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Abstract—A power optimal scheduling algorithm that guar-  fading statistics are not symmetric which is typical in Wéss
antees desired throughput and bounded delay to each usersystems. To alleviate this limitation, several opporttiois
is developed for fading multi-access multi-band channelshiat  gcpeqyling schemes with fairess constraints have been de-

can model many important practical systems including OFDM . . . .
system and flat and frequency selective multi-access charise signed [3], [4]. Among them, Proportional Fair Scheduling

The optimization is over the joint space of all rate allocaton and  (PFS) has many desirable properties including provable fai
coding strategies. The proposed scheduling assigns rates each ness guarantees and suitability for on-line implementatie.,
band based only on the current system state, and subsequept! without prior knowledge of channel statistics [5]. But, PFS
uses optimal multi-user signaling to achieve these rates. hE does not guarantee the required throughput to users

h ling i ionally simpl h labl . . . .
scheduling is computationally simple, and hence scalabl@ue to Unlike opportunistic scheduling schemes, the delay-8ahit

uplink-downlink duality, all the results extend in straigh tforward )
fashion to the broadcast channels. schemes guarantee the required throughput to every user.

o . . ificall r- ition en i i
Index Terms— Power minimization, scheduling, stability, con- Specifically, super-position encoding and successive dieco

vex optimization, super-position encoding and successivéecod- ing is shown to minimize power er a(?hievin_g the required
ing. throughputs [2]. But, the minimization is achieved under an

additional constraint that the required rate should be igex/
to each user in each slot irrespective of its channel stamas, T
these schemes can not benefit from users’ channel vanyabilit

We consider a multi-access fading channel witlusers and over time. Recently, we have shown that the significant power
a single access point. Each ugerequires certain long term saving can be achieved by exploiting a small delay tolerance
rate throughpuj guarantee;. Our aim is to design a schedul- of the application [6]. In absence of a specific delay coinstra
ing strategy that arbitrates, in every slot, the instantamg the proposed scheme is shown to minimize power while
rate assignment to each user and coding strategy to realigaaranteeing the desired throughput and bounded delay for
the assigned rates depending on the current fading statesesch user. The optimality result has been shown in asyroptoti
that the throughput requirement for each user is fulfillediancase, i.e., as the number of users go to infinity [6]. Optitpali
the total power expenditure is minimized for the finite users case has remained open.

In their seminal work, Tse and Hanly have characterized For finite users case, [7], [8], [9] have found back-pressure
so calledthroughput capacityand delay-limited capacityof based scheduling strategies to minimize the energy consump
the multi-access fading channel with Gaussian noise [1], [2ion in the wireless system with ergodic fading while promgl
The throughput capacity region quantifies the achievalite réhe required throughputs and bounded delays to the users.
region with average power constraint for ergodic fading. F@'hese schemes assume that the coding strategy is predefined
the delay limited capacity, each user must be given the requiand for the given coding strategy determine the rate to be
rate irrespective of its fading states in every slot (strietay provided in each slot by solving an optimization problem.
of one slot). The aim here is to obtain a coding and pow&he optimization problem may be non-linear depending on

I. INTRODUCTION

allocation scheme to minimize the energy. coding/signaling strategy used, and hence may become com-
The notion of throughput capacity leads to schemes that tgkatationally expensive in practice.
advantage of users’ differential channel qualities. Sjdly, Here, we consider the finite users case, and propose a

it is known that the sum throughput in the system is maximize®mputationally simple power optimal scheme that provides
by letting only one user with the best channel transmithe required throughputs and bounded delays to the users.
Schemes that take current channel states into account wHilee optimization is over the joint space of coding and rate
making scheduling decisions are referred té@pportunistic  allocations. Specifically, the proposed optimal policy &k
Scheduling”and may result in unfair rate allocation if thepressure based policy like that in [7], [8], [9], and emplege
super-position encoding and successive decoding in eath sl
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class ofofflinepolicies that take into account the channel states This class includeoffline policies that decide their rate
and arrivals in past, present and even the future slots. Callocation and coding based on the knowledge of arrivals and
of the main challenges in execution of the proposed polichannel states in each past, present and even future slots.

is that the optimal rate allocation can only be obtained by We assume thafj(t) anddj(t) for everyk is known and
solving a convex optimization in every slot. But, we obtaia scheduling policy can utilize this knowledge in its demisi

a computationally simple algorithm that exploits the peshl process. In case of a possible ambiguity, we use superscript
structure and solves the optimization. All the results edte A to indicate the dependence of various terms/ne.g.,

in straightforward fashion to the broadcast case becauseRf, () andEZ, (¢) will denote the rate and transmit energy
uplink-downlink duality [10]. respectively for uset in sub-bandm in slot ¢ underA.

The paper is arranged as follows. In Section II, we presentDefinition 2 (Stability): The multi-access system is said to
our system model. In Section Ill, we present some knowre stable if the mean queue length in every gldor every
results that we use. In Section IV, we propose our optimaserk is upper bounded by a number that is independerit on
policy and prove its optimality. In Section V, we conclude. i.e.,sup,~;{E[Qx ()]} < oo for everyk. A scheduling policy
that stabilizes the system is called stable schedulingyoli

Note that every stable scheduling policy guarantees the
required throughput, to every userk, and in addition,

We consider a multi-access channel withusers. Time is guarantees bounded delay for the arrivals.
slotted. For each usek, let {A(t)}:>1 denote the random Definition 3 (Power Efficiency)The power efficiency of
process of arrivals, i.e.A;(t) denote the arrivals fok in scheduling policyA is defined as
slot t. We assume thatl(t) = [A;(t) --- An(t)] are the TN M
independent and identically dlstrf)uted (i.i.d.) randoqmmrs _ hm Sup Z Z Z Ek 1
across the slots. Moreover, lef, = E[A(¢)]. Alternatively,
aj, denotes the throughput requirement of uBekVe assume  Definition 4 (Opt|mal|ty) A stable pollcyA is said to be
that a, < oo for every k. The arrivals for each uset are optimal if with probability (w.p.) 1 it attains the smallgsbwer
queued in the infinite capacity buffer. We denote(ﬁyt) = efficiency among all the stable policies.

[@Qi(t) -+ Qn(t)], where Qx(t) is the backlog or queue Let P, (C) be the infimum of the power efficiencies of all
length for uselk in slott, i.e.,Qx(t) is the difference between the stable policies in a clagsof scheduling policies. If does
the total arrivals minus the total departures until time not contain any stable policy, theR,,;,(C) is defined to be

Now, we describe our channel model. We assume multie. Furthermore, leP,,;, denote the optimal power efficiency,
band system. Specifically, we assume that thereMdreon- i.e., Pnin = Puin(C) WhereC is the set of all policies.
interfering bands available for communication. Laé,t(t) = Definition 5 g-optimality): A scheduling policyA is said
[di,1(t) -+ dg,m(t)] denote the vector of channel gains foto bee-optimal in clas<C of scheduling policies if it is stable
userk in slott on each of the bands. Thus, A, ., (t) denotes and P2 < Pyin(C) + ¢ w.p. 1. Moreover,A is said to be
the transmit energy per symbol for useron sub-bandn in  e-optimal if it is stable andP® < P, + € w.p. 1.
slot ¢, then the received energy on the sub-band is given by
dkm(t)Ekfm(t) We assume thdtdk(t) k= ].7 ceey 'I'L}tzl is 111. BACKGROUND
a positive recurrent finite state Markov process. Note thiat t
assumption is not restrictive as correlated Rician and &iglyl
fading channels can be modeled reasonably well using a fi

state Markov process [11], [12]. L&, denote the noise power L
P [11], [12]. L&k P Fix a sequence of coding strategies in every slot and let

spectral efficiency. ) - o
pLet Ry (t) dezote the service rate for useon sub-band C denote the class of scheduling policies that use this fixed
m in slot? Then, for everyk, the queue length dynamics jg>eduence of the coding strategies. AlsoAg(V') € C denote
characteriz'ed b ' ' a parametrized scheduling policy that assigns the rates by
Y solving the optimization problem

Minimize: 5201, [0 V B (t) = S0y Qu(t) Riean (1)
: Subject to: Ry ., (t) > 0 for everyk andm,
where V' is a fixed constant. Then, the following are the
Clearly, Ry . (t) depends on the channel gains, transmit eperformance guarantees fan (V).
ergies and the coding strategy used. We consider the space dfheorem 1 (Result from [7], [8], [9]):For everye > 0,
coding strategies such that the rates achieved on subsbasd there existsi’ > 0 such that for everyy’ > V, Aq(V) is
independent of the rates on the other sub-bands. Altemlgtiv c-optimal inC.
communications on various sub-bands are independent. Not&Ve present the intuition for the result. Consider a case when
that the communication on the same sub-band for various us€¥, (¢) is much smaller thari’. Broadly, it implies that the
may not be independent. user was receiving the desired rate in the past. Thyg))
Definition 1 (Scheduling StrategyA scheduling policyA  provides positive rate to the user only if the corresponding
arbitrates the rate allocatioRy, ,,,(t) and coding strategy for energy cost is much smaller, i.e., when the user’s chanmel ga
every userk and sub-bandn in every slott. is large. On the contrary, i€)x(t) is much larger tharV/,

Il. SYSTEM MODEL

We present the following known results for the sake of
%mpleteness To be consistent, we state these resultg in th
notation introduced here.

Qk(t-f—l) ZInaX{Qk +Ak Z Ry, m

m=1
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then it implies that the user was not receiving the desirspace of all coding and rate assignment strategies. Theypoli
rate and also that the user's average channel gain is smalt(1") achieves the optimality by taking into account only the
Thus,A; (V) provides positive rate to the user even when theurrent system state, and does not require the knowledge of
user has, potentially, small channel gain in order to preserstatistics of the arrival and channel processes a priorieMo
stability. Alternatively, the current queue length regms the over, optimality holds among the class of off-line schealgli
history of the rate provided to the user and its channel tualipolicies. In spite of these desirable properti&$(1’) has one
Thus,A, (V) estimates users’ desired throughput and chanmahjor limitation which is that it needs to solve a non-linear
quality using the current queue length, and then invests jugptimization (O1) in every slot to obtain the optimal rate
enough power to maintain stability. assignment. Solvin@01) may be computationally expensive,
Given coding strategies, Theorem 1 provides a way to obtaind thereby limit the practicality oA* (V). In the following
e-optimal policies. Thus, it remains to determine how optimaliscussion, we focus ofD1) and derive certain properties of
coding strategy can be obtained in every slot. The followirthe optimal solution and using these propose an algoritfah th
theorem provides useful guidelines in this direction. obtains optimal rate allocation with polynomial complgxit
Theorem 2 (Results in [2])For a given rate assignment Since the communication on each of the sub-bands is
Ri,...,Ry and channel stated,,...,dy the total sum independent, to solvéO1), it suffices to solve separately for
energyz,le E}), required to realize the rates is minimizedeverym
by super-position coding and successive decoding. Moreove Optimization (O2) - Minimize: F(R,,(t))
for optimal signaling, the successive decoding order dépen Subject to: Ry .., (t) > 0 for everyk.
only on channel gains, but not on the rate assignment. ~ Moreover, since the nature of optimization (objective fiot
Let © denote the permutation that sorts the gains in tland constraints) is identical for eveny, an algorithm to solve

increasing order, i.ed,, < d., < --- < d.,. Then, the (O2) for a givenm can be utilized for alln’s. So, we fixm
required transmit energy per symbol for useris given by andt and focus on02).
No : n " In the following discussion, for notational brevity, we dmi
E; = F [eftme — 1] e2zicn fimi, (1) m andt. Also, without loss of generality, let}* = k. With
T this simplified notation(02) tj)vecomes
IV. e-OPTIMAL SCHEDULING PoLICY Minimize: F(R) = Y., Yo [efr —1] eXicn i —

Let us define the following function for a fixed constant Zﬁjzl QiR

N Subject to: Ry, > 0 for everyk.
F(Fi, ) def V No {GRW;C,,,,m(t) B 1} e Zick Bapr (1) Note that(O2) is strictly convex. This can be verified by
" Pt ) checking that the Hessian is positive definite in the pos-

N itive half plane [13]. For convex optimization, polynomial
_ZQW’" (t) R (£), complexity algorithms using the interior point method have

— " . been proposed [14]. These algorithms obtain a solutionifnvith
5d> 0 neighborhood of the optimal value. The computational

=m i H .
where 7™ is a permutation that sorts the gains on sub bar(‘:gmplexity of these algorithms i©(N?) per accuracy digit

min the_ |ncrea_3|ng*order. Now, Igt us pon5|der a parametriz 4]. We, however, propose th@(N2) complexity algorithm
scheduling policyA*(V) that assigns in every slot the rate . .
hat computes the exact optimal solution.

Ry,m(1) that solve We start by looking at the Lagrange relaxation(6R2).

Optimization (O1) - Minimize: f:f: F(R(t C 50 N VNg [ Ry C R

Subject to: Ry (t) > 0 for eve%:k: ahdvgz, ) M|?V|m|ze. FRA) = Yjo g0 ™ - 1] et -
and then achieves the rates using super-position coding @nd=1 (@ + M) Br, o
successive decoding on each sub-band separately. Cledtierer = {\1,..., Av} are Lagrange multipliers. Now, for
Ry, () = 0 for everym, if Qi(t) = 0. We show the everyk
following optimality result forA* (V). By N i1

Theorem 3:For everye > 0, there exists/ > 0 such that %ﬁ;& = Z Vé\_fo (eftr —1) e2u=1 fiu
for everyV >V, A*(V) is e-optimal. i=k+1

Proof: Let C* denote the class of scheduling policies that +VN0 SR Q). ()

use super-position coding and successive decoding in every dy

slot. Then, we show thaPumin = Pmin(C*).

. : ; SROF(RY)
Let A, denote any stable policy. Now, we construst ¢ -emma 1:The following relations satisfy=5.= = 0 for

C* as follows. For everyk, m and ¢ chooseRkAjn(t) _ eveyk.
Rﬁ}n(t). Clearly, A, is also stable. Moreover, by Theorem 2, [(Qr + M) — (Qrsr + Aet)] {dk{l _ d_1k}
for everyt S, SO B8 (1) < Y, S0, ES (), Rk =los e
Thus, by Definition 3,PA1 > P22, Since,A, is an arbitrary [(@k—1+ A1) = (@1 + Ak)] {d_k - dk+1}
stable scheduling policy, we conclude that;,, = Punin(C*). fork > 1

Now, the result follows from Theorem 1 and (1). [ |

Note that Theorem 3 provides a way to mir(1ir31ize power 21 = log (@ +A) = (@2 + Xo) for k=1, 4)
while stabilizing the system. The minimization is over the V' No {d—ll - d%}
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by definingdy 1 = co andQn 11 = Ay41 = 0. Computationof Optimal Rates@),d)
Proof: We show the required by proving that for every€gin -
OF (R.X 1: Initialize A — {1,...,N}, & «— ¢ andX — 0
k, a(Tk) =0 |mp||es 2: while There existsk € A such that
6Zu§k Ry = (Qk + )\k) _ (Qk+1 + )\kH) (5) Qr < (@e-1 + ) [t - dk+1] + Qe + Artr) [dkl—l B i]
VNo [ - 7] (a5 - a5
i ke for k > 1 (10)
We prove the above using induction én 01 < VNo [L - _} 4 Q2+ N2 @y
As a base case we show (5) fa&r = N. Note that d
substitutingk = N in (2) and equating it to 0, we obtain (5). ,. d% U
Thus, (5) holds fork = N. Now, for induction, we assume 4: A — A— {k}
. _ 5: UpdateLagrangeMultipliers(A, &)
that (5).holds for every: > s + 1 and yerlfy it fork = s. {1+ Optimal Rate computation ¥
Consider the second term in (2) with= s. 6: Ry, — 0 for everyk € £
7: ComputeRy, for everyk € A using (3) and (4)
N
VN _ im end
I
i=stl " tL)deateLagrangel\/lultipIiers(A, £)
N N egin
_ VNO o= _ VNO Zl ! Ru 1: A, < O for everyk € €
d d 200 {1,..., u—1} C € andu € A then
i= s+1 i=s+1 3: foreverym € {1,..., yu—1}
= Z V Ny {— - } eZim1 Ru Am — VNo {di - —] +(Qu — Qm). (12)
i=st+1 z z+1 4t "
4iif {v+1,..., u—1} C Aand{v,u} C € then
JrV]VO SN Ru V Ny (i Ru 5. foreverym € {v+1,...,u—1}
dy chl\aidrl L@ [ - reu[d o] 0 "
= (Qop1+ Aoy1) — —Ze2u=1 Bl (L 2]

Last equality follows from (5) and the induction hypothesisend
Now, substituting the above in (2), we obtain the desired.

Finally, (3) follows by observingz;, = log Z‘ =1 Ry ) and Fig. 1. Figure shows the pseudo code of an algorithm that ctespthe

eXu= 1Ru optimal rate allocation in a given slot
(4) is obtained directly from (5) withk = 1. B L
Definition 6 (From [15], pp. 328):The vectorsRk’ and )\’

are said to satisfy Karush-Kuhn-Tucker (KKT) conditions if;sers. The sett (€, resp.) denotes the set of active (inactive,

they satisfy the following relations. resp.) users. A usek is said to be active ifR, > 0, i.e.,
OF ( B /\) it is served at positive raté; is inactive otherwise. Initially,
—_— = 0 foreveryk (6) all the users are assumed to be active (Line 1V). Next, the
ORy, R=FR algorithm iterates and in each iteration determines artiveac
R > 0 (7) user using (10) and (11) (Line 1V). Once the inactive user is
o> @8 determined the setd and £ are updated (Lines IV and V),
. and subsequently the Lagrange multipliers are also updated
RN, = 0 foreveryk. (9) (Line V). If no user in A satisfy (10) and (11), then the
Since (02) is strictly convex in the feasible region, wey|qorithm terminates after computing the rate allocatising
conclude the following [15]. (3) and (4) (Lines IV and 1V). This ensures that (6) is satibfie
1) The optimal solution is unique. _ forall k € £. Now, we explain why a user satisfying (10) or

2) The rate allocation’’ is optimal iff there existsA” (11) should be inactive. Note that (10) and (11) are equitale
such that/’ and X' satisfy the KKT conditions. Also, to R, < 0 in (3) and (4), respectively. Since the assigned
such ) is unique since linear independence constraipdtes can only be non-negative, we put such a ksar€ and
qualification holds. update correspondiny, so as to ensur&;, = 0.

In Figure 1, we propose a general procedure for obtainingNow, we briefly explain how the procedure Up-
a rate allocatior and Lagrange multlpllers that satisfy the datelLagrangeMultipliers computes Lagrange multipliers in
KKT conditions for any given and d. We first intuitively each iteration. Note that for every active uger\; must be
describe the proposed algorithm and subsequently prote thero in order to satisfy the KKT condition (9). Thus in thetfirs
the algorithm optimally solveg02). step, the procedure assighs = 0 for everyk € A (Line 1V).

The main procedure Computatiafi Optimal Rates takes Next, for everyk € &, it computes); so thatRy in (3) or
current queue length vectaF and the channel gaiméas input (4) equals zero (Lines IV to 1V). This ensures that (6), (7)
and outputs the optimal rate allocatidh In this procedure, and (9) hold for every: € A. We need to recompute all the
we define two setsd and £ that partition the set of all Lagrange multipliers in every iteration because the valfie o
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M is a function of \,_; and \;4; as can be seen from (3) Theorem 5:The rate allocation?* is the unique optimal
and (4). solution of (02).

Even though the algorithm is straightforward, mainly, two  Proof: The result follows immediately from the strict
questions are unanswered. First, whethgris non-negative convexity of (O2), Lemma 2 and Theorem 4. [ ]
for everyk € £. Second, since tha,’s for many users (not
only the recently added user) i are updated, how is it V. CONCLUSION
ensured tha_t an _inactive user does not become activg in theya have considered a multi-access channel ithisers.
subsequent |t§rat|_ons. We formally address_ these quesdimh We have proposed a parametrized scheduling palicyV)
prove the OP,“ma"tY of the proposed glgorlthm: . which is e-optimal for everye > 0 for appropriate choice of

For analysis, we introduce the following additional naati the parametel’ even among the offline strategies in spite of

Let ¥ ar:jdl;\* dr?notra thfehrate vector and Lagr?nge mUIt'Fg'eréonsidering only the current queue lengths and channebgain
computed by the algorithm at termination. Also, ldt and i, jss decision process. Moreover, the optimization is over

£ d?”Ote the setsl and_é’,_ respectlvely, when the algorlthmthe joint space of coding and rate allocation strategieg® Th
terminates. Next, we distinguish between the value\oid oo A+ (V) needs to solve a convex optimization in every
and& computed by the algorithms in every iteration. L&t o 16 obtain the optimal rate allocation. We have propased
A" and £* denote, A and £, respectively, computed by O(N?) algorithm that accurately solves the optimization. All

the algorithm in;*" iteration. Because of the initialization in
Line IV of procedure Computatianf_OptimalRates X° = 0,
A% = {1,...,N} and £° = ¢. Let the algorithm terminate
in I iterations. Then, clearly] < N and X = X*, A7 = A*
and&’ = £*. Now, we show the following result.

Lemma 2:If X* > 0, then B* and X\* satisfy the KKT
conditions.

Proof: Note that for everyc € A*, R} is computed using

(3) and (4). Thus by Lemma 1, clearly, (6) is satisfied for gver[2]
k € A*. Now, we show that (6) also holds for evekye £*.
Note thatR; = 0 for everyk € £*. Thus, it suffices to show [3]
that when the choseR* is substituted in (3) and (4) yields

» =0 for everyk € £*. The required can be easily verified
using elementary algebra. Thus (6) holds for eviery

Now, we show that\* satisfy (7). SinceR;, = 0 for every
k € &*, (7) clearly holds for every: € £*. Now, we show (7)
for everyk € A*. We show the required using contradiction.
Let there bek € A* such thatR; < 0. But then from (3) and
(4) it implies that

(1]

(4
5]

(6]

o0 - (Qu-1+Xy) [ - 7] 7
k |7 - 7]

d—1 di+1 [8]

Qi1+ X)) | 7= — = 9

+ — [dl ] if &> 1 o

. [dkll_ dk“} [10]

[11]
Now, from (10) and (11), we conclude that the algorithm will
not terminate, but instead addto £ and continue. Thus, no
such index exists. Soy* and i&* satisfy (7).

The vectors\* andR* satisfy (8) because of the supposition
in the lemma. Moreover, the vectors satisfy (9) becaise=
0 for everyk € £*, while \; = 0 for everyk € A*. ]

In the following theorem, we show that is non-negative.

Theorem 4:For everyi < I, X < Xit1,

Note that since\’ = 0, Theorem 4 implies that* > 0. We
prove the above theorem by showing the required in each of
the cases that may be arise in the execution of the algorithm.
The proofs use elementary algebra.

Finally, we prove the optimality of the proposed algorithm.

[12]

[14]

[15]
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~ " the results extend in straightforward fashion to broadcasée
because of uplink-downlink duality.
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