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Abstract

This contribution analyzes the behaviour of CDMA
(code division multiple access) systems with correlated
spatial diversity. The users transmit to one or more
antenna arrays. The centralized receiver employs a lin-
ear minimum mean squared error (MMSE) detector.
We derive the performance of the linear detector in
a large system with random spreading sequences and
weak assumptions on the flat fading channel gains—the
fading may be correlated and contain line-of-sight com-
ponents. We show that, as the number of users and the
spreading factor grow large with fixed ratio, the perfor-
mance of the system is fully characterized by a square
matrix with size equal to the number of receiving an-
tennas. This limiting square matrix can be regarded
as a kind of multidimensional multiuser efficiency. Our
general result includes as special cases the results dis-
cussed by Hanly and Tse in 2001 [1] for independent
channel gains, gives stronger convergence results, and
provides the rigorous proofs missing in [1].

As a byproduct of the analysis, we also find
the large-system signal-to-interference and noise ratio
of symbol-quasi-synchrounous but chip-asynchronous
CDMA systems (with certain constraints on the chip
waveform) for single-antenna systems.

1. INTRODUCTION

Modelling of spreading matrices in CDMA (code
division multiple access) systems by random matrices
has resulted extremely fruitful from both the theoreti-
cal prospective of system analysis, see [2], [3], and [4],
and from the practical point of view of receiver design,
e.g. [5]. In the large system limit, as both the trans-
mitted signals K and the spreading factor N tend to
infinity with a fixed ratio, the random matrices show
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self-averaging properties. These allow the description
of the system in terms of few macroscopic system pa-
rameters and provide thus deep insights into the system
behaviour. Modelling the spreading matrices as ran-
dom matrices, Hanly and Tse [1] analyzed a CDMA
system consisting of users transmitting to a multiuser
receiver with spatial diversity. The spatial diversity
can be obtained by multiple antenna elements at a sin-
gle base station, or by combining of signals received at
multiple base-stations. In [1], these two cases of spatial
diversity are referred to as microdiversity and macro-
diversity, respectively. In this celebrated work the per-
formance of linear multiuser receivers are analyzed un-
der the assumption that the spreading sequences are
Gaussian and the random channel gains are circular
symmetric and independent for all users and antennas,
and for any user the gains to all antennas are identically
distributed. The analysis does not span cases of prac-
tical interest like multi-antenna element systems with
correlated channels and/or line-of-sight components.

The pioneering works in [6] and [7] on antenna ar-
rays at the transmitter and the receiver promise huge
increases in the throughput of wireless communication
systems. Therefore, they promoted the blossoming of
a rich production of works that study the capacities
of such systems in more realistic situations. In this
flow are works that analyze the effects of channel cor-
relation [8], [9], [10], [11], [12], [13], [14], line-of-sight
components [15], [16], multiple scattering [17], and key-
holes [11] (this list does not claim to be comprehensive).
Fading correlation and line-of-sight components were
found to affect channel capacity severely. It is natural
and of practical interest to consider their effects also in
a CDMA system with spatial diversity.

In this paper we consider a general framework with
one or more antenna arrays at the receive side including
combined micro- and macro-diversity scenarios. The
transmitting users may use multiple element antennas,
but need not to do so. The channel gains satisfy very



weak constraints. They may be correlated and contain
line of sight components, i.e. their mean may be differ-
ent from zero. The analysis underlies the assumption
of independent random spreading. Our general result
includes the results in [1] as special cases. Addition-
ally, it leads to a stronger result (convergence in the
mean square sense instead of convergence in probabil-
ity) and provides a rigorous proof of the results for the
macro-diversity case, only conjectured in [1].

In the microdiversity case with independent channel
gains, the system behaviour is captured by the condi-
tional multiuser efficiency, which converges to a deter-
ministic constant in the large system limit. With cor-
related channel gains, we show that the large system
behaviour is captured by a deterministic positive def-
inite Hermitian matrix with size equal to the number
of receive antennas.

In this contribution we consider the linear MMSE
receiver. Thanks to the assumption of independence
among the chips, the analysis shows that this lin-
ear receivers is not affected by channel correlation
between transmitting antennas and suffers only from
channel correlations among receiving antennas. For
large CDMA systems without receive antenna diver-
sity, the multiuser efficiency fully characterizes the sys-
tem since it is identical for all users. In contrast, we
show that the multiuser efficiency in CDMA systems
with spatial diversity changes from user to user, in gen-
eral. Additionally, we give sufficient conditions under
which also a system with spatial diversity and corre-
lated channel gains is characterized by a unique scalar
multiuser efficiency.

The same mathematics developed for CDMA sys-
tems with correlated spatial diversity can also be ap-
plied to the analysis of a CDMA system with asyn-
chronous chips, and maximum relative time shift non
higher than the chip interval. Concerning this last re-
striction on the maximum time-shift we observe that
the analysis of asynchronous CDMA systems is usually
split into two sub-problems, e.g. [18] and [19]:

• Analysis of the asynchronicity effects due to sig-
nal shifts multiples of the chip interval;

• Analysis of the asynchronicity due to signal shifts
smaller than the chip interval.

In [19] it is proven that the linear MMSE detector for
CDMA systems with relative signal shifts multiple of
the chip interval and observation window centered on
the user of interest performs as well as a linear MMSE
detector for synchronous systems as the observation
window tends to infinity while it performs worse for
finite observation windows. In [20] the performance

analysis of linear MMSE detectors and multistage de-
tectors in symbol asynchronous but chip synchronous
systems is extended to all the users in the system and
to any finite observation window. The effect of chip
asynchronicity on multistage detectors has been ana-
lyzed in [21]. However, no theoretical analysis of linear
MMSE detectors for systems with time shifts smaller
than the chip interval was available yet. The analytical
tools provided in this work solve the problem for linear
MMSE detectors.

2. SYSTEM MODEL AND NOTATION

In the following we denotes with In the identity
matrix of size n × n. E{·} is the expectation opera-
tor. δ(λ) is the Dirac’s delta function. ⊗ denotes the
Kronecker product. el is the L-dimensional unit vector
whose elements are zero except the l-th that equals 1
(el = (δlj)

L
j=1).

We consider a CDMA system with spreading fac-
tor N and K ′ users. Each user employs a transmit
antenna array with NT elements sending independent
data streams through each of the elements. Thus, we
may speak of a system with K = K ′NT virtual users.
The signal is received by L receive antennas. These an-
tennas can be part of an array or can be placed at dif-
ferent locations, but the received signals are processed
jointly.

The baseband discrete-time system model, as the
channel is flat fading, is given by

y = Hb + n (1)

where y is the NL-dimensional received vector, b is the
K-dimensional transmitted vector, and n is discrete-
time, circularly symmetric complex-valued white Gaus-
sian noise with zero mean and variance σ2. The influ-
ence of spreading, fading, and spatial diversity is de-
scribed by the NL×K matrix

H =
L∑

l=1

(STΛl) ⊗ el (2)

where S is the N×K spreading matrix whose k-th col-
umn is the spreading sequence of the kth virtual user.
The diagonal square matrix T ∈ C

K×K contains the
transmitted amplitudes of all virtual users such that
its kth diagonal element tk is the amplitude of the sig-
nal transmitted by the virtual user indexed by k. The
diagonal matrices Λ1,Λ2, . . . ,ΛL ∈ C

K×K take into
account the effect of the flat fading channel. The kth

diagonal element of Λl is the channel gain between the
transmitting antenna element of the kth virtual user
and the lth receive antenna and will be denoted by λlk



in the following. The channel gains can be, in general,
correlated and contain line of sight components as in
Rice channels.

Alternatively, (1) models a CDMA system with
asynchronous chips, negligible interchip interference,
and maximum time shift, for the k-th signal, τk ∈[
0, Tc

2

)
. Tc is the chip interval. S is again the spreading

matrix with random spreading sequences and spread-
ing factor N . There are K users in the system and
T is the matrix of received amplitudes that takes into
account the transmitted amplitudes and the channel
gains. L is the sampling rate normalized to the chip
interval Tc. Let ψ(t) be the chip waveform in the
continuous-time domain. The matrices Λ1,Λ2, . . . ,ΛL

are obtained sampling ψ(t). The k-th element of Λl is

given by λkl = ψ
(

(2l−1−L)Tc

2L − τk

)
, k = 1, . . . ,K, l =

1, . . . , L. In this case the matrices Λ1,Λ2, . . . ,ΛL are
completely correlated (i.e. given one of them the oth-
ers are deterministically determined) and independent
of T . Let us notice that with this model we assume
ψ(t− τk) ≈ 0, k = 0, . . . ,K, for t /∈ [−Tc

2 + τk,
Tc

2 + τk).

In the following, the spreading matrix is modelled
as a random matrix whose elements are independent1

with zero mean, variance 1
N , and fourth moment such

that there exists a γ > 1 for which E{|s11|
4} ≤ 1

Nγ .
This condition is satisfied by all practically relevant
choices of chips. Moreover, we assume the transmitted
symbols to be uncorrelated and identically distributed
random variables with zero mean and unit variance, i.e.
E{bbH} = IK . In order to simplify notation, it will
be helpful in the following to define the L-dimensional
vectors of the received amplitudes of the virtual user
k, lk = tk[λ1k, λ2k, . . . , λLk]T , k = 1, . . . ,K.

3. Linear MMSE Receiver

Throughout we adopt the following notation

• hk denotes the k-th column of H;

• Hk is the NL× (K − 1) matrix obtained from H
suppressing the k-th column hk.

From the Wiener-Hopf theorem [22] for the estimation
of zero-mean random variables, the linear MMSE re-
ceiver for the transmitted signal k is given by

ck = E{yyH}−1E{b∗ky} (3)

with the expectation taken over the transmitted sym-
bols b and the noise. Specializing the Wiener-Hopf

1Note that the random variables snk are not required to be
identically distributed

equation to the system model (1) yields

ck = (HHH + σ2I)−1hk (4)

= c · (HkH
H
k + σ2I)−1hk (5)

for some c ∈ R. The second step follows from the
matrix inversion lemma. The linear MMSE detector
generates a soft decision b̂k = cH

k y based on the obser-
vation y. Its performance is measured by the signal-to-
interference-and-noise ratio SINRk at its output which
is well-known (e.g. [22]) to be given by

SINRk = hH
k (HkH

H
k + σ2I)−1hk. (6)

The SINR can be conveniently expressed in terms of
the multiuser efficiency

SINRk =
||lk||

2

σ2
ηk. (7)

The multiuser efficiency ηk is a useful measure, since it
is identical to all users in special cases [23].

Let us notice that SINRk depends on the spread-
ing sequences and the channel parameters of all users.
To get deeper insights on the LMMSE behaviour it is
convenient to analyze the performance, as K,N → ∞
with constant ratio β = K

N . To this aim, we
have to define how the matrices T ,Λ1,Λ2, . . . ,ΛL be-
have as the system grows large. We assume that
the joint empirical distribution of their diagonal ele-
ments converges almost surely to a limit distribution
function FT ,Λ1,Λ2,...,ΛL

(t, λ1, λ2, . . . , λL) with bounded
support2, as K → ∞. In the following, notation
will simplify referring to the limiting joint distribu-
tion Fl(l1, l2, . . . , lL) rather than the limit distribution
FT ,Λ1,Λ2,...,ΛL

(t, λ1, λ2, . . . , λL). Fl is obtained by the
projection (l1, l2, . . . , lL) = (tλ1, tλ2, . . . , tλL). Under
these assumptions the asymptotic performance will de-
pend on a small set of parameters, as shown by the
following theorem.

Theorem 1 Let S be an N ×K random matrix with
independent entries. Let its elements sij be zero

2Let us make some considerations in order to clar-
ify the concept of joint limit distribution for the ma-
trices T ,Λ1,Λ2, . . . ,ΛL. Consider the virtual user in-
dex as ensemble index. Then define the (L + 1)-tuples
(tk, λ1,k, . . . , λL,k), ∀k = 1, . . . , K as realizations of an
(L + 1)-dimensional random vector with a given distribu-
tion FT ,Λ1,Λ2,...,ΛL

(t, λ1, λ2, . . . , λL). For a given number
of virtual users K we can consider the empirical proba-
bility density function F K

T ,Λ1,Λ2,...,ΛL
(t, λ1, λ2, . . . , λL) =

∑K
i=1

δ(‖(t, λ1, λ2, . . . , λL) − (tk, λ1k, λ2k, . . . , λLk)‖)

K
.

We assume that there exists the limit
limK→∞ F K

T ,Λ1,Λ2,...,ΛL
(t, λ1, λ2, . . . , λL) =

FT ,Λ1,Λ2,...,ΛL
(t, λ1, λ2, . . . , λL)



mean, with variance E{|sij |
2} = 1

N and forth moment
E{|sij |

4} ≤ 1
Nγ and γ > 1. Let lk be the vector of re-

ceived amplitudes of the virtual user k. Let us assume
that, almost surely, the empirical joint distribution of
l1, l2, . . . , lK converges to some limiting joint distribu-
tion Fl(l1, l2, . . . , lL) with bounded support. Then, as
N,K → ∞ with K

N → β and L fixed, the SINR of vir-
tual user k, given the fading amplitudes lk, converges
in the mean square sense to the value

l.i.m.
K,N→∞

SINRk =
lHk Alk

σ2
(8)

where A is the unique deterministic L × L matrix so-
lution to the matrix-valued fixed point equation

A−1 = IL + β

∫
llH

σ2 + lHAl
dFl(l1, l2, . . . , lL) (9)

such that A > 0 for σ2 > 0.

The proof of this theorem can be found in [24].

It is clear from (7) that the matrix A is a matrix-
valued generalization of multiuser efficiency. Let us
analyze under which conditions on the limiting joint
distribution Fl(l1, l2, . . . , lL) or, equivalently, on the
corresponding limiting probability density function
fl(l1, l2, . . . , lL) the generalized multiuser efficiency A

is diagonal. In fact, for diagonal A, the general result
in Theorem 1 simplifies to the system of fixed-point
equations in [1], Theorem 3. The following corollary
summarizes some sufficient conditions that yield a di-
agonal structure of A.

Corollary 1 Let S and lk be as in Theorem 1. If the
joint probability density function fl(l1, l2, . . . , lL), for
any k, is an even function of Re(lk) and Im(lk) for any
value of the parameters (l1, . . . , lk−1, lk+1, . . . lL) then
as N,K → ∞ with K

N → β and L fixed, the SINR of
virtual user k, given the fading amplitudes lk, converges
in the mean square sense to the value

l.i.m.
K,N→∞

SINRk =
|tk|

2

σ2

L∑

`=1

a`|λ`k|
2 (10)

where a`, ` = 1 . . . L, are the unique positive solutions
to the system of fixed-point equations

a` =
1

1 + β

∫
|l`|

2

σ2 +
∑L

n=1 an|ln|2
fl(l1, . . . , lL)dl1 . . . dlL

(11)
for ` = 1 . . . L.

Proof: In order to verify that system (9) is equivalent
to system (11) under the above mentioned conditions
on fl(l1, l2, . . . , lL) it is sufficient to verify that, for all
i, j = 1, . . . , L, with i 6= j, the off-diagonal elements of
A are zero. The uniqueness of the solution for system
(9) guarantees that the constants a` are the desired
ones. In fact, ∀i, j = 1, . . . , L
∫
lilj fl(l1, l2, . . . , lL)

∑L
`=1 a`|l`|2

dl1dl2 . . . dlL =

∫
lidl1, . . . ,dlj−1

·dlj+1, . . . dlL

∫
ljfl(l1, . . . , lL)
∑L

`=1 a`|l`|2
dlj .

Since the function lj/
∑L

`=1 a`|l`|
2 is an odd function of

Re(lj) and Im(lj), the integral with respect to lj will
be always null if fl(l1, l2, . . . , lL) is an even function
in Re(lj) and Im(lj) for all possible values of lj , (j =
1, . . . , L)

⋂
(j 6= i).

Following the same derivation used for Corollary 4
in [1] we obtain:

Corollary 2 Let S, fl(l1, l2, . . . , lL) be as in Corol-
lary 1. If the limiting probability density function
fl(l1, l2, . . . , lL) is exchangeable, i.e. for any permu-
tation π of {1, . . . , L}

fl(l1, l2, . . . , lL) = fl(lπ(1), lπ(2), . . . , lπ(L))

then, as N,K → ∞ with K
N → β and L fixed, the

SINR of virtual user k, given the fading amplitudes lk,
converges in the mean square sense to the value

l.i.m.
K,N→∞

SINRk =
Pk

σ2
η (12)

with
Pk = ||lk||

2,

and the unique scalar multiuser efficiency η being solu-
tion to the fixed point equation

η =
1

1 + β
L

∫
P

σ2+ηP dFP (P )

where P is the random variable defined by P = ||l||2

and FP (P ) is its distribution.

Remarks:

• Corollaries 1 and 2 imply Theorem 3 and Corol-
lary 4 in [1] and provide a rigorous proof for them.
Additionally, the convergence is here shown to be
the mean square sense.

• Channels with line of sight components do not
satisfy the hypotheses of Corollaries 1 and 2: the
limit matrix A is not diagonal and Theorem 1
has to be applied.



• A CDMA system with spatial diversity can be
considered as a system with only one receive an-
tenna and spreading factor NL, eventually with
block-wise correlated chips.

• The asymptotic behaviour of the general system
is completely described by an L×L matrix A. In
contrast to the case of single receive antenna, the
multiuser efficiency of the LMMSE receiver varies
from user to user. In particular, for user k, it de-
pends on the direction of the channel gains, lk,
with respect to the eigenvectors of A: The mul-
tiuser efficiency is maximum if lk has the same
direction as the eigenvector corresponding to the
maximum eigenvalue of A.

• The extension of the concept of effective inter-
ference is not straightforward since the system
behaviour is caught by a matrix. However, given
the strong analogy with the results in [1] we can
define the matrix of the effective interference of

user k on the system as I(lk) = 1
N

lkl
H
k

1+lH
k

Alk/σ2
.

• Thanks to the independence of the spreading se-
quences the correlations of the channel gains at
the transmitter side do not affect the asymptotic
performance of the LMMSE receiver.

4. CONCLUSIONS

In this contribution we determined the asymptotic
performance of a CDMA system with random spread-
ing and spatial diversity in the general case as the chan-
nel gains are correlated and with line of sight compo-
nents. This result includes as special cases the results
in [1] derived under the constraints of independence
of the channel gains and uniformly distributed phases.
Deriving the results in [1] from the general equations
(8) and (9) we could prove the results for the macro-
diversity case, which was only conjectured in [1]. Ad-
ditionally, we show that the convergence of the SINR
to a deterministic constant, as the system grows large,
holds in the mean square sense and not only in proba-
bility as shown in [1].

Our general Theorem 1 shows that the system is
asymptotically described by the L× L matrix A char-
acterizing completely the effects of channel correlation
and line of sight components. The efficiency of the sys-
tem in recovering the symbol transmitted by the phys-
ical user k depends deeply on the direction of the chan-
nel gain vector lk with respect to the eigenvectors of A.
In particular, the spectral efficiency is maximum if lk

has the same direction of the eigenvector associated to
the maximum eigenvalue of A. Conditions under which

the resource pooling result shows up, or, equivalently,
the generalized multiuser efficiency matrix reduces to
a scalar, in the general case, have been given.

The same mathematics can be used for the analysis
of an asynchronous CDMA system.
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