so-called periodic random
spreading, i.e., where the user spreading sequences are ran-
domly generated and used for a long sequence of codewords
(blocks of symbols).4

The complexity per information bit is given essentially by
three operations: the calculation of the multiuser detectors (e.g.,
the conditional or unconditional MMSE filters), the activation
of the MUD front-end and the activation of the SISO decoders
(see Fig. 1). We assume that the computation load of the SISO
decoders is linear5 with , therefore it contributes with an addi-
tive constant to the overall complexity per information bit, inde-
pendently of the MUD scheme used. The complexity per infor-
mation bit of MUD front-end calculation and activation depends
on the number of users , the number of iterations , and the
block length . The spreading factor is constrained by the
number of users, since , and it is not a free parameter
for fixed load.

The IO-MUD and the SUMF-IC decoders do not require
any front-end calculation. While the SUMF-IC front end
has activation complexity (corresponding to one
matrix–vector product per symbol per iteration, with com-
plexity , divided by the total number of information
bits per block, equal to ), the IO-MUD front end has
activation complexity . The activation complexity of
the conditional and unconditional MMSE-IC front ends is
equivalent to that of the SUMF, namely, . In fact, any
linear front end corresponds to a matrix–vector product per
symbol per iteration. However, these MMSE-IC variants have
very different front-end calculation complexity: conditional
MMSE-IC requires the computation of a matrix inverse per
symbol per iteration (with complexity per information bits

), while the unconditional MMSE-IC requires the
computation of a matrix inverse per iteration (with complexity
per information bits ). This clearly shows the
advantage of unconditional MMSE-IC.

Nevertheless, while it is clear that for the evaluation
complexity of the unconditional MMSE-IC front end becomes
negligible; in practice, it might still be too large with respect to
the SUMF.6 Motivated by this fact, in the following we propose
a suboptimal scheme that closely approximates the performance

4We hasten to say that rather different approaches based on matrix polyno-
mials should be considered for low-complexity algorithms in the case of aperi-
odic random spreading, where a new set of spreading sequences is used on every
symbol interval (see [10], [37]–[40]).

5This assumption is verified for convolutional, LDPC, or turbo user codes.
6We have also to take into account that, for some implementation architec-

tures, while the linear front-end activation is implemented by very simple dedi-
cated hardware such as a bank of correlators, the calculation of the MMSE filters
requires a matrix inverse and must be performed at higher precision. Therefore,
the effective impact of the front-end calculation on the overall complexity might
be much larger than the simple operation count may reveal.

of the unconditional MMSE-IC while yielding a front-end cal-
culation complexity that is constant with the number of itera-
tions.

One crude method to obtain front-end calculation complexity
that is constant with respect to , reported in the literature [41],
consists of using the standard linear MMSE detector for the first
few iterations, and, assuming that the decoder is able to elimi-
nate multiple-access interference, switch to the standard SUMF
filter when the residual interference symbol variances are below
a certain threshold. This approach does not take into account
the fact that, under the optimal SNR distribution, users are re-
ceived at different SNR levels and the evolution of their residual
symbol variances during the decoder iterations may be very dif-
ferent. Indeed, we may expect that users received at higher SNR
levels are correctly estimated and canceled much faster than
users received at low SNR. Thus, the stronger the interferers are
at the beginning, the weaker they are after some iterations. This
is particularly problematic for linear detectors in overloaded
systems, i.e., , where linear detectors focus their inter-
ference suppression capabilities on those subspaces with strong
interferers while neglecting subspaces with moderate to weak
interfering users. If the choice of the subspace is not updated
during iterations, the linear multiuser detector becomes severely
mismatched and even worse in performance than no multiuser
detector at all.

Empirical evidence was found in the previous section that op-
timal received power distributions for many practical codes and
a wide range of system parameters such as load and
consist of only a small number of different power levels (see
Table I for an example resulting in ). Since there are
only different classes of users, there is reason to assume that
switching the subspace which the linear multiuser detector is
focusing onto for only times is sufficient and not far in per-
formance from switching times, i.e., after every iteration. If

, a significant reduction in complexity is possible. Often,
the number of iterations is larger than the number of power
classes by one or more orders to magnitude, see Fig. 6 for an
example.

In order to exploit the fact that there are only different
groups of users to distinguish, we propose to switch the
subspace only times during all iterations, but to update the
weighting of the interference suppression capabilities versus
the noise suppression capabilities—a process which can be
done at insignificant complexity—on an iteration-by-iteration
basis. This means that at the beginning of the iterations, we
process all users by an unconditional MMSE filter which
does not adapt to the changes of the power distribution of the
interference, but only to the changes of the total interference
power. If, after some iterations, the total interference of one
class of users has become insignificant, the MMSE filter is
recalculated neglecting the presence of interference from these
users. Thus, the second MMSE filter to be calculated mitigates
only interference from the remaining classes of users.
In order to enable an easy adaptation to the diminishing total
interference power, we make use of the singular value decom-
position. The switch points, i.e., the points at which iteration
a new MMSE filter should be calculated, are determined by
approximating the performance of the mismatched MMSE
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filter by means of large system analysis. This requires to solve
a one-dimensional fixed-point equation per iteration, a task
with negligible complexity even compared to the SUMF.

In the following, we will first focus on the calculation of the
filter assuming we know when we should switch from one to an-
other and then, given the structure of the filters, discuss appro-
priate switching criteria. For the purpose of finding the switch
criterion, it will be a prerequisite to study the large-system per-
formance of mismatched linear MMSE detectors.

A. Filter Calculation

Consider again the CDMA channel model (1) and an
IC-based iterative decoder that, at a certain iteration , produces
the th observable for the SISO decoder of user as

(44)

where and where we define

to be the current estimate of the th user symbol given the SISO
decoders output messages at the current iteration (see (20)), and
where is an appropriately chosen filter.7

The unbiased unconditional MMSE criterion leads to (21),
that it is rewritten by using simple matrix identities as

(45)

where we define and the residual symbol
covariance matrix at iteration as

(46)

with

(47)

Notice that is exactly diagonal in the limit for large block
length because are obtained from the SISO decoders ex-
trinsic information [14].

Under the optimized received SNR distribution, we shall as-
sume that the users are grouped into classes of sizes

. User in class is received at SNR level .
As in Section IV, we let and enumerate the users
such that users belong to class , where

and .
The proposed low-complexity approach makes subsequently

use of different linear detectors (by different detector, we
mean a newly calculated MMSE filter, not just an adaptation

7We use fff instead of hhh as in Section II in order to stress the fact that here
the filter does not necessarily coincide with the unconditional MMSE filter (21).
Moreover, we specify explicitly the iteration index ` since it is relevant in the
definition of the low-complexity algorithm.

to the decreasing total interference power). Detector number
at iteration assumes user SNRs given by

for
for

(48)
where is an iteration-dependent scaling factor common to
all users that accounts for the diminishing total interference
power and is an iteration index that characterizes the th de-
tector. In matrix form, we define the diagonal matrix such
that its th diagonal element is zero if belongs to a class larger
than and one otherwise, and let the diagonal matrix of nominal
received SNRs for the th detector be given by

(49)

Equation (49) is meaningful only for . As it will be clear
in the following, detectors are used in the order ,

, and the indices determine the detector switch points,
i.e., the th detector is used for , where

and is the maximum number of iterations.
In order to obtain a computationally efficient form for the th

detector, we decompose the spreading matrix as

(50)

Note that contains the sequences of all users to be
processed by the multiuser detector, while contains the
sequences of all users to be processed by a SUMF only. We
replace the true SNR diagonal matrix in (45) by .
We introduce the singular value decomposition

(51)

such that and are unitary and is diagonal up to some
additional columns or rows which are all zero. We define

(52)

(53)

Note that, though (53) looks more complicated, it may require
fewer computing effort than (52) due to the diagonal structure
of the matrices and and the zero columns in .
By using (52) and (49) in (45) and (44), we can write the th
detector filter for user at iteration as

(54)

where denotes the th column of , and the th output of
the detector as
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(55)

The front-end calculation of the proposed scheme requires a sin-
gular value decomposition (51) and a matrix multiplication (52)
or (53) at each switching point. Thus, the overall calculation
complexity of the proposed approach is . As antici-
pated before, our approach is very effective for small and a
large number of decoder iterations (typical of heavily loaded
systems attaining large spectral efficiency).

B. Mismatched MMSE Detection

Two questions have been left open: how to determine the de-
tector switch points and how to choose the scaling factor .
Before we can solve these issues, we need some results on the
performance of mismatched linear MMSE detectors.

For the time being, let be a given function of the iteration
index and of the other system parameters (including the received
signal block ) that can be easily computed in real time along

the decoder iterations. The filter can be regarded as a mis-
matched MMSE filter that assumes user received SNRs given by
the diagonal elements of rather than the exact values given

by . In order to determine an effective switching criterion,
we make use of the following result characterizing the ME of an
MMSE filter with power mismatch:

Proposition 6: Consider the CDMA system with users
and spreading factor defined by where

and the usual assumptions on random spreading
made in Section III hold. Let such that

, and let be an arbitrary sequence of
positive numbers such that , where and are
fixed, finite, and positive constants independent of . Assume
that, as , the joint empirical distribution of the pairs

, defined by

converges almost everywhere to a given distribution .
Then, by letting with , the ME of a linear
detector obtained as the MMSE filter assuming received user
powers given by instead of the true values converges
almost surely for all user to the value given by

(56)

where is the solution to

(57)

and where and denote expectations with respect
to .

Proof: The proof of the above proposition follows as a
corollary of the proof of the main result of [8]. A concise and
self-contained sketch of proof (skipping technicalities on al-
most-sure convergence) is given in Appendix C.

Note that given in (57) is the ME of an MMSE filter
matched to powers rather than . Hence, it can be
regarded as the nominal ME of the mismatched detector, while

given by (56) is the true ME of the mismatched detector. We
say that the nominal powers are adapted to the actual
powers if the two sequences and can be
sorted in nondecreasing order by the same permutation and
have the same sum. We say that is a conservative choice
of the nominal powers if it is adapted to and yields ,
i.e., the actual detector performance is better than what can be
expected if the users had powers instead of . The
following result gives a sufficient condition for a conservative
nominal power assignment.

Corollary 6.1: Let be adapted to . Then, in the
limit for large , is a conservative choice of the nominal
powers if majorizes .8

Proof: See Appendix C.

Corollary 6.1 generalizes the result of [10] that, rephrased in
our terminology, states that

is a conservative nominal power assignment for any received
power sequence , since it is well known that any
majorizes its corresponding constant mean value sequence [42].

C. Switch Point Calculation

A sensible criterion to switch from detector to detector
at a given iteration consists of choosing the detector with

largest ME. Let be the current detector index. At each iteration
, we decide if using detector or switching to detector

by comparing their MEs and via the large-system for-
mula (56). For detector we have, from Proposition 6, (58) at
the bottom of the following page, while for detector we
have (59) at the bottom of the following page. If ,
then is set equal to and the detector is switched from to

.
In writing (59) we implicitly assumed that at each

switch point (in particular, for ). A very effective
heuristic choice enforcing the condition for all ,

is given by

for (60)

Optimizing the detector with respect to appears to be a hard
problem and remains open.

8A sequence fP g is said to majorize [42] a sequence fU g if

U � P ; 8K = 1; . . . ; k

with equality for k = K , where fP g and fU g denote the nondecreasing
arrangements of fP g and fU g, respectively.
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Fig. 9. Evolution of the user residual symbol variances with the decoder iterations for the system of Table I with unconditional MMSE-IC iterative decoder (left)
and the low-complexity detector algorithm (right).

D. Performance

In the following, we compare the performance of the
proposed algorithm to the performance of unconditional
MMSE-IC. Consider again the system and SNR distribution
of Table I. The distribution is composed by only SNR
levels, denoted by , , . Fig. 9 (left) shows the evolution
of the residual user symbol variances for the three classes of
users versus the decoder iterations. We notice that the three
user classes are removed in sequence, starting from the highest
SNR class: after 10 iterations, the power of class 3 users is
reduced by 10 dB, after 22 iterations class 2 users are reduced
by 10 dB, and, eventually, after 40 iterations all users are
removed from the received signal, meaning that each user is
decoded as if it were alone on the channel (the ME converges
to ). Intuitively, we may say that the iterative decoder
(under optimized received SNR distribution) performs implicit
stripping of the different classes of users.

In order to illustrate the behavior of the proposed low-com-
plexity iterative scheme, Fig. 9 (right) shows the evolution of

the residual user symbol variances for the three classes of users
versus the decoder iterations, for the proposed low-complexity
algorithm. The dash-dotted curves show the evolution of the
nominal user symbol variances assumed by the low-complexity
detector. The detector switch points, determined by the above
algorithm, occur at and . In this case, the low-
complexity algorithm achieves the same performance as the un-
conditional MMSE-IC decoder with 55 instead of 43 iterations.
In general, a small degradation in achievable performance may
be expected, due to the suboptimality of the low-complexity
linear detector.

VI. CONCLUDING REMARKS

In this work, we have extended the DE-GA analysis approach
of iterative multiuser joint decoding of [14] to the BP algo-
rithm. As a byproduct, we have extended the analysis of [9] of
the IO-MUD in the large-system limit to the case of nonuni-
form symbols prior probabilities. Based on the DE-GA per-
formance characterization of the BP iterative decoder and of

(58)

(59)
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its IC-based approximations, we have formulated the problem
of optimal user received SNR distribution in terms of simple
linear programming. The proposed approximated analysis tech-
nique holds for any user code family under mild conditions of
regularity that ensure the concentration theorem of [14], and
can be easily applied provided that the symbol-error rate versus
SNR function characterizing the user code is known (e.g., it can
be obtained by simulation or by using EXIT-diagram methods
[36]).

In this work, we applied the DE-GA analysis and the related
received SNR distribution optimization technique to the case
of classical binary convolutional codes, and we computed the
achievable spectral efficiency of convolutionally coded CDMA
for given user codes and target BER. We showed that by
optimizing the SNR distribution very significant gain in terms
of spectral efficiency can be achieved, especially for large

. Interestingly, the simple unconditional MMSE-IC
algorithm performs very close to the BP algorithm in terms of
achievable spectral efficiency. Driven by this observation and
by the fact that the optimal SNR distribution consists of a small
number of discrete SNR levels, we provided an approximated
version of the unconditional MMSE-IC algorithm achieving
complexity comparable to conventional CDMA receivers. As a
byproduct of the development of the proposed low-complexity
algorithm, we obtained an interesting general expression for
the ME of an MMSE filter with mismatched user powers, in
the large-system limit. We hasten to say that the concentrated
nature of the optimized received SNR distribution, for which
only a small set of different SNR levels is required, might not
hold for other user code families (e.g., when convolutional
codes are replaced by LDPCs [43], [44] or turbo codes [45]).

We wish to conclude this work by pointing out some obser-
vations about the practical relevance of our findings in CDMA
system design.

• For given user codes, decoding algorithm, target BER, and
, the resulting optimal received SNR distribu-

tion can be regarded as the target distribution of SNR that
some power control algorithm should enforce at the re-
ceiver. Notice that standard power control aims at inducing
a constant SNR distribution at the receiver, which we have
seen to be strongly suboptimal with iterative joint detec-
tion.

• In a near–far environment, where users are affected by
very different propagation channel gains (due to distance
from the base station and to other propagation factors such
as fading), in order to induce the optimal received SNR
distribution it is convenient to assign the users with largest
channel gain to the highest SNR level, and so forth, so that
each user can attain its required received SNR level with
minimal transmit power. This goes precisely in the oppo-
site direction of conventional power control, that requires
that users with the smallest channel gain transmit at the
largest power level, in order to render the received SNR of
all users constant. Under a reasonable mobility assump-
tion, for which the channel gain of each user is an ergodic
process varying on a time scale much larger than the dura-
tion of a codeword, the optimal received SNR distribution

will also provide longer battery life to the user terminals
with respect to conventional power control.

• For the same reason, in a multicell environment the op-
timal (single-cell) SNR distribution is expected to pro-
vide a smaller total emitted energy from each cell, thus
reducing the intercell interference (not taken into account
by the iterative joint decoder at each base station). There-
fore, the impact of iterative multiuser joint decoding with
optimal SNR distribution on the spectral efficiency of a
cellular system might be even more evident than in the
standard multiple-access (single-cell) scenario examined
in this work.

Although very interesting, the issue of a power control algo-
rithm inducing the required received SNR distribution while
maximizing the user battery life and/or minimizing the total in-
tercell interference is out of the scope of this work and is left for
future investigation.

APPENDIX A
PROOF OF PROPOSITION 2

The proof of Proposition 2 follows closely the analysis
technique of the IO-MUD developed in [9] for uniform symbol
a priori probabilities and constant user power, extended in
[46] to the case of an arbitrary user power distribution. This
technique is based on the Replica Method, which is a common
tool in statistical mechanics [47]. The main difference between
[9] and the case at hand is that here, at any given iteration ,
the IO-MUD (15) for user treats the messages
provided by the SISO decoders at the previous iteration as
(log-ratios) prior probabilities for the interfering user symbols.
Therefore, Proposition 2 is proved by simply extending the
result of [9] to the case of arbitrary symbol prior probabilities
under the assumption that, as , the empirical distribu-
tion of these prior probabilities converges almost everywhere
to some deterministic distribution. Due to the similarity of our
proof and [9], we shall give the details of the different steps,
while we briefly outline the common parts.

With reference to the channel model (1), in this section we
assume, without loss of generality, that

This implies that the average (over the users) received SNR is
. The pdf of the channel output conditioned on

the spreading sequences is proportional to the quantity

(61)
when the fictious noise variance is let equal to the true noise
variance .9 The distribution of , seen as a function

9We keep from [9] the artifact of writing the free energy for an arbitrary �
not necessarily equal to � as it makes the following derivations parallel to [9].
It would be possible to let � = � from the beginning but, in this case, the
saddle-point equations leading to the calculation of the ME would have been
of a quite different form from those in [9] and explicit rederivation of several
intermediate steps would have been necessary.



1968 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 9, SEPTEMBER 2004

of and , is independent of since the channel input is sta-
tionary. Thus, the time index is dropped and is used for
different purpose in the rest of this section.

In statistical mechanics, the quantity

(62)

is called the free energy. One of the basic assumptions adopted
in statistical mechanics of disordered systems is that the free
energy is self-averaging in the large system limit. That is,

(63)

with probability , where averaging is with respect to the
random spreading sequences and the channel noise. As shown
in [9], can be computed via the Replica Method, as the
saddle point of a function of some auxiliary variables. The
system of equations characterizing this saddle point yields
the fixed point (29) for the ME. A fundamental principle in
statistical mechanics is that a physical system at the equilibrium
maximizes free energy. Hence, if (29) has two stable solutions,
the ME is given by the solution which maximizes . In passing,
we notice that is the large-system
differential entropy of the output per dimension. The mutual
information (in nats) per dimension is given by

(64)

Therefore, maximizing the free energy corresponds to mini-
mizing the mutual information. In the remainder of this section,
we shall use the Replica Method (see [9]) in order to determine

and the fixed point (29).
The Replica Method consists of rewriting the free energy in

the following way:

(65)

with the advantage that the expectation operator has moved into
the argument of the logarithm. The free energy is evaluated for
integer and the result is assumed to generalize to positive
real . Further discussion about the Replica Method and its jus-
tification is provided in [47], [9].

Following [9], by using the Replica Symmetry assumption
(see [9], [46]), the Gärtner–Ellis theorem, and the Varadhan
lemma [48], we get that the free energy can be expressed as
follows. Let be defined by the following saddle point:

(66)

where is the replica order. Then

(67)

The function in (66) does not depend on the symbols’
prior probabilities and is directly obtained from [9] as

(68)

In (66), , are random variables with joint distribution equal
to the limit of the empirical joint distribution of

for , and is the moment-generating function
of the random vector

for i.i.d., with pmf defined by , and com-
puted in the arguments

.
(69)

The symmetry relation (69) imposed on the moment-generating
function variables reflects the Replica Symmetry assump-
tion, and its validity must be checked a posteriori. This can
be done by following the same argument as that leading to [9,
Proposition 4]. The novelty with respect to [9] is provided by
the following lemma, proved at the end of this section.

Lemma 2.1: The moment-generating function is
given by (70) at the bottom of the page, where .

Let denote the argument of the extremiza-
tion (sup-inf) in (66). The saddle-point condition is obtained by
the set of equations

(71)

In order to obtain we should: 1) find the solution of the
system of (71); 2) find by substituting this solution into

; 3) evaluate the derivative and the limit in (67).
As a matter of fact, from a continuity argument, it is equivalent
(but easier) to solve for the system of equations

(72)

and substitute the solution into

After some algebra, using the identity (77), the saddle-point
equations (72) can be put in the explicit form of (73) at the
bottom of the following page. By inspection, we find that the
saddle point given by (73) is obtained for and .
By following the argument leading to [9, Proposition 4], it is
possible to show that the Replica Symmetry assumption made

(70)
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before in order to obtain (66) is indeed valid for the stable solu-
tions of the IO-MUD with arbitrary symbol priors.

Next, we notice that in (15), when computing the output mes-
sage for user , only the symbol prior probabilities of interfering
users are used while the a priori pmf for the user symbol
is uniform . Therefore, the IO-MUD error
probability for user is given by
even for arbitrary prior probabilities on the other users. It fol-
lows from [9] that, in the large-system limit

where is determined by the saddle point (73). Hence,
(independent of the user index ) is the ME of the IO-MUD in
the large-system limit with arbitrary prior probabilities on the
interfering symbols. By using the first and the third equation in
the system (73), replacing and by and , respectively, and
by substituting , , we obtain the im-
plicit expression for the ME of the IO-MUD with arbitrary prior

probabilities on the symbols of the interfering users as (74) at the
bottom of the page. Finally, by using the fact that given is

and by substituting in
(74) we obtain (29). By computing
in the saddle-point solution given by (73), and rewriting the re-
sult in terms of , we obtain the corresponding expression for
the free energy . As a matter of fact, we prefer to give the result
in terms of the mutual information that, after some algebra,
can be put in the form (30), expressed in bits per dimension.

As anticipated above, standard results in statistical mechanics
[9] yield that when (73) has multiple stable solutions, the perfor-
mance of the IO-MUD corresponds to the solution minimizing
the mutual information. This proves all statements in Proposi-
tion 2.

Proof of Lemma 2.1: We write explicitly the moment-gen-
erating function as (75) and (76) at the bottom of the page, where
we have used the identity (Hubbard–Stratonovich transform [9])

(73)

(74)

(75)

(76)
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and we have used the definition , so that
.

In passing, we notice here that if is the extrinsic log-
ratio provided by the SISO decoder for user with input SNR

then, under the GA, we have that for a given

Hence, the limiting joint distribution of , is completely de-
fined by , and

given .
Also, from (75) it is straightforward to show the identity

(77)

which is useful to compute the partial derivatives to obtain the
saddle point (73).

We can further simplify the expression of the moment-gener-
ating function in (76) by noticing that

and similarly

Then, by rearranging the terms in the sum with respect to
in (76) and summing by using the two above

identities, we obtain (70).

APPENDIX B
PROOF OF PROPOSITIONS 4 AND 5

For notational simplicity, we drop the time index . The ob-
served signal after soft IC for user is given by ,
that can be written explicitly as

(78)

where we let and . Under
the independence assumption, the symbols are still mutually
independent and have mean zero. Furthermore, we notice that,
under the GA, , since the th
decoder input SINR is equal to by assumption. Therefore,

the variance of the symbols for any user received at power
level is given by

(79)

where we have used the fact that is a function of and
that, by definition, .

Now, for each , we can normalize the symbol so that
is has unit variance, and replace the amplitude in (78) by the
modified amplitude

Hence, it is readily seen that the unconditional MMSE filter co-
incides with the standard MMSE filter for the resulting CDMA
system. By applying the large-system analysis of [6] we obtain
immediately that the ME under linear MMSE detection is given
by (33), and the ME under SUMF is given by (34). This proves
Propositions 4 and 5.

APPENDIX C
PROOFS OF PROPOSITION 6 AND COROLLARY 6.1

Fix user as the reference user. The nominal and the actual
interference-plus-noise covariance matrices are given by

(80)

respectively. The output SINR of the mismatched MMSE filter
for user that assumes instead of is given by

(81)

From the standard result of [6] we have that, under the assump-
tions of Proposition 6, the nominal ME converges
with probability to the unique fixed point of the Tse–Hanly
equation (57).

We rewrite the denominator of (81) in the large-system limit
as

(82)
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where we used the result proved in [49]

(83)

for a sequence of random matrices statistically inde-
pendent of with well-defined limiting eigenvalue distribution
and finite maximum eigenvalue. Notice that for all inverse co-
variance matrices and powers thereof involved in (82), the max-
imum eigenvalue is always upper-bounded by .

Next, we evaluate the two limits in (82) separately. For the
first we have (84) at the bottom of the page, where follows
from the matrix inversion lemma, by writing

, where

We used repeadetly the lemma (83), and we defined the limits

(85)

Under the assumptions of Proposition 6, the matrices
and have all a well-defined limiting eigenvalue distribution
and are invertible with probability , therefore, the limits in (85)
exist and are immediately obtained from the limiting eigenvalue
distributions.

For the second limit in (82) we have, again using lemma (83)

(86)

since the limiting eigenvalue distribution of and co-
incide (notice that the two matrices differ by the rank- matrix

; that has no effect on the limiting eigenvalue distribu-
tion).

Let denote the limiting eigenvalue distribution of
. Then, we can write

(87)

Eventually, the last line of (82) is given by

(88)

Now, we use the result by Silverstain and Bai (see [6] and refer-
ences therein) yielding in terms of its Stieltjes transform

We have

(89)

In particular, we have that defined in (57) is given by

(90)

Furthermore

(91)

By substituting (90) and (91) in the SINR denominator (88), and
using the result in the expression for the SINR (81) we can write
the large-system ME of user , given by , as

(92)

Since for the matched MMSE receiver (i.e., for
), it must be , we obtain

(84)
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By using the above expression in (92) we obtain (56). This con-
cludes the proof of Proposition 6.

Next, we focus on the proof of Corollary 6.1. Let be
a nominal power assignment adapted to the true powers ,
in the sense that and that the sequences

and are sorted in nondecreasing order by the same
permutation. Without loss of generality, we assume that
and are nondecreasing (i.e., the common sorting permu-
tation is the identity). The nominal powers are a conservative
choice if , where and are the true and the nominal ME
given by Proposition 6, respectively. From (56), we see that this
is verified if and only if

(93)

Assume, for the time being, a finite number of users. Then, in-
equality (93) becomes

(94)

We make use of the following lemma, proved in [50].

Lemma: Let , , and be real vectors of dimension with
nondecreasing components. If majorizes , Then

(95)

We apply the lemma to (94) by letting , ,
and and we conclude that if majorizes

, then (94) is verified. Finally, a standard continuity argu-
ment extends the result to .
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