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Abstract — The asymptotic performance of the lin-
ear MMSE detector for any finite observation window
and any symbol impinging the observed signal is de-
rived for asynchronous but chip synchronous CDMA
systems with random spreading. Additionally, a mul-
tistage detector that does not suffer from windowing
effects and performs as well as the correspondent de-
tector in synchronous systems is proposed. In con-
trast to the synchronous case, considering a sufficient
large delay, the proposed multistage detector can even
outperform the full rank linear MMSE detector con-
strained to a finite fixed observation window.

SUMMARY

We consider an asynchronous CDMA system with K users
and a spreading factor N. For analysis tractability we con-
straint, as in [1], the relative time shift T} between the sig-
nal of user k£ and the reference user 1 to be a multiple of
the chip interval T.. Without loss of generality we assume
that the time shift between any user and user 1 is, at most,
one symbol and the users are ranked in ascending order of
time shift 7%. Let y(m) € CV and b(m) € C¥ be the
observed column vector synchronized to the reference user
and the column vector of transmitted symbols at time m,
respectively. S(m) € C**¥ is the spreading matrix con-
taining the appropriately shifted spreading sequences at time
m by columns. For notation reasons we split the matrix
S(m) into two matrices S, (m),Sa(m) € CN*¥X such that
S(m) = [SI(m), 8% (m)]". The asynchronous system is then

described by Y — SAB 4+ N )

where Y = [...,yT(m — 1),y"(m),y"(m +1)..]7, B =
[..,bT(m —1),bT(m),bT(m +1)...]7, A is a block diag-
onal matrix with all blocks equal to the matrix of complex
amplitudes A = diag(a1,az,...ax). N is the additive white
gaussian noise with variance 2. The matrix 8 is a bi-diagonal
block matrix, infinite in both directions and with block row

§=[-+ 0 S4gm—1) Su(m) 0 ---] (2)
The multistage detector M = 27114:701 W, R AHSH
is optimized such that E{|MY — 3B|*} is mini-
R = AYS"SA and W,, n = 0,...

mum. M — 1,
is a block diagonal matrix with blocks equal to
W,,(m) = diag(wn1(m), wn2(m), ..., wnk(m)). An ad-

ditional feature of the multistage detector, peculiar to
asynchronous systems, is that it can be implemented without
truncation, with a finite delay equal to M T, (see Figure 1 in
[3]). Under some technical constraint on the random entries
of S, (see [2]), the limiting distribution of the eigenvalues of
AAT | Fpan()), and of 7, = 2=, the following results holds:

Ts
1. Multistage detector. We show that

i " =R} <n< M.
K:lﬁl]r\/rlﬂoo(gz (m))kk = Rik 0o Vi<n<M
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Fig. 1: Asymptotic SINR of linear MMSE and multistage

detectors for varying M (T = 3, ]}3—2 =7dB)

(R™(m))krk is the diagonal element of R™ corresponding to the
user k at time m and Rjy ., is the limit value of the corre-
sponding synchronous system with the same F oz (\), and re-
ceived power |ax|?. Recursive and closed form expressions for
Rk o are in [2]. Therefore, W57 = limrx—sn—co W is given
by wi* = () tc® where (W%)n = (W)kk, € is an M-
dimensional column vector, ®5° € RM*M (c%°), = RZ,‘;}X,,
(B )im = Ry + 02 Ry; ™t The output SINR of user k is
given by

()" (@) et W
1= (e2)" (@)~ tep®
2. Linear MMSE detector. The linear LMMSE detector
suffers from windowing effects [1]. In the full version of this
paper, we provide a theorem to quantify the windowing effects
on the asymptotic (K, N — oo) performance of the linear
LMMSE detector with finite observation window 7" for all the
transmitted symbols that impinge the received signal.

Figure I shows the asymptotic SINR of a linear MMSE de-
tector with observation window T' = 3, 3 = %, 7 uniformly dis-

tributed in [0, 1], and f]—g = 7dB as function of the impinging
transmitted signal y = limy_ % and k = 1,...,4K. The
performance of the MMSE is compared with the asymptotic

SINR multistage detectors for increasing number of stages
(M =4,...,9).
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