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Abstract—This work gives an overview of analytic tools to
the design, analysis, and modelling of communication sys-
tems which can be described by linear vector channels such
as y = Hx+ z where the number of components in each vec-
tor is large. Tools from probability theory, operator algebra,
and statistical physics are reviewed. The survey of analyt-
ical tools is complemented by examples of applications in
communications engineering.

Asymptotic eigenvalue distributions of many classes of
random matrices are given. The treatment includes the
problem of moments and the introduction of the Stieltjes
transform.

Free probability theory which evolved from non-
commutative operator algebras is explained from a prob-
abilistic point of view in order to better fit the engineering
community. For that purpose freeness is defined without
reference to non-commutative algebras. The treatment in-
cludes additive and multiplicative free convolution, the R~
transform, the S-transform, and the free central limit theo-
rem.

The replica method developed in statistical physics for
the purpose of analyzing spin glasses is reviewed from the
view point of its applications in communications engineer-
ing. Correspondences between free energy and mutual in-
formation as well as energy functions and detector metrics
are established.

These analytic tools are applied to the design and the
analysis of linear multiuser detectors, the modelling of scat-
tering in communication channels with dual antennas ar-
rays, and the analysis of optimal detection for communica-
tion via code-division multiple-access and/or dual antenna
array channels.

I. INTRODUCTION

In a multi-dimensional communication system many
data streams are transmitted from various sources to var-
ious sinks via a common medium called a channel. This
situation is almost as old as mankind and appears when-
ever more than two people start discussing with each other.
Technical systems handling this task are telephone net-
works, both fixed and wireless, the internet, local area net-
works, computers’ data buses, etc.

The complexity of such communication systems increases
with the number of people or data streams to be handled
simultaneously. This rise in complexity is not limited to
the hardware to be deployed, but also affects the design,
the modeling, and the analysis of the system. From an en-
gineering point of view, it is particularly important to be
able to predict the behavior of a technical system, before
it is actually built. With respect to the steadily increasing
number of people using various kinds of communications
technology, this seems to become, sooner or later, a hope-
less task at first sight.

In a combustion engine, many molecules of fuel and air
interact with each other. However, though we cannot con-
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trol the individual behavior of each molecule, and even do
not intend to do so, we can trust that the mixture of gas
and air will explode when it is lighted, heat up, expand,
and drive the engine. Physicists have successfully build a
theory to explain the evolution of macroscopic values like
temperature and pressure though the microscopic behav-
ior of the molecules is only described statistically. Simply
the fact, that there are enough objects which interact ran-
domly, makes the unity of these objects to obey certain
rules. These rules depend on the kind of interaction and
some other things and can be understood as generalizations
of the law of large numbers.

Communication systems for multiple data streams can
be modeled as well by statistical interactions between the
signals belonging to different data streams. Provided that
the number of data streams transmitted simultaneously
through the system is large enough, similar effects as in
thermodynamics should occur. Indeed recent research has
found theoretical and numerical evidence for the occurrence
of phase transitions in large code-division multiple-access
(CDMA) systems, cf. Section V, which correspond to the
hysteresis behavior of magnetic materials.

The use of microscopic statistical models to predict
macroscopic quantities in physics is not limited to thermo-
dynamics. It was already used by Wigner in the 1950s in or-
der to predict the spacings of nuclear energy levels. Nowa-
days, it has become a well-established method in quantum
physics to describe the energy-levels of heavy nuclei by the
eigenvalue distributions of large dimensional random ma-
trices [1]. Random matrices and their applications in com-
munications engineering are discussed in Section III.

The interest in free probability theory was driven by
mathematicians in the beginning. Particularly, those ones
who were interested in operator algebras and the Riemann
hypothesis. However, since numerical evidence showed a
striking connection between the zeros of Riemann’s zeta
function and the spacings of adjacent eigenvalues of large
random matrices, physicist became interested in the sub-
ject hoping for new insights into their problems. However,
the first concrete meaning for the R-transform, one of the
most fundamental concepts in free probability theory, was
found in the theory of large CDMA systems. A detailed
discussion on free probability and its applications in com-
munications engineering is given in Section IV.

Random matrix and free probability theory are concepts
well suited to analyze the interaction of many Gaussian
random processes. However, they do not respect the bi-
nary nature of many signals in modern communications.
Driven by the laws of quantum mechanics which allow only
two values for the spin of an electron, physicists have de-
veloped a powerful tool to analyze the thermodynamics



of magnetic materials which is called the replica method.
Though from a mathematical point of view not rigorously
established yet, it is able to predict the macroscopic be-
havior of spin glasses just as well as bit error rates of max-
imum a-posteriori detectors for CDMA signals. A detailed
discussion of the replica method is given in Section V.

Mathematical formulas are used to simplify if variables
approach either zero or infinity. This work aims to show
that also engineering can get easier as system size becomes
either large or small. Decades ago communication engi-
neers already made use of this effect summarizing all kinds
of additive distortion in the universal additive Gaussian
noise. The author is confident that Gaussian noise was
just the beginning and that the semicircle distribution and
the R-transform will be become tools in multi-user com-
munications which are just as common as the Gaussian
distribution and the Fourier transform are in single user
digital communications.

II. COMMUNICATION SYSTEMS

The principles summarized in this thesis apply to a broad
class of communication channels. We do not aim to cover
all or even most of them, but restrict ourselves to the dis-
crete vector-valued additive white Gaussian noise channel.
It is general enough to develop rich examples for the appli-
cation of the theory to be introduced, and simple enough
to keep equations illustrating.

In vector notation the vector-valued additive white
Gaussian noise channel is given by

ylv| = Hyz[v] + n[y] (1)

with
o the K x 1 vector of transmitted symbols z[v],
o the N X 1 vector of received symbols y[v],
e the N x K channel matrix H[v],
o the N x 1 vector of additive white Gaussian noise n[v]
with zero mean (En = 0) and variance (E nn'! = o2I),
« and discrete time v.
In order to simplify notation, the time index will be
dropped whenever it is not needed to express the depen-
dency on discrete time explicitly.

It is well known in literature [2] that the signal

r] = H"[yl] (2)
— H'WHep] + H Wl ()

provides sufficient statistics for the estimation of the sig-
nal x[v]. This means that all information about z[v] that
could be extracted from the received signal y[v] can also
be extracted from the signal 7[v]. Thus, the two channels
(1) and (2) are actually equivalent in terms of all perfor-
mance measures such as bit error rate, signal-to-noise ratio,
channel capacity, etc.

These two equivalent channels (1) and (2) appear in sev-
eral areas of wireless and wireline communications:
o In CDMA, the components of the vector x are regarded
as the signals of K individual users while the matrix H
contains their spreading sequences as columns.

o In antenna array communications, the components of the
vectors  and y represent the signals sent and received by
the K transmit and N receive antenna elements, respec-
tively.
e In cable transmission, the components of the vector x
contains the signals sent on the bundled twisted pairs
within a cable. The coefficients in the matrix HYH de-
scribe the electromagnetic crosstalk between the respective
twisted pairs.
o For block transmission over a dispersive channel, the
components of the vectors  and y contain the symbols
sent and received consecutively in time. Discrete time v
counts blocks, and the matrix H is a circulant matrix of
the channel’s discrete-time impulse response.
« In orthogonal frequency-division multiple access (OFDM),
the components of the vectors & and r represent the K sub-
carriers at transmitter and receiver site, respectively, and
the matrix H™ H accounts for inter-carrier interference.
Regardless of the application one has in mind, the perfor-
mance of digital communication via the channel (1) can be
analyzed for a variety of receiver algorithms and assump-
tions on the properties of the channel matrix H. Numerous
results are reported in literature [2], [3] and we do not try to
make any effort to be comprehensive in this thesis. In the
following, we summarize only those of the known results
which are needed in subsequent sections.

A. Channel Capacity

Channel capacity is the maximum data rate which can
be transmitted reliably over a channel. For the channel (1)
and many other channels with continuous input and output
alphabet, channel capacity is infinite unless a constraint
on the input alphabet is imposed. There are many ways
to definite such constraints. The most widely used ones
are upper bounds on the moments of the amplitude of the
input signal, particularly on the second moment

Exfx <KP (4)

which is actually an average power constraint. Note that
P is the average power per component of .

Channel capacity crucially depends on the availability
of channel state information to either receiver or transmit-
ter or both. For the additive white Gaussian noise channel
(1), perfect channel state information means full knowledge
about H. Assuming perfect channel state information at
the receiver, but no channel state information at the trans-
mitter, channel capacity of (1) is given by [4]

P
C = Elogdet <I—|— —QHHH> (5)
H ol

With the eigenvalue decomposition
H"H =U"AU (6)

where U is a unitary matrix containing the eigenvectors
of HYH and A = diag(A1, ..., Ak ), channel capacity can
also be written as

c = I/:‘__logdet (I—l— %A) (7)

)



= K Elog <1+£2/\) 9)
A o
where A denotes a randomly chosen eigenvalue of H™ H.
Therefore, channel capacity is determined by the eigenval-
ues of the channel, the power constraint, and the noise
variance.

B. Uncoded Error Probability

The purpose of a detector is to decide for a transmitted
signal & given the observation of the received signal y (or
equivalently the sufficient statistics r). The detector is the
better, the larger the overlap between the estimated signals
and the signals actually sent.

In case the estimated signal and the true signal do not
fully overlap, an error occurs. Two kinds of errors are dis-
tinguished:

Symbol errors occur if the estimated vector differs from
the transmitted vector, i.e. & # x.

Bit errors occur if one component of the estimated vector

differs from the respective component of the transmitted
vector, i.e. Ty # .
In literature [2], the detectors minimizing symbol and bit
error probability and are called jointly and individually op-
timum detectors, respectively. The only difference between
the cost functions of the two optimization criteria is that
the individually optimum detector counts multiple differ-
ences within the components of the same symbol, while the
jointly optimum detector does not do so.

Both detectors are special cases of the marginal posterior
mode detector. The marginal posterior mode detector tries
to individually minimize bit error probability under the,
in general, false assumption that the variance of the noise
is 02 instead of of. The assumed noise variance o2 is a
control parameter of the marginal posterior mode detector.
If the assumed noise variance is the true noise variance, i.e.
0 = 0y, it becomes the individually optimum detector. If
the assumed noise variance tends to zero, i.e. 0 — 0, it
becomes the jointly optimum detector [2].

The distribution of the received signal y is Gaussian con-
ditioned on the transmitted signal  and the channel real-
ization H:

o9 (y—Ha)"(y—Hz)

Py|x,H (y,w,H) = (10)

(7T0’0)K
By Bayes’ law, we find

_ py|mH (yuwuH) pa:|H (m7H)

Thus, the marginal posterior mode detector with perfect
channel state information at receiver side and parameter o
is given by

Z e—a’*2(y_H:c)H(y_Ha:)pm‘H (m7 H) i

Zr(0) = argmax
£ x:x=¢

(12)

For general matrices H, the optimization problem (12) can-

not be solved with polynomial complexity in K [2]. Bit
error probability is given by
1 X

Py(0) = kz_:l Pr (i(0) # o). (13)

Unlike channel capacity bit error probability does also de-
pend on the eigenvectors of the channel.

C. Linear Detection

Since the complexity of the optimum detectors is expo-
nential in K, it is often infeasible in practice. In order
to circumvent this obstacle, suboptimum approaches were
proposed, see e.g. [5], [2] for a survey of literature. The
most common family of suboptimum detectors are the lin-
ear detectors. They implement the detection rule

& = quant, (Ly) (14)

where L is a K x N matrix whose construction characterizes
the linear detector and the function quant ,(-) quantizes a
vector component-wise towards the nearest element of the
symbol alphabet X'. For binary antipodal transmission, it
is the sign function.

The best linear detector in terms of bit error probability
is very difficult to construct [2]. Minimizing the mean-
squared error

E (z-Ly)" (x - Ly)

1
z,n|H ( 5)

instead results in a linear detector performing also very
well. This detector results from applying the optimum de-
cision rule under the, in general, false assumption that the
symbol alphabet is Gaussian distributed with true mean
and true variance. It can be expressed explicitly in terms
of the channel matrix, the noise variance, and the signal
power as [2]

-1
& = quant (\/1B (081 + PHHH) HHy> . (16)

The detector (16) also maximizes the ratio between use-
ful signal power P and interference and noise power. For
the k' component of the vector x, it is given by [2]

1
SINR; = Ph!! (031 + PHH"Y - Phkh}j) he.  (17)

where hj, denotes the k™ column of H. With the singular
value decomposition

H=V"/AU (18)

and the matrix inversion lemma, the SINR can also be
written as

SINRy = Puy (ogA™'+PI- Pukug)_l uy (19)

1
pu— — - 1-
1 — Puj! (0'(2)/1_1 + PI) ! i

(20)

Note that the SINR depends on all eigenvalues of the ma-
trix H" H, but only on the k" column of the eigenvector
matrix U. Note, however, that due to definition (6), the
eigenvectors are not the columns but the rows of U.



III. RANDOM MATRIX THEORY

The channel matrix H introduced in (1) is composed of
N K random elements. Though it can be simply considered
as an INK dimensional random object, it has also some
more interesting interpretations.

Consider a scalar zero-mean random process Hy[u] over
discrete time p. Stack the time samples into the row di-
mensions of the matrix H and the ensembles 7 into the
column dimensions of H such that

Hy[0] Hi[l] H.[2]
H,[0] Hy[1] H»[2]

H = m0] H1] H;[2] (21)

If we let the dimension N, K — oo, the matrix H de-
scribes a whole random process. Nevertheless, we can still
think of it as a single realization of a many-dimensional
random variable. This double interpretation results in the
self-averaging property of many functions of a large dimen-
sional random matrices.

Consider the function rowsum X e CV¥
K-2X1 € CV with 1 denoting the all one vector. It
simply sums up the rows of its argument and normalizes
the result. As K — oo, the value of this function

h = rowsum(H) (22)

is an N-dimensional Gaussian random vector due to the
central limit theorem. As N — oo, the empirical distribu-
tion function of its components h;

Ph(x):%’{hi:hi<x}‘ (23)
converges to a Gaussian distribution. Communications en-
gineering builds upon this result, whenever something is
modeled as a Gaussian random process.

The type of distribution h follows does not depend on the
distribution of H as N — oo. Instead, the distribution of
h is determined by the mapping from N x K-dimensional
space into N-dimensional space. For many linear map-
pings, such as rowsum(-), the projection follows a Gaussian
distribution. For non-linear mappings, however, a rich plu-
rality of other limit distributions occurs.

A. Convergence of Figenvalues

The eigenvalues of random matrices were found to be
particularly important to characterize some performance
measures in communications engineering, cf. Section II.
Calculating the eigenvalues of (a function of) a random
matrix, is a projection similar to the rowsum function in
(22). The main difference between the two is the, in gen-
eral, non-linear nature of the projection.

Calculating the eigenvalues A of a matrix H is a non-
linear operation, in general. However, calculation of the
moments of the eigenvalue distribution is conveniently done
by a normalized trace since

1 N
~ AR =tr(H™) (24)
k=1

with )
tr(H) 2 + trace(H). (25)
In the following, we also use
A
Tr(H) = lim tr(H). (26)

N —o0

to denote the normalized trace in the large matrix limit.
The eigenvalue distributions of several types of random ma-
trices are examined in greater detail in the following.

A.1 Full Circle Law

Let the random matrix H be square N x N with in-
dependent identically distributed entries with zero mean
and variance 1/N. Let £ denote the set containing the
eigenvalues of H. Then, the empirical distribution of the
eigenvalues

1
PH(z):N}{)\EE:S‘E)\<3?z/\%)\<Sz}| (27)
converges to a non-random distribution function as N — oo

whose density is given by

PH (Z)Z {% |Z|<1 (28)

0 elsewhere

The eigenvalues are uniformly distributed within the com-
plex unit circle.
A.2 Semi-Circle Law
Let the random matrix H fulfill the same conditions as
needed for the full circle law. Let
H+ H"
V2
Then, the empirical distribution of the eigenvalues of K

converge to a non-random distribution function as N — oo
whose density is given by

pK(x)—{%VZL_xQ |.’L'|<2

0 elsewhere -

K= (29)

(30)

The semicircle distribution plays a central role in free
probability theory, cf. Section IV, where it serves as the
equivalent to the Gaussian distribution in classical proba-
bility theory. Its even moments are the Catalan numbers
Cn

+2
T (K™) = %/xm\/él—gﬂdx (31)
= Cm;z V'meven (32)
A 1 m
T om/2+1 ( m/2 ) (33)

which play a crucial role in combinatorics, see [6] for further
reading. Since the semicircular density is symmetric, the
odd moments vanish.



A.3 Quarter Circle Law

Let the random matrix H fulfill the same conditions as
needed for the full circle law. Then, the empirical distri-
bution of the singular values of H, i.e. the eigenvalues of

Q=VHH",

converge to a non-random distribution function as N — oo
whose density is given by

1 )
pQ(I)—{wV4 T O§I<2'

0 elsewhere

(34)

(35)

This distribution is called the quarter circle distribution.
Obviously, its even moments are identical to those of the
semicircular distribution. However, its odd moments do
not vanish. They are given by

2

™(Q™) = %/xm\/ — 22dx (36)
’ 22m
= — V'modd. (37)
™ (% + 1) < ﬂ% )

With standard methods for the transformation of prob-
ability densities, see [7], the asymptotic eigenvalue distri-
bution of Q* = HH" can be derived. It reads

1 4—z

sz(x)_{ﬂ\/T O<z <4 (38)
0 elsewhere

Its m™ moments (even and odd) are the Catalan numbers

C,n. This distribution is a special case of the Maréenko-
Pastur distribution which also plays a central role in free
probability theory.

A.4 Deformed Quarter Circle Law

The quarter circle law is part of a more general result for
rectangular matrices: Let the entries of the N x K matrix
H be independent identically distributed with zero mean
and variance 1/N. Then, the empirical distribution of the
singular values of H, i.e. the eigenvalues of

R=VHH"

converges to a non-random distribution function as
N, K — oo with 8 = K/N fixed and its density is given by

(39)

2
Vis--1-8)" -0 <z<1++/B
PR (I) — T .
[1—p6]td(x) elsewhere
(40)
Again, we also consider the eigenvalue distribution of
R? = HH" and find

VA4B—(z—1-p)?

2mx

(1—\/B)Q<x<(1+\/3)2'

elsewhere

Pre (7) =
(1 =B d(x)
(41)

This distribution is known as the Marcenko-Pastur distri-
bution and its moments are given by

=L (1))

i=1

(42)

It has been used in [8] to calculate channel capacity (5) for
CDMA with independent identically distributed random
spreading.

A.5 Haar Distribution

Let the random matrix H be square N x N with inde-
pendent identically complex Gaussian distributed proper!
entries with zero mean and finite positive variance. Then,
the empirical distribution of the eigenvalues of the unitary
random matrix

1
T-H (HHH) : (43)
converges to a non-random distribution function as N — oo
whose density is given by

1

pr (2) = 5= 6(|z[ = 1)

5 (44)

Obviously, all of its moments E |z|™ = 1 equal unity.

It is obvious that all eigenvalues lie on the complex unit
circle, since the matrix T is unitary. The essential state-
ment of (44) is that the eigenvalues are uniformly dis-
tributed.

Note that unlike the circle laws in previous subsections,
(44) demands for Gaussian distributed entries in the ran-
dom matrix H. This condition does not seem to be neces-
sary, but allowing for any complex distribution with zero
mean and finite variance is not sufficient [10].

A.6 Inverse Semi-Circle Law
Let the random matrix T fulfill the same conditions and

be defined in the same way as in Section III-A.5. Let

Y =T+T" (45)
Then, the empirical distribution of the eigenvalues of Y
converge to a non-random distribution function as N — oo
whose density is given by

11
Py (I) — { T [A— 2 |£L'| <2 ) (46)
0 elsewhere

B. Stieltjes Transform

There are only few kinds of random matrices for which
the corresponding asymptotic eigenvalue distributions are
known explicitly. For a wider class of random matrices,
however, explicit calculation of the moments turned out to
be feasible, see Section IV-F for an example.

The task of finding an unknown probability distribution
given its moments is known as the problem of moments. It

1A complex random variable is said to be proper if real and imagi-
nary part are independent and identically distributed [9].



was addressed by Stieltjes in 1894 [11] using the integral

transform
G(s) s / dP (z)

Tr—S

(47)

with Ss > 0. It is now commonly referred to as the Stieltjes
transform.

A simple Taylor series expansion of the kernel of the
Stieltjes transform

dam G(s’l)
—lim — — 7 — ! m
gl_r% i m./x dP (x) (48)
shows how the moments can be found given the Stieltjes
transform without the need for integration. The proba-
bility density function can be obtained from the Stieltjes
transform simply taking the limit

lim l\rG(x +jy)

y—0+ 7T (49)

p(z) =

which is often called the Stieltjes inversion formula [12].

B.1 Products of Random Matrices

Let the random matrix H fulfill the same conditions as
needed for the deformed quarter circle law. Moreover, let
X = X" be an N x N Hermitian matrix, independent
of H, with an empirical eigenvalue distribution converg-
ing almost surely in distribution to a distribution function
Px (z) as N — oo. Then, almost surely, the eigenvalue
distribution of the matrix product

P=HH"X (50)
converges in distribution, as K, N — oo, but g = K/N
fixed, to a nonrandom distribution function whose Stieltjes
transform satisfies

GP(S)_/I(l—B—BSGP(s)) -8

for Ss > 0.

This result was proven in its present form by Silverstein
[13]. Under less general conditions on the statistics of H
and X, it can be found in the earlier work of Yin [14].

(51)

B.2 Sums of Random Matrices

Let the random matrix H fulfill the same conditions as
needed for the deformed quarter circle law. Let X = X1
be an N x N Hermitian matrix with an eigenvalue distri-
bution function converging weakly to P x (x) almost surely.
Let Y = diag (y1,...,yx) be a K x K diagonal matrix and
the empirical distribution function of {yi1,...,yx} € R*
converge almost surely in distribution to a probability dis-
tribution function Py (2) as K — oco. Moreover, let the
matrices H, X,Y be jointly independent. Then, almost
surely, the empirical eigenvalue distribution of the random
matrix

S=X+HYH" (52)

converges weakly, as K, N — oo, but § = K/N fixed, to a
nonrandom distribution function whose Stieltjes transform
satisfies

ydPy (y > (53)

Gs (o) = GX( _ﬁ/1+sz

for Ss > 0.

This result was proven in its present form by Silverstein
and Bai [15]. Under less general conditions on the statis-
tics of H and X, it can be found in the earlier work of
Marcenko and Pastur [16]. It was used by Tse and Hanly
[17] to derive asymptotic results for the SINR of linear mul-
tiuser receivers. Subsequently, it was used by Shamai and
Verdt [18] to derive the capacity of the flat fading Gaussian
CDMA channel with several types of receivers.

B.3 Girko’s Law

Let the N x K random matrix H be composed of inde-
pendent entries (H );; with zero-mean and variances w;; /N
such that all w;; are uniformly bounded from above. As-
sume that the empirical joint distribution of variances

w : [0,1] x [0,5] — R defined by w(z,y) = w;; for i,j
satisfying
i i+1 J Jj+1
—<z< d —<y< — 54
NS TSy an N SVSTy (54)

converges to a bounded joint limit distribution w(z,y) as
K = BN — oo. Then, for each a,b € [0,1],a < b, and
S(s) >0

[bN] b

% > (HHH_SI)71—>/u(:C,S)dCC

} (55)

i=[aNT] v J
where convergence is in probability and u(z, s) satisfies the
fixed point equation

B
u(z,s) = —s+/
0

for every x € [0,1]. The solution to (56) exists and is
unique in the class of functions u(z,s) > 0, analytic for
J(s) > 0 and continuous on z € [0,1].

Moreover, almost surely, the empirical eigenvalue distri-
bution of H H™ converges weakly to a limiting distribution
whose Stieltjes transform is given by

-1
w(z,y)dy

w(z!,y) da’

(56)

1+ [u(2,s)

Ct— =

1

9= [ute.s)

0

This theorem is due to Girko [19]. It has been used by
Hanly and Tse [20] to proof resource pooling of chips and
receive antennas in CDMA systems with antenna diversity.



TABLE 1
TABLE OF STIELTJES TRANSFORMS (S's > 0).

1
GO‘I(S) - a— S8
Gk (s) = \/
4 (s 2 S 1
Gq(s) = /1 —S—2<§—sarcsm )—5—%
1 4 1
B 1-p6)2 1+ 1 1 1-p
Gr2 (3) = \/ 4s? 25 T1732 2
—sign (Rs
ov () = A
TABLE II

PROPERTIES OF THE STIELTJES TRANSFORM (FOR ANY N X BN
MATRIX X).

Ga (Vs) = Ga (=V/5)

G>\2 (S) = 2\/5
Gxxn(s) = PGxux (s)+ p-l
IG(s) > 0

B.4 Stieltjes Transforms of Some Distributions

The Stieltjes transforms of the distributions in Table I
can be found either via the defining integral or (often eas-
ier) via solving (51). The Stieltjes transforms in Table I
hold for all s € C\ R. Due to the multiple branches of the
complex square root, some formulas can be further simpli-
fied in the local neighborhoods of particular s.

C. Convergence Properties of Eigenvectors

While there are many results known in literature about
the eigenvalues of large random matrices, few is known
about the eigenvectors. However, there is one particular
result which proves helpful for communications engineering
applications:

Let H be an N x K random matrix with independent
identically distributed real-valued random entries with zero
mean and all positive moments bounded from above. Let
the orthogonal matrix U be defined be the eigenvalue de-
composition

U'AU =H"H. (58)
Note that the rows of U are the eigenvectors of H' H.
Let € RY with ||z|| = 1 be an arbitrary vector with unit

Euclidean norm and the random vector y = [y1,...,yn]T
be defined as

y=Uz. (59)

Then, as N, K — oo, but § = K/N fixed,

[tN]

Z yi — t
k=1

almost surely for every ¢ € [0;1] with [z] denoting the
nearest integer to x which is not smaller than z [10].

This result is like a law of large numbers for the com-
ponents of any linear combination of the components of
the eigenvectors of H TH. It is not obvious to hold, since
the elements of the eigenvector matrix UT are not statis-
tically independent. However, this theorem shows that,
for the purpose of summing its squared elements, we can
assume they were statistically independent in the large ma-
trix limit.

The convergence in (60) straightforwardly implies the
following extension: Let the real-valued sequence «j be
uniformly bounded from below by a constant larger than
zero. Then, under the same conditions as required for (60)
to hold, we have almost surely

(60)

[tN] ftN 1

Z akyk I 121100— Z Qf.

k=1

(61)

This result can be used to show the almost sure convergence
of the SINRs of linear MMSE detectors, see Section III-D.

D. Applications

In the following, some examples are given to demonstrate
the usefulness of the previous results form random matrix
theory to communications engineering.

D.1 Convergence of the SINR of the Linear MMSE Detec-
tor

Consider the linear MMSE detector studied in Section II-
C with a real-valued channel matrix H. Its SINR is given
by (20) as

SINRy, = ! —
1—Puf (0247 + PI) "y

In general, it is different for each user k. However, if the
channel matrix H is composed of independent identically
random entries with zero mean, variance 1/N and all other
moments finite, we can use the deformed quarter circle law
and (61) to show almost sure convergence of the SINR, of
all users to the same deterministic limit, as the matrix size
grows large.

If we let z, =1 = 24, = 0 in (59), we find from (61)
the almost sure convergence

-1

(62)

1— Puj (03A™" + PI)71 Uy

— 1-PTr(ojA™ "+ PI)
2 2 -1
90 90
= =—Tr{=I+A4 .
P (P + )

From (47) and the deformed quarter circle law, we get the
almost sure identity

o8 -t o8

“t(63)

(64)

(65)



With Table II, the Stieltjes transform Ggrg (s) can be
expressed in terms of G (s). The latter is given ex-
plicitly in Table I. Thus, combining (62), (64), and (65)
gives after some trivial algebra the large system limit for
the SINR of user k

(L-B)P 1+\/(1—6)2P2

(1+p5)P
203 4
(66)
This derivation was limited to real-valued channel matrices
due to technical reasons (a convergence property for eigen-
vectors of complex matrices similar to (61) has not been
established so far). However, it can be shown (via more
involved methods) that it does hold for complex channel
matrices, as well.

If the powers of the users differ, an explicit expression for
the asymptotic SINRs is not possible. However, the SINRs
still converge to asymptotic limits as shown by Tse and
Hanly [17]. They turn out to be not identical, but linear
functions of the power of the user of interest. Denoting the
power of user k by P, and assuming the empirical distri-
bution of powers over the user population to converge to a
limiting distribution Pp (p) as K = BN — oo, we find [17]

SINRy, —

20(2) 2 406"

SINRy, — Py (67)
with )
n= . (68)
ol + 0 f p1+1;np

Tse and Hanly’s asymptotic result was used by Caire and
Miiller in [21] to optimze power control in iteratively de-
coded CDMA systems which a large number of users.

D.2 Implementation of the Linear MMSE Detector

The linear MMSE detector, see Section II-C, reduces
complexity of detection from exponential to polynomial de-
pendency on the system dimension K. Nevertheless, it still
requires a matrix inversion in (16) for performing its task.
This matrix inversion is computationally very costly, if it is
performed by algorithms which cannot be implemented on
parallel hardware architecture such as Gauss elimination.

Parallel algorithms for matrix inversion operate itera-
tively. The classical Gauss-Seidel algorithm approximates
the inverse matrix by a matrix-valued Taylor approxima-

tion -
Z (I—aX)
1=0

in the neighborhood of some multiple a~! of the identity
matrix which converges if all eigenvalues of the matrix X
lie within the interval (0;2) [22]. By appropriate choice
of the parameter «, convergence can always be ensured for
positive definite matrices.

In principle, @ can be chosen arbitrarily tiny ensuring
convergence for any positive definite matrix. In practice,
however, one would like to choose o not too small to avoid
numerical inaccuracies due to quantization errors. For the
latter purpose an upper bound on the eigenvalues of the

(69)

matrix X is helpful. For asymptotically large random ma-
trices such upper bounds are provided by random matrix
theory. If the channel matrix is composed of independent
identically distributed random entries, for instance, the
eigenvalues of HH H are asymptotically upper bounded by

Ao < (1+\/B)2

via (41). The matrix to be inverted for the linear MMSE
detector is 021 + PHH". Since addition of identity ma-
trices increases all eigenvalues by 1, convergence is ensured

if
2
g+ P(1+VB) <=
In practice, one would like to fulfill this condition with some
margin to speed up convergence and to cope with devia-
tions of the eigenvalue distributions of finite-size random
matrices from their asymptotic behavior. A more compre-

hensive treatment of this matter can be found in the work
of Trichard et al. [23].

(70)

(71)

D.3 Polynomial Expansion Detectors

The iterative method for matrix inversion presented in
the previous subsection can be parallelized to run on up to
K processors. Though, it may still require many iterations
to converge. The convergence can be accelerated signif-
icantly making use of the asymptotic convergence of the
eigenvalue distribution of the matrix to be inverted.

Assume you want to invert a K x K matrix X whose
eigenvalues £ = {\1,..., Ax} are known to you. Note that
due to the Cayley-Hamilton Theorem [24] any matrix is a
zero of its characteristic polynomial

H X — M\ D)F (72)
Expanding the product into a sum, we find
K
(L)X =0 (73)
k=0

with some coefficients ¢; depending on the eigenvalues of
X . Solving this equation for X° = I and multiplying both

sides X ! gives the desired inverse matrix as a (K — 1)
order polynomial in X
1 - chi1(L) o & - k
X =- — X" = wi (L) X", 74
kZ:O T ,; (£) (74)

Since the eigenvalue distribution depends only on the
statistics of X, the coefficients wy, = —cg11/co can be pre-
computed for large-dimensional random matrices.

While the Gauss-Seidel iteration (69) requires, in prin-
ciple, the summation of an infinite number of terms to
achieve arbitrary precision, the knowledge of the eigenval-
ues reduces the number of terms to be summed to the di-
mension of the matrix.

Evaluating a polynomial of degree K — 1 can still be
a task too complicated to perform in real-time. Though



polynomials with lower degrees can, in general, not equal
the inverse of the matrix, they may be accurate approxi-
mations. Depending on the cost function for the approxi-
mation error, various designs for the coeflicients of shorter
polynomials are sensible.

Defining the total mean-squared error as cost function,
the optimum coefficients for polynomial of order L — 1 are
determined by a system of Yule-Walker equations [25]

my ma ms mr+4+1 Wo
ma ms3 my mr+2 w1
mr mr+1 Mrp42 mar, Wr—1
(75)
where
K
Al k
i=1

Moshavi et al. [25] suggested to track the empirical eigen-
value moments my, adaptively and to solve the Yule-Walker
equations (75) in real-time. Since these moments converge
to non-random deterministic limits for a large class of ran-
dom channels matrices, they can be computed analytically
as functions of the channel statistics and so can the weights.
This approach was proposed by Miiller and Verdu [26]
and explicit expressions for the optimum weights and the
achievable SINRs were given for channel matrices with in-
dependent identically distributed entries. Their results can
be generalized to channel matrices with other asymptotic
statistics using results summarized in the next section.

The weights can also be calculated adaptively inter-
preting the polynomial expansion detector as a multistage
Wiener filter [27], [28]. This approach was followed by
Honig and Xiao [29] and large system SINRs were derived
for equal power users in terms of continued fractions. A
generalization for users with different powers can be found
in [30]. Loubaton and Hachem [31] highlighted the connec-
tion between the Marcéenko-Pastur distribution, continued
fractions, and orthogonal polynomials for the analysis of
polynomial expansion detectors. Such a connection is well
established in mathematical literature [32], but found its
way into the design and analysis of code-division multiple-
access only recently.

IV. FREE PROBABILITY THEORY

While random matrix theory considers a large random
matrix as a whole ensemble and proves convergence results,
free probability looks at a random matrix from a different
point of view: A random matrix is primarily seen as a
linear random operator. Free probability theory provides a
framework for dealing with certain classes of linear random
operators.

The essential feature that distinguishes random opera-
tors including random matrices from scalar random vari-
ables is the commutative law which, in general, does not
hold for matrices and others operators. In order to see
why this causes problems for probability theory, if a ran-
dom matrix is seen as a single (non-commutative) random

variable, consider the expectations

E{ley)™} = EA{="y™}
E{&Y)™p # E{X"Y™)

(77)
(78)

where z,y are standard scalar random variables and XY
are random operators. For independent random variables,
all joint moments must factorize which implies

Ef(zy)"} = E{a™y™} = E{«™} E{y™}.

For statistically independent random matrices X and Y,
such a factorization cannot hold, in general, due to the
non-commutative nature of matrix multiplication. Thus,
the fundamental concept of statistical independence does
not make sense, if a random matrix is considered as a single
random object?. Random matrix theory circumvented this
problem, considering a random matrix as being composed
of standard scalar random variables. Thus, it defines sta-
tistical independence of two random matrices if all entries
of the one matrix are jointly independent from all entries
of the other matrix. Both approaches make sense and can
enrich each other. In this section, we take the viewpoint of
free probability. However, we restrict ourselves to asymp-
totically large random matrices as free random variables.
Free probability theory also applies to other classes of ran-
dom operators.

(79)

A. Free Expectation

An expectation operator should be linear and should as-
sign 1 to the identity matrix (the unit element of the matrix
algebra). It turns out that

E {} = Tr()

free

(80)

is the right definition for some random matrices to fit into
the framework of free probability theory. We call those
random matrices converging random matrices. All random
matrices discussed in Section IIT are converging. For those
random matrices, Tr(:) is indeed (almost surely) a deter-
ministic quantity (as any expectation should be) due to the
asymptotic convergence of their eigenvalues.

B. Freeness

Freeness is the conceptual counterpart in free probabil-
ity to independence in classical probability theory. Un-
fortunately, defining freeness is considerably more involved
than defining independence. The reason for this is due to
the non-commutative nature of matrix multiplication and
will soon become clear.

Consider the following example of four random matrices
and assume that they satisfy

Tr(ABCD) = Ti(AB)Ty(CD) (81)
Tr(ACBD) # Ti(AB)Tx(CD) (82)
Ti(ACBD) # Ti(AC)Tr(BD). (83)

2Note that the more common definition of statistical independence
by factorization of densities fails even more obviously, since it is not
possible to even define a joint density in a sensible way due to the
lack of appropriate relation operators “<” and “>”.



For classical random variables and classical expectation op-
erators, (81) and (82) would contradict each other, since
(81) implies that the random variables AB and CD are
uncorrelated while (82) implies that they are not. For non-
commutative multiplication, however, (81), (82), and (83)
can be true at the same time. In fact, with an appro-
priate definition of freeness, we find that (81), (82), and
(83) are implied by the assumption that the sets {A, B}
and {C, D} form a family of free random variables. Note,
however, that (81), (82), and (83) do not imply freeness
of the family ({A, B}, {C, D}), but additional conditions
need to be satisfied. In particular, the definition of freeness
must respect the ordering of matrix factors in all possible
products (joint moments).

B.1 Non-commutative Polynomials

Due to the non-commutative nature of matrix-
multiplication, there are more different matrix polynomials
of two or more variables for a fixed degree than for commu-
tative variables such as the real or complex numbers. On
the one hand, let x,y be real numbers. The set of all n®
order polynomials in two variables z and y is given by

A& o
y) = {Z O[Z'Iély !
=1
li,m; € {O,l,...,n}/\ai € RV’L} (84)

For order two for instance, it is canonically given by a sum
with only nine terms

a1172y2 + OZQZEQy + agxy2 + a4x2 + asxy + a6y2—|—

+ arx + agy + Qg. (85>

On the other hand, let A, B be real matrices. The set of all
th order non-commutative polynomials in two variables A
and B is given by

Po(A,B) 2 {iai ﬁ AlikBmik
i=1 k=1

Z&k,Zmzk 6{0,1,...,n}/\ai€RVi}. (86)
k=1

For order two for instance, it is canonically given by a sum
of 19 terms

a1A’B? + 0, AB?A + 03ABAB + a4,BABA +
asBA’B + agB*A® + a7 A’B + asABA + agAB? +
aloBA2 + OéllBAB + a12B2A + 0413A2 + 0414AB +
0415BA + a16B2 + CY17A + OélgB + algl.

(87)
A non-commutative polynomial in p variables of order n

can be defined by

[e%s} n P
Pu(Ay,... A, 2 {Zai TITT A% -

i=1  k=1g¢=1

i&’k’q S {0,1,...,

k=1

n}Aa; € RVi,q} . (88)
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Note that the number of terms can be considerably large
even for small values of n and p.

B.2 Definition of Freeness

In literature [33], [34], [35], [12], freeness is defined in
terms of algebras and sub-algebras. Here we avoid re-
ferring to algebras, and define freeness in terms of non-
commutative polynomials.

Definition IV.1: Let s € {1,2,...,
integers such that

r} be a sequence of

Sk — Sk—1 # O

Then, the sets Q1 = {Ai,..., A}, Qs 2 {By,..., By},
, Q, form a free family (Q1,...,Q,) if, for every se-

quence s obeying (89), any sequence of polynomials @,

such that Q;, € Px(Qs,), and any positive integer n,

Tr(@)=...=Tr(Q,)=0=Tr(Q:Q;---Q,) =0.
(90)

(89)

Note that due to (89) adjacent factors in the product
Q,Q; - - Q,, must be polynomials of different sets of the
family. This reflects the non-commutative nature in the
definition of freeness.

B.3 Calculation of Expectations

Though the definition of freeness is very implicit, it can
be used to recursively calculate cross-family joint moments
of non-commutative random variables out of inter-family
joint moments.

For instance, consider (82) and assume that the factors
are chosen from the free family ({A, B},{C, D}). Choose
the non-commutative polynomials

Q = A- Tr(A)I (91)
Q, = Tr(C)I (92)
Q; Tr(B)I (93)
Q, = Tr(D)L (94)

Note that polynomials with adjacent indices are built of
matrices belonging to different sets of the family. Since

Tr(Qy) = Tr(X — Tr(X)I) =0 (95)
by the linearity of the expectation operator, Definition IV.1
implies
Tr(Q,Q,Q3Q,) = 0. (96)
Plugging (91) to (94) into (96) and expanding the products,
we find with the linearity of the trace

Tr(ACBD) = Tr(B)Tr(ACD) + Tr(D)Tr(ACB)+
+ Tr(A)Tr(CBD) + Tr(C)Tr(ABD)

— Tr(B)Tr(D)Tr(AC)

— Tr(A)Tr(B)Tr(CD)
—Tr(A)Tr(D)Tr(CB)

— Tr(C)Tr(B)Tr(AD)

— Tr(C)Tr(D)Tr(AB)

— Tr(A)Tr(C)Tr(BD)+

+ 3Tr(A)Tr(B)Tr(C)Tr(D)



Now, we have broken down an expectation of four factors
into sums of expectations of up to three factors.

The expectations of three factors can be broken down
into sums of expectations of two two factors. This is
demonstrated at the example of Tr(ACD). Since the
neighboring factors C' and D belong to the same set of
the free family, we must define the non-commutative poly-
nomials in a different way as in (91) to (94). Now, an
appropriate definition is

Q, =
Q, =

Note that with definitions (98) and (99), adjacent polyno-
mials in Tr(Q,Q,) belong to different sets of the free fam-
ily. Proceeding this way for all remaining matrix products
involving factors belonging to different sets of the family

({A, B}, {C, D}), we finally arrive at

A—Tr(A)T
CD — Ty(CD)L

Tr(ACBD) =

(100)

The procedure for products of more than four factors is
obvious, but can be very tedious. The key point to suc-
ceed with this procedure is to define the non-commutative
polynomials in an appropriate way which simply consists
of collecting all factors belonging to identical sets of the
free family and subtract its expectation.

C. Free Random Matrices

Random matrices are a very popular and practically rele-
vant example of non-commutative random variables. How-
ever, not all sets of statistically independent random ma-
trices are capable of forming free families. So far, only a
few examples of random matrices are known which form
free families as their dimensions grow large. Most of them
were discovered by Voiculescu [36], [33]. His results were
strengthened and extended by Thorbjgrnsen and Hiai and
Petz [37], [12] later on.

C.1 Gaussian Random Matrices

Let the random matrices H;,Vi, be square N x N
with independent identically complex Gaussian distributed
proper? entries with zero mean and variance 1/N. More-
over, let X ;,Vj, be an N x N matrices with upper bounded
norm and a limit distribution as N — oco. Then the family

({Xl,XIf,XQ,Xg, N } , {Hl,HIf} , {HQ,HI;} N )

01)
is asymptotically free as N — oo almost surely [12], [37].
C.2 Hermitian Random Matrices

Let the random matrices H;,Vi, be N x K with inde-
pendent identically complex Gaussian distributed proper
entries with zero mean and variance 1/N. Moreover,

3A complex random variable is said to be proper if real and imagi-
nary part are independent and identically distributed [9].
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let the matrices X ;,Vj, be as in Section IV-C.1 and let
S; = H;H} Vi. Then the family

({Xl,x?,xz,xg,...},{51},{52},...)

is almost surely asymptotically free as N, K — oo with
8 = K/N fixed [12], [37].

The asymptotic freeness of some random covariance ma-
trices has been used by Evans and Tse [38] to analyze mul-
tiuser channel estimation in large CDMA systems and by
Biglieri et al. [39] to calculate error rates of space-time
codes. The analysis in [38] shows that the entries of the
random matrices H; need not necessarily be jointly inde-
pendent. Allowing for some structure for the statistics of
the random matrices H; which reflects the nature of mobile
radio channels, Evans and Tse could still prove freeness.
Their results were used and extended by Cottatellucci and
Miiller [40], [41], [42] and Li et al. [43], [44] to design poly-
nomial expansion receivers, see Section III-D.3, for more
general channel conditions.

(102)

C.3 Unitary Random Matrices

Let the random matrices T;,Vi, be N x N Haar dis-
tributed random matrices as defined in Section III-A.5.
Moreover, let the matrices X ;,Vj, be as in Section IV-C.1.
Then, the family

({Xl,XIf,Xg,XI;,...} : {Tl,TIf} : {TQ,TQ{},...)
03)

is almost surely asymptotically free as N — oo [12], [37].

The asymptotic freeness of such unitary random matrices
has been used by Debbah et. al. [45] for the analysis of
multi-carrier systems.

D. R-Transform

The calculation of distributions of functions of several
free random variables via the definition of freeness is often
a very tedious task. However, for some operations such a
summation, significant simplifications are possible.

Let A and B be two non-commutative random variables
belonging to different sets of a free family. Further, let

C2A+B. (104)

Then, we call the probability measure (asymptotic eigen-
value distribution) pc (z) the additive free convolution of
the probability measures pa (x) and pp (z). Unlike classi-
cal convolution which provides the distribution of a sum of
independent commutative random variables, additive free
convolution is a highly non-linear operation and, thus, can-
not be performed by simple integration.

In principle, the moments of pc (z) could be found from
the moments of pa (2) and pp () via the definition of free-
ness. Then, the distributions could be recovered from the
moments solving the problem of moments via the Stieltjes
transform. However, this is a very tedious task. Signifi-
cant simplification is achieved via the R-transform. The
R-transform is defined in terms of the Stieltjes transform
as

(105)



where G~1(-) denotes the inverse function of the Stieltjes
transform with respect to composition (this should not be
confused with the inverse Stieltjes transform).

The R-transform linearizes additive free convolution of
two non-commutative probability measures [33]. Thus, we
have

Re (w) =Ra (w) + Rp (w) . (106)

Then, the distribution of C' can be recovered from the R-
transform via

Ge (Re(—w)—w™) =w (107)
which follows directly from (105) and the Stieltjes inversion
formula (49).

Tse [46] discovered that the additivity of the R-transform
is responsible for the decoupling of interference powers in
the SINRs of asymptotically large random CDMA with lin-

ear multiuser receivers.

D.1 Tables of R-Transforms

In Table III, R-transforms of some of the random matri-
ces introduced in Section ITI-A are listed. Table IV shows

TABLE III
TABLE OF R-TRANSFORMS.

Rjw) = «
Rx(w) = w

1
RQz (w) = I—w
Rp: (w) = %

-1+ V1+4uw?
Ry (w) = —————

two general properties of the R-transform.

D.2 Additive Free Convolution of Binary Measures

Assume that the two free random variables in (104) are
binary distributed
1 1
pa (z) =pB (x):ié(a:—l)—l—gé(:z:—l—l). (108)
Then, by (47), the Stieltjes transforms of their distributions

are
S

1—s2°

Ga(s)=Gpg(s) = (109)

TABLE IV
PROPERTIES OF THE R-TRANSFORM.

Rax (w) = oRx (aw)
ul}iLnOR(w) = /de (z)
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With definition (105), we find that the R-transform is given

by
-1+ V1+4w?

Ra (w) =Rp (w) = o
Here, we have discarded the other branch of the square
root, since lim,, o Ra (w) = 0 by Table IV.

The R-transform of the distribution of C is the sum of
the R-transforms of the distributions of the matrices A and

B. Thus, we find

(110)

-1+ V1 + 4w?

w

Re (w) = (111)
Though it differs only by a factor of 2 from the R-
transforms in (110), it corresponds to an essentially dif-
ferent distribution function. Using Table III, we find that
the additive free convolution of two binary measures gives
the inverse semicircle law

11
po (o) = { Fvrm ol <2 (112)
0 elsewhere

This procedure can be used, in principle, for the additive
free convolution of any distributions. Practical problems
occur, when calculating the inverse functions in (105) and
(107), since these function can happen to not allow for an
inverse function in closed form, e.g. since they are poly-
nomials of fifth or higher order. In some of these cases,
it helps to apply the Stieltjes inversion formula (49) to an
implicit equation for the Stieltjes transform Ge (s). This
results in solving a system of two equations for the real
and imaginary part of G (s). In the worst case, one might
succeed to develop those functions which cause trouble into
power series. The latter approach, however, is rather com-
plicated. It can be simplified, making use of the Kreweras
complement (see e.g. [12]).

The additive free convolution of two binary distributions
has turned out to be a continuous distribution. This is in
sharp contrast to what we are used from adding (classical)
commutative random variables.

D.3 Free Central Limit Theorem

In classical (commutative) probability theory, the sum of
an infinite number of independent identically distributed
zero-mean terms is Gaussian distributed. This is well-
known as the central limit theorem. It seems obvious that
there should be some counterpart in free probability as well.
It is intuitive that the notion of statistical independence
should be replaced by freeness, but what is the counter-
part of the Gaussian distribution?

Consider again the additive free convolution of free bi-
nary measures as in the previous subsection. However, let
there be now n terms to be summed and the sum to be
normalized to unit variance

C, = \F ZAk (113)
We know from (110) and Table IV that
/02 - Anw? —
Ro, (w) = Y2 —n (114)

2w
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Fig. 1. Additive free convolution of several binary measures.

In the Stieltjes domain, this reads

1(n—2)s—+vn?s? —4n? +4n
G == 115
e, (5) =5 o (115)
which, for n > 1, corresponds to the density
VAT dnna?
pC., (:v)={# e [z <2/1=1/n  (116)
0 elsewhere
The densities for n < 8 are shown in Fig. 1. One can

observe that they approach the semicircular distribution.
This can be easily verified from (114) since

lim Re, (w) =w

n—oo

(117)

and w is the R-transform of the semicircle law by Table III.
It can also be seen, taking directly the limit n — oo in
(116).

The semicircular distribution is not only the limit distri-
bution for the additive free convolution of many binary
measures, but any appropriately scaled zero-mean mea-
sures with finite moments, as proven in the following.

The R-transform is an analytic function within the neigh-
borhood of w = 0. Thus, we can write it as

E agkw

where o ; = 0 since we assume Tr(Ax) = 0. From (110),
(113), and Table IV, we find

Ra, (w (118)

lim R, (w) = nlingofiR (%) (119)
n oo 4
= nllngoinzzaek (%) (120)

13

= 1. — .
Jim Zalﬂkw (121)
k=1
Using Tables III and IV, this can be identified as a scaled
semicircle distribution regardless of the higher order mo-
ments of the distributions of the terms to be summed.

E. S-Transform

In analogy to additive free convolution, we define

D2 AB (122)
and call the probability measure pp () the multiplicative
free convolution of the two probability measures pa (z) and
pe (z), again under the restriction that A and B belong
to different sets of a free family of non-commutative ran-
dom variables. Though, the factors are non-commutative
operators, multiplicative free convolution is commutative
[33].

Under the additional assumption that the probability
measures of both factors have non-zero mean, i.e. Tr(A) #
0 # Tr(B), we can linearize multiplicative free convolu-
tional via the definition of an appropriate transform such
that

Sp(2) =Sa(2)SB (2)

where S(-) is called the S-transform. In order to define
the S-transform explicitly, we first introduce an auxiliary

transform
s
/ - dP (z)
s (s_l) -1

which can be obtained either directly by integrating an
appropriate kernel with respect to the measure of interest
(124) or in terms of the Stieltjes transform (125). Since
the definition in terms of the Stieltjes transform is rather
straightforward, we do not provide a table for the auxiliary
transform Y (-). Calculating the inverse with respect to
composition of this auxiliary transform, the S-transform is
given as

(123)

1>

T (s) (124)

(125)

él—i-z
Tz

S(z) T (). (126)
In order to return to the probability distribution, you re-
turn to the Stieltjes domain via (126) and (125) and then
apply the Stieltjes inversion formula (49).

S-transforms of some of the random matrices introduced
in Section ITI-A are listed in Table V.

It was shown by Miiller [47] that Silverstein’s formula
(51) for products of some asymptotic random matrices
is equivalent to applying the S-transform. Thus, the S-
transform is not restricted to free random matrices, but
also applies to any asymptotic random matrices which obey
the conditions of Section III-B.1.

Channel Modeling

Asymptotic freeness of certain large random matrices can
be used to characterize the properties of communication

F. Example:



TABLE V
TABLE OF S-TRANSFORMS.

Ser(?) = é
Sk () = undefined
Sz (2) = 1 j— z

1
Sgr2(2) = G+ 2
Sy (2) = undefined

channels with antenna arrays at both ends of the commu-
nication link in terms of the singular values of the channel’s
transfer matrix. This approach was studied by Miiller [48]
for the first time decomposing the channel matrix into a
product of three asymptotically free matrices: the steer-
ing matrix at transmitter side, a scattering matrix, and a
steering matrix at receiver side. The approach was gener-
alized to matrix products of more factors by Miiller in [47]
and dispersive channels with decaying power-delay profile
in [49] and confirmed by measurements in [50]. As an exam-
ple the asymptotic eigenvalue distribution associated with
a channel composed of an arbitrary number of free matrix
factors is calculated by means of the S-transform.

Consider a communication channel with Ky transmit-
ting and Ky receiving antennas grouped into a transmit-
ter and a receiver array, respectively. Let there be N — 1
clusters of scatterers each with K,,,1 < n < N — 1, scat-
tering objects. Assume that the vector-valued transmitted
signal propagates from the transmitter array to the first
cluster of scatterers, from the first to the second cluster,
and so on, until it is received from the (N — 1) cluster by
the receiver array. Such a channel model is discussed and
physical motivation is given in [51, Sec. 3]. Indoor propa-
gation between different floors, for instance, may serve as
an environment where multifold scattering can be typical,
cf. [52, Sec. 13.4.1].

The communication link outlined above is a linear vector
channel that is canonically described by a channel matrix

N
Hy=MyMy_ - MM, 2 [[ M, (127)
n=1

where the matrices M1, M1,<n, and M n denote the
subchannels from the transmitter array to the first cluster
of scatterers, from the (n — 1)%* cluster of scatterers to the
n™ cluster, and from the (N — 1)t cluster to the receiving
array, respectively. This means that M, is of size K, X
Kn_1.

The performance of communication via linear vector
channels described as in (127) is determined by the Ky

. . . A

eigenvalues of the covariance matrix Cy = HyH % for
many practically relevant cases. In the following, the
asymptotic distributions of these eigenvalues are calcu-
lated.
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Assume that the family ({M} M}, {MyM-,}, ...,
{M\ M y}) is asymptotically free as all sizes K, tend to
infinity with the ratios

é Kn—l
Xn = K, )

1<n<N, (128)

remaining constant. Consider the random covariance ma-
trices

i i H
C; 2 H,H" = (H Mn> (H Mn> . (129)
n=1 n=1

In the following, the asymptotic eigenvalue distribution of
C'y is recursively calculated applying the S-transform.

For that purpose, note that the non-zero eigenvalues of
the matrices

. i H
G 2 <H1 Mn> <H1 Mn> MY, (130)

and C; are identical and that
Ciy1=CMY M, Vi (131)

Since the non-zero eigenvalues of the matrices C; and C,;
are identical, their empirical distributions differ only by a
scaling factor and a point mass at zero. In the Stieltjes
domain, this translates with Table II into

1 7
G, (s) + < = xiG, () + 2. (132)

It is straightforward from (125) and (126) that (132) reads
in terms of 7'(s) and S(z) as

TCi (S) =

SCi (2)

XxiTe,(5) (133)

1
z+ Sév ( z ) 7
X T\ X
respectively. Let the entries of Mi<,<n be independent

and identically distributed with zero-mean and respective
variances 1/K,,. Then, Table V yields

(134)

1
St = 135
M; MH (2) 2+ (135)
1
S , . 136
MM, (2) 1+ 2v; (136)
Now, we proof by induction:
Lemma IV.1: Define the ratios
A K,
n = ——. 137
"= (137)

Let K,, — oo, but the ratios p, remain fixed for all 0 <
n < N. Then,

N
Pn
Scy(2) = T 138
ex) =T 5 (138)



Proof: Since the ratios p, depend on N via (137), (138) is
re-written into

Sex (2 (139)

S
o BN+ Kn
First, (139) is verified for N = 1. (135) directly gives

1 K

S = =
Cl(z) Z+X1 ZK1+KO

(140)

which proofs (139) for N = 1.

Second, assuming (139) holding for the i-fold product,
(139) is shown to also hold for the (i 4+ 1)-fold product.
Transforming (131) into the S-domain gives

1

—_ . 141
1+ZKN/KN+1 ( )

Séy.1(2) = Scy(2)

The rotation formula (134) yields

SéN+l (z
SCN (2

We make use of the assumption that (139) is valid for the
N-fold product and find

z+1

Sennl®) = S R R

Ky
142
Ky > (142)

which gives with (141)

Kyt

Sovil®) = Ryt E

%> . (143)

Ky

N
KNJrl Kn
S = 144
Cna(2) 2Ky + Ky 111;[1 z2KN11+ Ky (144)
N+1
K,
= _ 145
71;[1 2Ky + Ky (145)
Hereby, the induction is complete. O
The lemma yields with (126) and (125)
N )4 p
s(Toy(s) H 2l Yo (s)  (146)
n=1
e G
Goy (s H pno1 =1 =5Gon(3) a9 21, (147)

The Stieltjes transform of the asymptotic eigenvalue dis-
tribution of Cy is determined in (147) by a polynomial
equation of (N + 1) order. For N > 3, it cannot be re-
solved with respect to the Stieltjes transform, in general.
However, it is shown in [47] how to obtain an infinite power
series for Y, (s) and calculate the moments of the asymp-
totic eigenvalue distribution.

V. REPLICA METHOD

In the previous part of this work, considerations were re-
stricted to the eigenvalues (and eigenvectors) of random
matrices. In order to analyze and design large dimen-
sional communication systems which cannot be described
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by eigenvalues and eigenvectors alone, but depend on more
complicated functions of the channel matrix, such as mini-
mum distances between signal points, a more powerful ma-
chinery than random matrix and free probability theory
is needed. Such a machinery was developed in statistical
physics for the analysis of some particular magnetic mate-
rials called spin glasses and is known as the replica method
[53].

The replica method is also able to reproduce many of
the results which were found by means of random matrix
and free probability theory, but the calculations based on
the replica method are often much more involved. Addi-
tionally, the replica method, in contrast to free probabil-
ity theory, has not been developed into a mature theory,
yet. Moreover, it is still lacking mathematical rigor in some
respects. However, due to its success in explaining physi-
cal phenomena and its consistency with engineering results
from random matrix and free probability theory, we can
trust that its predictions in other engineering applications
are correct. Nevertheless, we should always exercise par-
ticular care when interpreting new results based on the
replica method. Establishing a rigorous mathematical ba-
sis for the replica method is a topic of current research in
mathematics and theoretical physics.

A. Self Average

While random matrix theory and recently also free prob-
ability theory [12], [37] prove the (almost sure) conver-
gence of some random variables to deterministic values in
the large matrix limit, statistical physics does not always
do so. It is considered a fundamental principle of statis-
tical physics that there are microscopic and macroscopic
variables. Microscopic variables are physical properties
of microscopically small particles, e.g. the speed of a gas
molecule or the spin of an electron. Macroscopic variables
are physical properties of compound objects that contain
many microscopic particles, e.g. the temperature or pres-
sure of a gas, the radiation of a hot object, or the magnetic
field of a piece of ferromagnetic material. From a physics
point of view, it is clear which variables are macroscopic
and which ones are microscopic. An explicit proof that a
particular variable is self-averaging, i.e. it converges to a de-
terministic value in the large system limit, is a nice result,
if it is found, but it is not considerably important to the
physics community. When applying the replica method,
systems are often only assumed to be self-averaging. The
replica method itself must be seen as a tool to enable the
calculation of macroscopic properties by averaging over the
microscopic properties.

B. Free Energy

The second law of thermodynamics demands the entropy
of any physical system with conserved energy to converge to
its maximum as time evolves. If the system is described by
a probability distribution pg (x) of states x € R¥ ! this
means that in the thermodynamic equilibrium the (nor-



malized) entropy

=——= ZPr ) log Pr(x) (148)
is maximized while keeping the (normalized) energy
Z Pr(x)||x|| (149)

constant. Hereby, the energy function ||z|| can be any mea-
sure which is uniformly bounded from below.

The distribution at thermodynamic equilibrium is easily
shown by the method of Lagrange multipliers to be

e—%nwu

Pr(x) = Ee =

(150)

and called the Boltzmann distribution. The parameter T'
is called the temperature of the system and determined by
(149). For a Euclidean energy measure, the Boltzmann
distribution takes on the form of a Gaussian distribution
which is well-known in information theory to maximize en-
tropy for given average energy.

A helpful quantity in statistical mechanics is the (nor-
malized) free energy® defined as

F(x) = E(x)—TH(x)
T RTINS
= —Flog <;e 7!l ||> .

In the thermodynamic equilibrium, the entropy is maxi-
mized and the free energy is minimized since the energy is
constant. The free energy normalized to the dimension of
the system is a self averaging quantity.

(151)

(152)

C. The Meaning of the Energy Function

The free energy is clearly related in statistical mechan-
ics to the entropy of the system at given energy due to
(151). This establishes the usefulness of the free energy
for information theoretic tasks like calculations of channel
capacities. Moreover, the free energy is a tool to analyze
various types of multiuser detectors. In fact, the free en-
ergy is such a powerful concept that it needs not any coding
to be involved in the communication system to yield strik-
ing results. The only condition, it requires to be fulfilled,
is the existence of macroscopic variables, microscopic ran-
dom variables and the existence of an energy function. For
communication systems, this requires, in practice, nothing
more than their size growing above all bounds.

The broad applicability of the statistical mechanics ap-
proach to communication systems stems form the validity
of (151) for any definition of the energy function. The en-
ergy function can be interpreted as the metric of a detector.
Thus, any detector parameterized by a certain metric can
be analyzed with the tools of statistical mechanics in the
large system limit. There is no need that the performance

4The free energy is not related to freeness in free probability theory.
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measures of the detector depend only on the eigenvalues
of the channel matrix in the large system limits. However,
there is a practical limit to the applicability of the statis-
tical mechanics framework to the analysis of large commu-
nication systems: The analytical calculations required to
solve the equations arising from (151) are not always fea-
sible. The replica method was introduced to circumvent
such difficulties in certain cases. Many other cases, how-
ever, have remained intractable until present time.

Consider a communication channel uniquely character-
ized by a conditional probability density p,, (y,2) and a
source uniquely characterized by a prior density p, (z).
Consider a detector for the output of this channel char-
acterized by an assumed channel transition probability
Py|z (¥, ) and an assumed prior distribution p, (z). Let
the detector minimize some kind of cost function, e.g. bit
error probability, subject to its hypotheses on the channel
transition probability p,, (y,2) and the prior distribution
Dz (x). If the assumed distributions equal the true distri-
butions, the detector is optimum with respect to its cost
function. If the assumed distributions differ from the true
ones, the detector is mismatched in some sense. Many
popular detectors can be described with this framework,
see Sections II-B and II-C for a few examples.

The minimization of a cost function subject to some hy-
pothesis on the channel transition probability and some
hypothesis on the prior distribution defines a metric which
is to be optimized. This metric corresponds to the energy
function in thermodynamics and determines the distribu-
tion of the microscopic variables in the thermodynamic
equilibrium. In analogy to (150), we find

e_%HmH

To Hlag (153)

f)m|y,H (il), Y, H) =

where the dependency on y, H, and the assumed distri-
butions is implicit via the definition of the energy function
[| - ||. The energy function reflects the properties of the
detector. Using Bayes’ law, the appropriate energy func-
tion corresponding to particular hypotheses on the channel
transition function and the prior distribution can be calcu-
lated via (153).

In order to study macroscopic properties of the system,
we must calculate the free energy of the system. For that
purpose, we make use of the self-averaging property of the
thermodynamic equilibrium and (152):

F(x) = F(xly,H) (154)
= e H) (155)
B %5 logmdljy(y) (156)

Note that, inside the logarithm, expectations are taken
with respect to the assumed distribution via the definition
of the energy function, while, outside the logarithm, expec-
tations are taken with respect to the true distribution.

In the case of matched detection, i.e. the assumed distri-
butions equal the true distributions, the argument of the



logarithm in (156) becomes py, (y) up to a normalizing fac-
tor. Thus, the free energy becomes the entropy of y up to
a scaling factor and an additive constant.

Statistical mechanics provides an excellent framework to
study not only matched, but also mismatched detection.
The analysis of mismatched detection in large communi-
cation systems which is purely based on asymptotic prop-
erties of large random matrices and does not exploit the
tools provided by statistical mechanics has been very lim-
ited so far. One exception is the asymptotic SINR of linear
MMSE multiuser detectors with erroneous assumptions on
the powers of interfering users by Miiller and Caire in [54].

D. Replica Continuity

The explicit evaluation of the free energy turns out to be
very complicated in many cases of interest. One major ob-
stacle is the occurrence of the expectation of the logarithm
of a random variable

E log(y). (157)
In order to circumvent this expectation which also appears
frequently in information theory, the following identity is
helpful 5
log(y) = lim —=y". (158)

Under the assumption that limit and expectation can be
interchanged, this gives

E1l =l 0 log Ey™

Elog(y) = lim = log Ey (159)
and reduces the problem to the calculation of the nt" mo-
ment in the neighborhood of n = 0. Note that the expecta-
tion must be calculated for real-valued variables n in order
to perform the limit operation.

At this point, it is customary to assume analytic con-
tinuity of the function E y™. That is, the expectation is
calculated for integer n only, but the resulting formula is
trusted to hold for arbitrary real variables n in the neigh-
borhood of n = 0. Note that analytic continuity is just
an assumption. There is no mathematical theorem which
states under which exact conditions this assumption is true
or false. In fact, establishing a rigorous mathematical fun-
dament for this step in the replica analysis is a topic of
ongoing research.

Relying on the analytic continuity, let

y:/f(:r,y)dl‘

for some function f(z,y). Since the variable of integration
is arbitrary, this implies

(160)

- </f(x,y)dx)n (161)
_ 1_1 [ 1Ganan, (162)

Thus, instead of calculating the n'® power of y, replicas of
are generated. These replicated variables x, are arbitrary
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and can be assigned helpful properties. Often they are
assumed to be independent random variables.

In general, it is not easier to calculate the expectation of
the right hand side of (162) than just the expectation over
y". However, there are some functions f(z,y) for which
the replica method is indeed advantageous, particularly if
there is no closed form solution for [ f(z,y)dz and y can
not be given explicitly. Then, it might help to substitute
the set of variables (z1,...,z,,y) by some other variables

which allow to solve the integral.

E. Replica Symmetry

Typically, integrals arising from the replica ansatz are
solved by saddle point integration. The general idea of
saddle point integration is as follows: Consider an integral
of the form

1
—log/er(I’y)d:Cdy. (163)
K

In the limit K — oo the integral is dominated by that
values z,y which maximize the function f(z,y). Thus, we
have

1 .
lim — log/er(z’y)dxdy =max f(z,y).
K ERY

K—o0

(164)

That means, the integral can be solved taking the deriva-
tive of the argument of the exponential function.

If the function in the exponent is multivariate—typically
all replicated random variables are arguments—one would
need to find the extremum of a multivariate function for
an arbitrary number of arguments. This can easily become
a hopeless task, unless one can exploit some properties of
the exponential argument.

Assuming replica symmetry means that one concludes
from the symmetry of the exponent, e.g. f(z,y) = f(y, )
for the bi-variate case, that the extremum appears if all
variables take on the same value. Then, the multivari-
ate optimization problem reduces to a single variate one,
e.g. max, f(z,z) for the originally bi-variate case. This
is the most critical assumption when applying the replica
method. In fact, it is not always true, even in practically
relevant cases. The general way to circumvent this trou-
ble is to assume replica symmetry at hand and proof later,
having found a replica symmetric solution, that it is cor-
rect.

There are also practically relevant cases without replica
symmetric solutions. Such phenomena are labeled replica
symmetry breaking and a rich theory in statistical mechan-
ics literature exists to deal with them [55], [53]. For the
introductory character of this work, however, replica sym-
metry breaking is a far to advanced issue.

F. Example: Analysis of Large CDMA Systems

The replica method was introduced into multiuser com-
munications by the landmark paper of Tanaka [56] for the
purpose of studying the performance of the maximum a-
posteriori detector. Subsequently his work was generalized
and extended to other areas of communications by Guo
and Verdu [57], [58], [59], [60] and Miiller et al. [61], [62],
[63], [64], [65], [66], [67]. The analysis of an asymptotically



large CDMA systems with arbitrary joint distribution of
the variances of the random chips presented below, how-
ever, is yet unpublished. It includes the practically impo-
rant case of multi-carrier CDMA transmission with users of
arbitrary powers in frequency-selective fading as a special
case.

Consider a vector-valued real additive white Gaussian
noise channel characterized by the conditional probability
distribution

5oz (y—Hz)" (y—Hz)

Pyle,H (Y, @, H) = (165)

N
(2r03)3
Moreover, let the detector be characterized by the assumed

conditional probability distribution

e~ 342 (y—Hz)" (y—Hz)

Pyle,a (¥, x, H) = (166)

N
(2m02)=
and the assumed prior distribution pg (). Let the entries
of H be independent zero-mean with vanishing odd order
moments and variances w,,/N for row ¢ and column k.
Applying Bayes’ law, we find

e—ﬁ(y—Hm)T(y—Hm)-Hogf)w(w)

Ik e~ 5.2 (W= Hz) (y—Hz) 4pp (z) '
(167)

Since (150) holds for any temperature T, we set without

loss of generality T = 1 in (150) and find the appropriate

energy function to be

1
)l = 5
This choice of the energy function ensures that the ther-
modynamic equilibrium models the detector defined by the
assumed conditional and prior distributions.

Applying successively (156) with (165) and (168), (159),
and replica continuity (162), we find for the free energy
(171) with o4 = 0,Va > 1, Pg (x) = Py (x), and P, () =
P, (z),Ya > 1.

The following calculations are a generalization of the
derivations by Tanaka [56], Guo and Verdu [57], and Miiller
et al. [62]. The integral in (171) is given by

f)a:|y,H (mv Y, H) =

(y— Hz)" (y — Hzx) —logpe (x). (168)

n

[ dP. (z.)
a=0

(172)
with y., Zqk, and h.; denoting the cth component of y, the
k" component of ., and the (c, k)™ entry of H, respec-
tively. The integrand depends on x, only through

2
L *ﬁ(yc* § hckxak)

f I,:; H e ¢ b=t dye

R a=0

V2mog

2

a=0,...,n. (173)

U(ZC

| X
e Z hckxaku
VBi=
Following [56], these quantities can be regarded, in the limit
K — 00 as jointly Gaussian random variables with zero
mean and covariances

Qusld] = 200

Il:; VacVhe = 3= Ta ® Tt (174)
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where we defined the following inner products

§ LakLokWck -

In order to perform the integration in (172), the K (n+1)-
dimensional space spanned by the replicas and the vector
x is split into subshells

:Ea..’ljb

(175)

S{Q[} & {:coccn

240y = KQulc] } (176)

where the inner product of two different vectors x, and
xy, is constant.’ The splitting of the K (n + 1)-dimensional
space is depending on the chip time c¢. With this splitting
of the space, we find®

[1]

n =

KTLQL) H SN TT dQule

RN (D (n+2)/2 a<b

(177)

where

KI{Q”—/HH&(“'“ BQas[c ) HdP (z4)

a<bce=1
(178)
denotes the probability weight of the subshell and

IR} —

(179)
This procedure is a change of integration variables in mul-
tiple dimensions where the integration of an exponential
function over the replicas has been replaced by integration
over the variables Qgp[-]. In the following the two exponen-
tial terms in (177) are evaluated separately.

First, we turn to the evaluation of the measure e Z{QL1},
Since for some ¢t € R, we have the Fourier expansions of
the Dirac measure

()

L, ® Ty

5 T - 5Quld | = (180)
xr (2):Bb ~
o [ 0 | Quile] | 5™ = 5Quiel | | dQuild
J
with J = (t — joo;t + joo), the measure eXZ{RQl} can be

expressed in the following way:

SKTQLY _

- [/

5The notation f{Q[-]} expresses the dependency of the function f(-)
on all Qup[c],0<a<b<n,1<c<N.
SThe notation [], ., is used as shortcut for [T_, [Tp_,-

(c)
Qa[c] (—”fﬁQab[cQ dQap|c]
27j



1 9
—2 5/ / log (/e—%ﬁ(y—Hw)T(y—Hw)de ($)> ¢
RN
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— % (y—Ha)" (y—Hz)

dydP, (x) (169)

N
2

(27m0d)

%}(y*Hw)T(y*Hw)

n T 252
= —= hnb 3_ log E/ / (/ ~ 52 (y—Ha) (y—Ha) 4p (:13)) © & dydP, () (170)
n—oon (2m03) 2
EHe 22(y Hzo)T (y— H:ca)d
1 o RN a=0 n
= —— lim — log/ dP, (x,) (171)
K n—00n (2#03)% al;[()
t=
ﬁ AP (xa) (181) The assumption of replica symmetry leads to
a=0 ~ n(n—1) GOchc n
~ K Z Qab[C]Qab [C] = NEcmc + -2 chc + + = chc
53 T QuldQuld (H 2. {00 ) =t 22
- o) =
= (184)
~7N("+2)("“)/2 =t and (185) where
dQ,
H H Q sle (182) X
c=1a<b E, = N ZEcwck (186)
c=1
ith a1 &
w1 Fk = N Z chck (187)
c=1
N
~ Nz % Qavlclar@orwer G, 2 1 ZG w (188)
M, {QH} _ /e a<be=1 H dP Iak k N - cWek
(183) . a1
In the limit of K — oo one of the exponential terms in (177) Gox = N Z Goctek- (189)
c=1

will dominate over all others. Thus, only the maximum
value of the correlation Qgp[c] is relevant for calculation of
the integral.

At this point, we assume that the replicas within the
dominant subshell are symmetric. This means, that we as-
sume that the maximum values of the correlations Qgp[c]
are identical for all positive a # b. An identical as-
sumption is made for the maximum values of the cor-
relations Qqolc]. Thus, we reduce the number of differ-
ent correlation variables from (n + 1)(n + 2)/2 to four
per chip time and can assume without loss of generality
QOO[C] = Poc, QOa[C] = me, Va 7& 0, Qaa[c] = pcuva 7é 0,
Quvlc] = ¢.,¥0 # a # b # 0. We apply the same idea
to the correlation variables in the Fourier domain and set
Qoolc] = Goc/2, Qualc] = Ge/2,Va # 0, Qualc] = E;,Va #
0, and Quplc] = F.,Y0 # a #b# 0.

At this point the crucial benefit of the replica method
becomes obvious. Assuming replica continuity, we have
managed to reduce the evaluation of a continuous function
to sampling it at integer points. Assuming replica symme-
try we have reduced the task of evaluating infinitely many
integer points to calculating 8 different correlations (4 of
them in the original and 4 of them in the Fourier domain).

This result cannot be simplified further without an explicit
assumption on the prior distribution.

For the evaluation of e9{@ll} in (177), we can use the
replica symmetry to construct the correlated Gaussian ran-
dom variables wv,. out of independent zero-mean, unit-
variance Gaussian random variables u,, t¢, 24 by

2 Me

Voe = Poc — — —te—— 190
dc \/q_c ( )
Vge ZacVPe — Gc — ten/Qe, @ > 0. (191)

With that substitution, we get (193) with the Gaussian
measure Dz = exp(—22/2)dz/v/2n. Since the integral in
(177) is dominated by the maximum argument of the ex-
ponential function, the derivatives of

- Z g{Q } 6 Z Qab Qab ]

a<b

(194)

with respect to me,q.,p. and po. must vanish as N —
oo. Taking derivatives after plugging (184) and (193) into



N
1 G 2
N2 wck( e x5, + E EcImcIak-‘r exl,+ E Fexarzokr

20

M {E,F,G,Gy} = / e = b=at1 ) 11 aPa(zar)
Rn+1 a=0
_ / o Bt Z Brmant Shatir, B oo ﬁdP (ak) (185)
R™!
5 2
1 m tem
G(Me,qe,pe,poc) // - / _me  TeMe Y D 192
e exp UeA [ Poc Uc
vV 27‘1’00 2 ( 0 qc \/@ \/B ( )
R*R
X /exp —i ZeDe — Qe — ten/qe — Ye i Dz.| Dt.dr.
202 Vi3
1 + c — Ye -n
_ (1+ 5 (e — 4c))* (193)
1+ %(pc_(k)'i'n? (FO +p0¢2_2mc+QC)
. . K - - - -
(}94), solving for E., F,,G., and Gy, and letting n — 0 +log [ M (Ek,Fk,Gk,GOk) (201)
yields for all ¢ Be1

1
B = o2+ B(pe — qc) (195)
_ 0-8 + 6 (pOc - 2Tnc + qc)
A o T, (196)
Gc - Fc - Ec (197)
Goe = 0. (198)

In order to proceed with the calculations, a prior distri-
bution is specified. In the following, the calculations for
Gaussian and binary priors are shown.
F.1 Gaussian Prior Distribution

Assume a Gaussian prior distribution

1

e

V2r

Thus, the integration in (185) can be performed explicitly
and we find with [56, (87)]

_mik/z Ya.

Pa (Tar) = (199)

My, (Ek,ﬁ}mék, Gok) = (200)

(1+h-a)
(1 — éok) (1 +Fk — Gk —nﬁ’k) —nE’%

In the large system limit, the integral in (182) is also
dominated by that value of the integration variable which
maximizes the argument of the exponential function under
some weak conditions on the variances w.x. Thus, deriva-
tions of

n(n;l) Feqc

N
_ﬂancmc+ +%+%G6pc+
c=1

with respect to E., F., G, Go. must vanish for all cas N —
00. An explicit calculation of these derivatives yields

me = 202
KZ 1+Ek ( )
E2—|—F1C
G = szki2 (203)
k=1 (1+Ek)
a B2+ B+ F+1
Pe = o) Wek — (204)
=1 (1+Ek)
1 K
c pu— _— C 2
Po Kkz::lwk (05)

in the limit n — 0 with (197) and (198). Surprisingly, if we
let the true prior to be binary and only the replicas to be
Gaussian we also find (202) to (205). Note from Section II-
C that this setting corresponds to linear MMSE detection.
Returning to our initial goal, the evaluation of the free
energy, and collecting our previous results, we find
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This is the final result for the free energy of the mis-
matched detector assuming noise variance o2 instead of
the true noise variance o3. The six macroscopic parame-
ters E¢, F., G¢, me, qc, pe are implicitly given by the simul-
taneous solution of the system of equations (195) to (197)
and (202) to (204) with the definitions (186) to (188) for all
chip times c¢. This system of equations can only be solved
numerically.

Specializing our result to the matched detector assuming
the true noise variance by letting ¢ — 0¢, we have F. — FE.,
G. — Goc, qc — M¢, e — Poc- This makes the free energy
simplify to

1 B
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This result is more compact and it requires only to solve
(212) numerically which is conveniently done by fixed-point
iteration.

It can be shown that the parameter E}, is actually the
signal-to-interference and noise ratio of user k. It has been
derived independently by Hanly and Tse [20] in context
of CDMA with macro-diversity using known results from
random matrix theory, cf. Section III-B.3.

Using the similarity of free energy and the entropy of
the channel output mentioned at the end of Section V-C,
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allows for a simple relationship

~Fla) - 5

between free energy and the (normalized) mutual informa-
tion between channel input signal & and channel output
signal y given the channel matrix H. Assuming that the
channel is perfectly known to the receiver, but totally un-
known to the transmitter, (213) gives the channel capacity
per user.

Iz, y) (213)

F.2 Binary Prior Distribution

Now, we assume a non-uniform binary prior distribution

1+t —tk

1
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Pa (Tak) = S(zap +1). (214)

Plugging the prior distribution into (185), we find (217)
where we used the following property of the Gaussian mea-
sure
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to linearize the exponents. Since
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In the large system limit, the integral in (182) is domi-
nated by that value of the integration variable which maxi-
mizes the argument of the exponential function under some
weak conditions on the variances w.x. Thus, derivations of
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with respect to E., F., G, Go. must vanish for all cas N —
00. An explicit calculation of these derivatives gives
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in the limit n — 0. In order to obtain (227), note from
(217) that the first order derivative of M}, exp(nFy,/2) with
respect to Fy, is identical to half of the second order deriva-
tive of My, exp(nFy,/2) with respect to Ej.

Returning to our initial goal, the evaluation of the free
energy, and collecting our previous results, we find
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This is the final result for the free energy of the mis-
matched detector assuming noise variance o2 instead of
the true noise variance 0. The six macroscopic parame-
ters E., F., G, me, qc, pe are implicitly given by the simul-
taneous solution of the system of equations (195) to (197)
and (226) to (228) with the definitions (186) to (188) for all
chip times c. This system of equations can only be solved
numerically. Moreover, it can have multiple solutions. In
case of multiple solutions, the correct solution is that one
which minimizes the free energy, since in the thermody-
namic equilibrium the free energy is always minimized, cf.
Section V-B.

Specializing our result to the matched detector assuming
the true noise variance by letting o — o¢, we have F. — FE,
G. — Goc, ¢ — Me, pe — Poc which makes the free energy
simplify to

N
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where the macroscopic parameters E. are given by
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Similar to the case of Gaussian priors, Ej, can be shown
to be a kind of signal-to-interference and noise ratio, in the
sense that the bit error probability of user k is given by

= 7Dz.
VEx

In fact, it can even be shown that in the large system limit,
an equivalent additive white Gaussian noise channel can
be defined to model the multiuser interference [64]. Con-
straining the input alphabet of the channel to follow the
non-uniform binary distribution (214) and assuming chan-
nel state information being available only at the transmit-
ter, channel capacity is given by (213) with the free energy
given in (233).

Large system results for binary prior (even for uni-
form binary prior) cannot be obtained using results on the
asymptotic eigenvalue distributions of large random matri-
ces. Only for the case of vanishing noise variance a result
is reported by Tse and Verdu [68]. This is, as for binary
priors, the dependence of performance measures, such as
channel capacity or signal-to-interference-and-noise ratio,
cannot solely be described by eigenvalues and eigenvectors
of the covariance matrix of the channel, but they also de-
pend on the distance profile of the signal points. Neverthe-
less, performance measures are macroscopic variables and,
as such, have deterministic asymptotic limits.
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Fig. 2. Bit error probability for the individually optimum detec-

tor with uniform binary prior distribution versus system load for
10log;o(Es/No) = 6 dB.

G. Phase Transitions

In thermodynamics, the occurrence of phase transi-
tions, i.e. melting ice becomes water, is a well-known phe-
nomenon. In digital communications, however, such phe-
nomena are less known, though they do occur. The sim-
ilarity between thermodynamics and multiuser detection
pointed out in Section V-F, should be sufficient to convince
the reader that phase transitions in digital communications
do occur. Phase transitions in turbo decoding and detec-
tion of CDMA were found in [69] and [56], respectively.

The phase transitions in digital communications are sim-
ilar to the hysteresis in ferro-magnetic materials. They
occur if the equations determining the macroscopic param-
eters, e.g. E. determined by (235), have multiple solutions.
Then, it is the free energy to decide which of the solution
corresponds to the thermodynamic equilibrium. If a sys-
tem parameter, e.g. the load or the noise variance, changes,
the free energy may shift its favor from the present to an-
other solution. Since each solution corresponds to a differ-
ent macroscopic property of the system, changing the valid
solution means that a phase transition takes place.

In digital communications, a popular macroscopic prop-
erty is the bit error probability. It is related to the macro-
scopic property Ej, in (235) by (236) for the case considered
in Section V-F. Numerical results are depicted in Fig. 2
The thick curve shows the bit error probability of the indi-
vidually optimum detector as a function of the load. The
thin curves show alternative solutions for the bit error prob-
ability corresponding to alternative solutions to the equa-
tions for the macroscopic variable Ej. Only for a certain
interval of the load, approximately 1.73 < g < 3.56 in
Fig. 2, multiple solutions occur. As expected, the bit error
probability increases with the load. At a load of approxi-
mately 3 = 1.986 a phase transition occurs and lets the bit
error probability jump. Unlike to ferromagnetic materials,
there is no hysteresis effect for the bit error probability of



the individually optimum detector, but only a phase tran-
sition.

In order to observe a hysteresis behavior, we can ex-
pand our scope to neural networks. Consider a Hopfield
neural network [70] implementation of the individually op-
timum multiuser detector which is an algorithm based on
non-linear gradient search maximizing the energy function
associated with the detector. Its application to the problem
of multiuser detection is discussed in [71]. With appropri-
ate definition of the energy function, such a detector will
achieve the performance of the upper curve in Fig. 2 in the
large system limit. Thus, in the interval 1.73 < 8 < 1.986
where the free energy favors the curve with lower bit er-
ror probability, the Hopfield neural network is suboptimum
(labeled with a). The curve labeled with b can also be
achieved by the Hopfield neural network, but only with
the help of a genie. In order to achieve a point in that
area, cancel with the help of a genie as many interferers
as needed to push the load below the area where multiple
solutions occur, i.e. 8 < 1.73. Then, initialize the Hop-
field neural network with the received vector where the
interference has been canceled and let it converge to the
thermodynamic equilibrium. Then, slowly add one by one
the interferers you had canceled with the help of the genie
while the Hopfield neural network remains in the thermo-
dynamic equilibrium by performing iterations. If all the
interference suppressed by the genie has been added again,
the targeted point on the lower curve in area b is reached.
The Hopfield neural network follows the lower curve, if in-
terference is added, and it follows the upper line, if it is
removed.

It should be remarked that a hysteresis behavior of the
Hopfield neural network detector does not occur for any
definition of the energy function and any prior distribution
of the data to be detected, but additional conditions on the
microscopic configuration of the system need to be fulfilled.
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