
Iterative Channel and Data Estimation:
Framework and Analysis via Replica Method
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Abstract—The large system analysis of a randomly spread
direct-sequence code-division multiple-access system operating
over a frequency-selective fading channel is considered. Iterative
multiuser detection and decoding based on generalized posterior
mean estimation and interference cancellation is assumed. The
channel is mismatched and provided by a linear estimator whose
initial pilot-based decisions are iteratively refined by using a
feedback from the single-user decoders. By an application of
the replica method, a tool from statistical physics, and density
evolution with Gaussian approximation, we show that the per-
formance metrics of the considered multiuser system converge in
distribution at the large system limit to that of a simple single-
user system operating over a flat fading channel. We also give
the exact result of the hard decision feedback based channel
estimator analyzed approximately by Li et al. (2007).

I. INTRODUCTION

The large system analysis of a randomly spread direct-
sequence code-division multiple-access system (DS-CDMA)
operating over an uplink multipath fading channel is con-
sidered. Since straightforward joint decoding of the users
is infeasible in practical systems and naive separation of
detection and decoding reduces the system capacity signifi-
cantly [1]–[5], we employ here the iterative multiuser detection
and decoding (MUDD) framework proposed in [6]–[8]. The
channel state information (CSI) is assumed to be mismatched
and provided by a linear channel estimator. To reduce the
pilot overhead and improve the reliability of the CSI, an
information feedback from the single-user decoders is used to
refine the initial pilot-based channel estimates. Although the
use of iterative channel and data estimation has been proposed
and numerically studied by several authors in the literature, the
only effort to mathematically analyze the performance of such
a receiver has been made to our knowledge by Li et al. [9].

Instead of pre-defining the estimators explicitly before the
analysis (see, e.g., [1], [2], [7]–[9]), we consider here a more
general Bayesian framework based on generalized posterior
mean estimation (GPME) [5], [10], [11]. The class of esti-
mators described by such a parametrized GPME encloses as
special cases, e.g., the linear and non-linear minimum mean
square error (MMSE) estimators. Our approach allows us also
to consider both the hard and soft feedback schemes under
the same unified Bayesian framework. The treatment of the

CSI mismatch at the MUDD in this paper follows [2]. This
differs slightly from [12], where some heuristic assumptions
[12, Sec. 2.2] were made before the application of the replica
method. Also the aforementioned analysis by Li et al. [9],
where a linear hard feedback based “maximum likelihood”1

channel estimator and single-user matched filter (SUMF) with
hard interference cancellation were considered, makes assump-
tions similar to [12, Sec. 2.2]. The result obtained in [9] is
also an approximation, even in the large system limit. As an
example of our general result, we report the exact large system
performance of the system studied in [9].

To assess the performance of the GPME-based iterative re-
ceiver described in Sections II and III, we combine the replica
method, recently applied with great success to problems in
telecommunications [5], [10]–[14], with the density evolution
under Gaussian approximation (GA-DE) [7] to derive so-called
“decoupling results” (see, e.g., [5], [10], [11]) in Section IV.
We remark that, although the replica method is a standard
tool in statistical physics, the assumptions made in the replica
analysis are mostly heuristic and their formal justification is an
open problem in mathematical physics [15] (see also [5], [13]).
All proofs in this paper are omitted due to space constraints.

We write x ∼ P and x̃ ∼ Q for a random vector (RV) with
true P and postulated Q probability measures, respectively. For
a proper complex Gaussian RV x with mean μx = E{x} and
covariance Σx = Cov{x} = E

{(
x−E{x}

)(
x−E{x}

)H}
, we

write x ∼ CN
(
μx,Σx

)
. For matrix A =

[
a1 a2 · · · aN

]
∈

CM×N , we define operator vec(A) =
[
aT

1 aT
2 · · · aT

N

]T ∈
CMN , and let D = diag(d) be the diagonal matrix defined
by the vector d = [d1 · · · dM ]T.

II. SYSTEM MODEL AND ASSUMPTIONS

Consider a synchronous uplink DS-CDMA system operat-
ing over an M -path block fading channel. Let the delay spread
of the channel be small compared to the symbol time so
that we can neglect the effects of intersymbol interference.
The transmission takes place over independent identically
distributed (IID) fading blocks c = 1, 2, . . . , C having a coher-
ence time of T symbols. For initial channel estimation, τp IID

1The estimator treats the hard estimates of the data symbols as pilots.



pilot symbols denoted by vector pk[c] =
[
pk1[c] · · · pkτp [c]

]T

are drawn uniformly for each user k = 1, . . . , K and block
c from the quarternary phase shift keying (QPSK) signal set
M = {± 1√

2
± j√

2
}. We assume that the same binary error

correction codes are used by all users, but the random uniform
bit-interleavers concatenated with them are independent. For
the kth user we denote by Ck the composition of the code and
the interleaver. The interleaved binary code word is modulated
by using a symbol-by-symbol Gray mapping onto M and
denoted by the vector xk = vec

([
xk[1] · · · xk[C]

])
∈ MN ,

where xk[c] =
[
xk1[c] · · · xkτd

[c]
]T

are the τd = T − τp code
symbols of the code word transmitted during the cth fading
block. We also assume that due to random bit-interleaving
E
{
xk

}
= 0 and Cov{xk} = I in the limit N = τdC → ∞,

and with τd fixed, the channel can be considered to be ergodic
over the entire code word.

The nth received vector within the cth block reads [2]

yn[c] =
1√
L

K∑
k=1

ukn[c]Skhk[c] + σwn[c], (1)

where yn[c] =
[
y1n[c] · · · yLn[c]

]T
, wn[c] ∼ CN(0, I), and

ukn[c] =

{
pkn[c], n = 1, . . . , τp,

xk(n−τp)[c], n = τp + 1, . . . , T.

For later use, we write Yc =
{
yn[c] | ∀n

}
, and let the set

of all channel coefficients, pilot symbols and data symbols
at cth fading block to be denoted by Hc =

{
hk[c] | ∀k

}
,

Pc =
{
pk[c] | ∀k

}
and Xc =

{
xk[c] | ∀k

}
, respectively.

The spreading matrix Sk =
[
s1

k · · · sM
k

]
=

[
�sT

k1 · · · �sT
kL

]T
,

where M is the number of multipaths, is modified without
loss of generality [2, Thms. 3 and 4] to have IID entries
with zero mean and unit variance for all k = 1, . . . ,K.
The set of all spreading sequences is denoted by S ={
Sk | ∀k

}
. The channel vectors hk[c] =

[
h1

k[c] · · · hM
k [c]

]T

are drawn according to P(hk[c]) = CN(0,P k)∀c, where
P k = diag

([
p1

k · · · pM
k

])
contains the power delay profile

of the kth users channel. The average received signal-to-noise
ratio (SNR) is defined as γk = pk/σ2, where pk = tr

(
P k

)
.

Denote by H̃c =
{
h̃k[c] =

[
h̃1

k[c] · · · h̃M
k [c]

]T | ∀k
}

and X̃c =
{
x̃k[c] =

[
x̃k1[c] · · · x̃kτd

[c]
]T | ∀k} the set

of postulated channel coefficients and data symbols for cth
fading block, and let Ic =

{
Pc,S

}
∀c be information about

the transmitted signal that is available to both the channel
estimator and the MUDD. Assuming the first pass at the
iterative receiver, the general procedure for iteratively updating
the a posteriori probabilities (APPs) of the estimates at both
the channel and the data estimator is described in Algorithm 1.

Assumption 1. For all iterations i = 0, 1, . . ., we assume that:
1) For all k = 1, . . . ,K, Q(h̃k) = P(hk) [2].
2) The distribution Q(i)

(
H̃c|Yc, Ic

)
is fully factorized in

H̃c, with complex Gaussian marginals [2].
3) The mean and covariance of P

(i)
app

(
xk

)
coincide with the

ones obtained by using GA-DE [7], [8].

Algorithm 1 Iterative channel and data estimation.
1) Given

˘

Q
`

h̃k

´¯

and Ic =
˘

Pc,S
¯

∀c, the channel estimator calculates
Q(0)

H =
˘

Q(0)
`

h̃k[c]|Yc, Ic
´

| ∀k, c
¯

and sends it to MUDD.

2) The MUDD uses Q(0)
H and the postulated priors {Q

`

x̃k

´¯

to obtain
〈〈X̃k〉〉(0) =

˘

〈〈x̃kn〉〉(0) =
R

Q(0)
`

dx̃kn[c]|yn[c], Ic
´

| ∀n, c
¯

.

3) Given 〈〈X̃k〉〉(0) and the code constraints Ck , each decoder calculates
the approximate APPs PXk

=
˘

P
(0)
app(xkn[c])|∀n, c

¯

of data symbols.
4) The MUDD applies an operator F : P

`

x| ·
´

�→ Q
`

x̃| ·
´

, x, x̃ ∈ C, on
the APPs {PXk

} obtained by the decoders and sends the transformed
APPs Q(0)

Xc
=
˘

Q
(0)
app(x̃kn[c])|∀k, n

¯

∀c to the channel estimator.

5) Channel estimator obtains Q(1)
Hc

=
˘

Q(1)
`

h̃k[c]|Yc, Ic
´

| ∀k, m
¯

given

Q(0)
Xc

, and sends Q(1)
H =

˘

Q(1)
Hc

|∀c
¯

to MUDD. Step 2) is repeated.

III. CHANNEL AND DATA ESTIMATION WITH FEEDBACK

A. Linear Data Estimation With PIC

Let us consider the estimation of the data symbols x1n, n =
1, . . . , τd of the first user at the ith iteration when parallel
interference cancellation (PIC) and linear filtering is used. For
notational convenience we drop the time index n = 1, . . . , τd.

Let 〈〈h̃k〉〉(i) =
[
〈〈h̃1

k〉〉(i) · · · 〈〈h̃M
k 〉〉(i)

]T
and Σ(i)

hk
be

the mean and covariance of Q(i)
(
h̃k[c]|Yc, Ic

)
respectively.

Denote by 〈〈x̃\1〉〉(i−1)
ext =

[
〈〈x̃2〉〉(i−1) · · · 〈〈x̃K〉〉(i−1)

]T

and Σ(i−1)
x\1

the mean and covariance of Q
(i−1)
ext (x̃\1) =∏K

k=2 Q
(i−1)
ext (x̃k), respectively. Analogous to Algorithm 1,

we let Q
(i−1)
ext

(
x̃k

)
be the probabilities transformed by an

operator Fext from the extrinsic probabilities P
(i−1)
ext

(
xk

)
obtained by the sum-product algorithm [7]. Let I(i) ={
I, 〈〈h̃k〉〉(i), 〈〈x̃\1〉〉(i−1)

ext

}
and re-write (1) as

y =
1√
L

K∑
k=1

Sk〈〈h̃k〉〉(i)xk +
1√
L

K∑
k=1

SkΔv
(i)
k + σw, (2)

where Δv
(i)
k = Δh

(i)
k xk and Δh

(i)
k = hk−〈〈h̃k〉〉(i), ∀k, and

xk =
(
〈〈x̃k〉〉(i−1)

ext + Δx
(i−1)
k

)
, Δx

(i−1)
k = xk − 〈〈x̃k〉〉(i−1)

ext

for k = 2, . . . ,K. We also define for later use a RV

ξ
(i)
k =

{
Δh

(i)
1 x1, k = 1,

Δh
(i)
k xk + 〈〈h̃k〉〉(i)Δx

(i−1)
k , k = 2, . . . ,K.

(3)

Now, postulate in (2) a new noise variance σ̃2, a Gaussian prior
Q(x̃1) = CN(0, 1), Q

(
x̃\1

)
= CN

(
〈〈x̃\1〉〉(i−1)

ext , Σ̃
(i−1)

x\1

)
, and

assume that Q(i)
(
Δṽk|I(i)

)
= CN(0, Σ̃

(i)

Δvk
). The resulting

GPME gives arise to class of linear estimators

〈〈x̃1〉〉(i) =
1√
L
〈〈h̃1〉〉H(i)S

H
1 Σ̃

−1

d

1 + 1
L 〈〈h̃1〉〉H(i)S

H
1 Σ̃

−1

d S1〈〈h̃1〉〉(i)
ỹ(i), (4)

where ỹ(i) = y − 1√
L

∑K
k=2 Sk〈〈h̃k〉〉(i)〈〈x̃k〉〉(i−1)

ext , Σ̃d =
1
L

∑K
k=1 SkΣ̃

(i)

ξk
SH

k + σ̃2I, and (4) is parametrized by:
1) Fext : P 
→ Q, defines the type of IC (e.g., hard / soft);
2) Σ̃

(i)

Δvk
, quantifies the estimator’s knowledge about the

error statistics of CSI;
3) σ̃2, defines the type of linear filtering used.



Example 1. Assume σ̃2 = σ2, and let Fext be the identity
operator, i.e., Q

(i−1)
ext

(
x̃k

)
= P

(i−1)
ext

(
xk

)
∀k. Furthermore, let

Σ̃
(i)

ξk
= Σ(i)

ξk
, where Σ(i)

ξ1
= Σ(i)

h1
, for k = 1 and Σ(i)

ξk
=

〈〈h̃k〉〉(i)〈〈h̃k〉〉H(i)[Σ
(i−1)
x\1

]kk + Σ(i)
hk

, for k = 2, . . . ,K. The
GPME (4) reduces then to an extension of the LMMSE data
estimator [2, Thm. 1] to include soft PIC.

Example 2. Let σ̃2 → ∞, and define Fext to be the identity
operator or Fext : P

(i)
ext

(
xk

)

→ 1x̃k

(
arg minxk∈M P

(i)
ext(xk)

)
.

Then, the GPME (4) reduces respectively to the “SUMF-
Based Soft IC” and the “Hard-IC” receivers, studied under
the assumption of perfect CSI in [7, Prop. 2].

B. Linear Channel Estimation With Information Feedback

Let us drop the block index and concentrate on one fading
block. Let 〈〈x̃k〉〉(i−1) and Σ(i−1)

xk
be the true mean and

covariance of Q
(i−1)
app (x̃k). We re-write the channel model (1)[

yp
l

yd
l

]
=

1√
L

K∑
k=1

[
pk

〈〈x̃k〉〉(i−1)

]
�sklhk (5)

+
1√
L

K∑
k=1

M∑
m=1

sm
klh

m
k

[
0

xk − 〈〈x̃k〉〉(i−1)

]
︸ ︷︷ ︸

=Δx
(i−1)
k

+σwl,

and denote Δw
(i−1)
km = hm

k Δx
(i−1)
k ∈ CT for later use. As-

suming the fading is an ergodic process over the code words,
hk and Δx

(i−1)
k are statistically independent. Now, postulate

a noise variance σ̃2, and Q(i−1)
(
Δw̃km | I, 〈〈X̃ 〉〉(i−1)

)
=

CN(0, Σ̃
(i−1)

Δwkm
), where2 Σ̃

(i−1)

Δwkm
= pm

k

[
0T

(
Σ̃

(i−1)

xk

)T]T
and

Σ̃
(i−1)

xk
is the postulated covariance matrix of Q

(i−1)
app (x̃k). The

resulting GPME yields a class of linear channel estimators

〈〈hm
k 〉〉(i) =

∫
h̃m

k Q
(
dH̃

∣∣Y, I, 〈〈X̃ 〉〉(i−1)

)
(6)

=
EH̃,ΔW̃(i−1)

{
h̃m

k Q
(
Y

∣∣ I, H̃, 〈〈X̃ 〉〉(i−1),ΔW̃(i−1)

)}
EH̃,ΔW̃(i−1)

{
Q

(
Y

∣∣ I, H̃, 〈〈X̃ 〉〉(i−1),ΔW̃(i−1)

)} ,

where ΔW̃(i−1) =
{
Δw̃

(i−1)
km | ∀k,m

}
, parametrized by:

1) the operator F (see Algorithm 1);
2) the postulated covariance matrix Σ̃

(i−1)

xk
;

3) the postulated noise variance σ̃2.
By choosing these parameters appropriately, we can derive all
the usual iterative channel estimators with linear filtering.

Example 3. Let F be the identity operator, so that
Q

(i−1)
app

(
x̃kn

)
= P

(i−1)
app

(
xkn

)
, for all k, n. Furthermore, let

Σ̃
(i−1)

xk
= Σ(i−1)

xk
and σ̃2 = σ2. The GPME (6), is the LMMSE

channel estimator for the system (1).

Example 4. Postulating σ̃2 = 0, Σ̃
(i−1)

xk
= 0 and defining F :

P
(i)
app

(
xkn

)

→ 1x̃kn

(
arg minxkn∈M P(i)

app

(
xkn

))
in (6) yields

the hard feedback based linear channel estimator in [9].

2We interpret x̃ ∼ CN(0,0) ⇐⇒ x̃ = 0.

IV. DECOUPLING RESULTS

In the following we present the decoupling results, derived
along the lines of [5], [10] by using the replica method, for
the estimators described in Section III. The proofs are omitted
due to space constraints.

A. Linear Data Estimation With PIC

Consider the system model (2), and let

zk = 〈〈hk〉〉(i)xk + Δv
(i)
k + wk, wk ∼ CN(0,D(i)), (7)

be a related single-user single-input multiple output flat fading
channel. Denote I(i)

k =
{
pk, 〈〈hk〉〉(i)

}
, postulate w̃km ∼

CN
(
0, D̃(i)

)
, Q

(
x̃k

)
= CN

(
〈〈x̃k〉〉(i−1)

ext , [Σ̃
(i−1)

x\1
]kk

)
, and let

Q(i)
(
Δṽk|I(i)

)
= CN(0, Σ̃

(i)

Δvk
). The resulting GPME reads

〈· · · 〉(i) (8)

=
E

x̃k,Δv
(i)
k

{
· · · Q

(
zk

∣∣ x̃k,Δv
(i)
k , I(i)

k

)∣∣ 〈〈x̃k〉〉(i−1)
ext

}
E

x̃k,Δv
(i)
k

{
Q

(
zk

∣∣ x̃k,Δv
(i)
k , I(i)

k

)∣∣ 〈〈x̃k〉〉(i−1)
ext

} .

Furthermore, let the noise covariance matrices be given by the
solutions to the coupled fixed point equations

D(i) = σ2IM + αM lim
K→∞

1
K

K∑
k=1

V k

(
D(i), D̃(i)

)
, (9)

D̃(i) = σ̃2IM + αM lim
K→∞

1
K

K∑
k=1

Ṽ k

(
D(i), D̃(i)

)
, (10)

where, after denoting Ed{ · } = E{ · |hk, I(i)
k },

V k

(
D(i), D̃(i)

)
= Ed

{(
hkxk −

〈
ũ

(i)
k

〉)(
hkxk −

〈
ũ

(i)
k

〉)H
}

, (11)

Ṽ k

(
D(i), D̃(i)

)
= Ed

{(
ũ

(i)
k −

〈
ũ

(i)
k

〉) (
ũ

(i)
k −

〈
ũ

(i)
k

〉)H
}

, (12)

and ũ
(i)
k = 〈〈h̃k〉〉(i)x̃k + Δṽ

(i)
k .

Claim 1. Let N = τdC → ∞ and K = αL → ∞ with α
and τd fixed. Conditioned on {H,Q(i)

H }, the joint distribution
of the true and postulated inputs and the estimate 〈〈x1〉〉(i) of
the multiuser system (2), converges in probability to the joint
distribution of the true and postulated inputs and the estimate
〈xk〉(i) of the single-user system (7).

B. Linear Channel Estimation With Information Feedback

Let us recall the system model (5) and define a related flat
fading single-user channel for m = 1, 2, . . . ,M as

zkm =
[

pk

〈〈x̃k〉〉(i−1)

]
︸ ︷︷ ︸

=x̃
(i−1)
k

hm
k +

[
0

xk − 〈〈x̃k〉〉(i−1)

]
︸ ︷︷ ︸

=Δx
(i−1)
k

hm
k + wkm,

(13)
where wkm ∼ CN

(
0,C(i)

)
. Let I(i−1)

k =
{
pk, 〈〈x̃k〉〉(i−1)

}
be known and postulate the noise is distributed as



w̃km ∼ CN
(
0, C̃(i)

)
. If we let Q(i−1)

(
Δw̃km | I(i−1)

k

)
=

CN(0, Σ̃
(i−1)

Δwkm
), the resulting single-user GPME reads

〈· · · 〉(i) (14)

=
E

h̃k,ΔW̃(i−1)
k

{
· · ·

∏M
m=1 Q

(
zkm

∣∣ h̃m
k ,Δw̃

(i−1)
km , I(i−1)

k

)}
E

h̃k,ΔW̃(i−1)
k

{ ∏M
m=1 Q

(
zkm

∣∣ h̃m
k ,Δw̃

(i−1)
km , I(i−1)

k

)} .

Furthermore, let the noise covariance matrices be given by the
solutions to the coupled fixed point equations

C(i) = σ2IT + α lim
K→∞

1
K

K∑
k=1

M∑
m=1

V km

(
C(i), C̃(i)

)
, (15)

C̃(i) = σ̃2IT + α lim
K→∞

1
K

K∑
k=1

M∑
m=1

Ṽ km

(
C(i), C̃(i)

)
. (16)

where, after denoting Ec{·} = E{· |xk, I(i−1)
k },

V km

(
C(i), C̃(i)

)
= Ec

{(
xkhm

k −
〈
ũ

(i−1)
km

〉)(
xkhm

k −
〈
ũ

(i−1)
km

〉)H
}

, (17)

Ṽ km

(
C(i), C̃(i)

)
= Ec

{(
ũ

(i−1)
km −

〈
ũ

(i−1)
km

〉) (
ũ

(i−1)
km −

〈
ũ

(i−1)
km

〉)H
}

, (18)

and ũ
(i−1)
km = x̃

(i−1)
k h̃m

k + Δw̃
(i−1)
km .

Claim 2. Let N = τdC → ∞ and K = αL → ∞ with α and
τd finite and fixed. Conditioned on {X ,P,Q(i−1)

X }, the joint
distribution of the true and postulated channel coefficients
and the estimates

{
〈〈hm

k 〉〉(i)
}

of the multiuser system (5),
converges in probability to the joint distribution of the true and
postulated channel coefficients and the estimates

{
〈hm

k 〉(i)
}

of
the single-user system (13).

Remark 1. Due to Claims 1 and 2, the performance of the
general iterative multiuser DS-CDMA system described in
Sections II and III, can be analyzed by concentrating on the
much simpler single-user system described by (7) – (18).

V. PERFORMANCE ANALYSIS

For simplicity we assume in the following that P k = p
M I

for all k = 1, . . . ,K.

A. Linear Data Estimation With PIC

Corollary 1. Consider the LMMSE-PIC or “SUMF-Based
Soft IC” in Examples 1 and 2, respectively. Let the channel
information be given by the LMMSE estimator in Example 3.
The post-detection SINR at ith iteration is then given by

SINR(i) =
‖h̃(i)‖2D(i)

1 + ξ(i)D(i)
, (19)

where ξ(i) is the per-path MSE of the channel estimate and
h̃(i) ∼ CN

(
0,

(
p
M − ξ(i)

)
I
)
. The noise covariance D(i) =

1
D(i)

I for the SUMF-receiver is

1
D(i)

= σ2 + αE
{

Σext
Δx‖h̃(i)‖2 + ξ(i)

}
, (20)

and for the LMMSE-based receiver the solution to

1
D(i)

= σ2 + α(M − 1)
ξ(i)

1 + ξ(i)D(i)

+αE

{
Σext

Δx‖h̃(i)‖2 + ξ(i)

1 + D
(
Σext

Δx‖h̃(i)‖2 + ξ(i)

)
}

, (21)

where Σext
Δx denotes the MSE of the soft symbols, based on

extrinsic information of a single-user system over an ergodic
Rayleigh fading channel whose received SNR has the same
distribution as SINR(i−1).

Remark 2. It can be easily verified that Claim 1 reproduces
also the results reported in [1], [2], [7].

B. Linear Channel Estimation With Information Feedback

Corollary 2. For the LMMSE channel estimator of Example 3,
C(i) = C̃(i) and C(i) = σ2I+αME

{
V

(
C(i),C(i)

)}
, where

E
{
V

(
C(i),C(i)

)}
= E

{
C

(
ΣΔw + C(i)

)−1

×
(

Σ̃Δw +
p
M x̃x̃H

(
ΣΔw + C(i)

)−1
C

1 + p
M x̃H

(
ΣΔw + C(i)

)−1
x̃

)}
, (22)

and x̃ = vec([p 〈x̃〉app]), where 〈x̃〉app denotes the soft
feedback and Σapp

Δx the corresponding MSE, based on APPs
of a single-user system operating over an ergodic Rayleigh
fading channel whose received SNR has the same distribution
as SINR(i−1). For large coherence time T , the solution to

1

C
(i)
p

= σ2 (23)

+
αM p

M

1 + p
M

(
τpC

(i)
p + τdC

(i)
d E

{
|〈x̃〉app|2(1 + C

(i)
d

p
M Σapp

Δx)−1
})

1

C
(i)
d

= σ2 + αME

{
p
M Σapp

Δx

1 + C
(i)
d

p
M Σapp

Δx

}
(24)

+
αM p

M E
{
|〈x̃〉app|2(1 + C

(i)
d

p
M Σapp

Δx)−2
}

1 + p
M

(
τpC

(i)
p + τdC

(i)
d E

{
|〈x̃〉app|2(1 + C

(i)
d

p
M Σapp

Δx)−1
})

satisfies 1

C
(i)
p

= σ2 +αMξ(i), where ξ(i) is the per-path MSE.

Remark 3. If we let τd = 0 or 〈x̃〉app = x so that Σapp
Δx = 0,

Corollary 2 reduces to [2, Thm. 2], as expected. We also note
from (23) and (24) that the use of soft feedback can never
increase the per-path MSE of this channel estimator.

Corollary 3. If αM < T , the per-path MSE of the estimator
given in Example 4 converges in the large system limit to

ξ(i) =
σ2

T − αM
+

4 p
M εappτd

[
1 + εapp(τd − 1)

]
T 2

+α
4pεappτd

[
T −

(
1 + εapp(τd − 1)

)]
T 2(T − αM)

, (25)

where εapp denotes the probability of error of the information
bits based on APPs of a single-user system operating over an
ergodic Rayleigh fading channel whose received SNR has the
same distribution as SINR(i−1).
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vs. multiuser efficiency η for the linear channel
estimators with soft or hard feedback, as given in Examples 3 (blue line) and
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α = 1.2 and average SNR γ = 4 dB.
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Fig. 2. Bit error probability vs. SNR γ of the LMMSE (Ex. 1) and SUMF
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(CE) [2] and iterative CE (Ex. 3) are considered for given loads α and numbers
of pilots τp. Three equal power paths, coherence time of T = 100 symbols,
rate-1/2 convolutional code with generators (753, 561)8 and Gray QPSK.

Remark 4. The main result of [9, Sec. III] is an approxi-
mation, whereas (25) is exact at the large system limit. The
results coincide if εapp ≈ 0, and T 
 M as in [9].

VI. NUMERICAL EXAMPLES

Let us consider a half-rate convolutional code with generator
polynomials (753, 561)8. With QPSK, the average SNR per
information bit is γ. We remark that the numerical examples
given here are based on the asymptotic results obtained in
Section V and for finite systems are approximations.

The relative MSE ξ
p/M vs. the average multiuser efficiency

η = E{SINR/γ} for the channel estimators given in Exam-
ples 3 and 4 is plotted in Figure 1. The analysis in [9] gives
far too optimistic results in this case, and misses the region
where the unreliable hard feedback causes increase instead
of decrease in the MSE (dashed part of the upper curve).

Since the soft feedback cannot degrade the performance of
the estimator (cf. Remark 3), it is more suitable for iterative
receivers than the hard feedback. We therefore consider only
soft feedback based receivers in the following.

Bit error probability vs. SNR for an iterative system con-
sisting of the LMMSE or SUMF-based MUDD given in
Examples 1 and 2, respectively, and the channel estimator
in Example 3 is shown in Figure 2. Channel coherence time
of T = 100 symbols and three M = 3 equal power paths
are assumed. Remarkably, the system with load α = 1.2 and
LMMSE-based iterative receiver converges to near single-user
performance at relatively low SNR with only one pilot symbol.
The performance of the system with linear LMMSE channel
estimation [2], on the other hand, suffers significantly from the
channel estimation errors even with ten pilots. For the iterative
system with SUMF-based MUDD, the user load was dropped
to α = 0.8 in order to converge within the given range.
This is due to the relatively poor multiple access interference
suppression capability of the SUMF-based MUDD.
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