
2006 IEEE Information Theory Workshop, Punta del Este, Uruguay, March 13-17, 2006

Linear Multi'user Detection for Asy,nchronous
CDMA S~ystemis: CIp Pulse Design and Tnime

Delay Di--stri ution.
Laura Cottatellucci Merouane Debbah Ralf R. Muller

University of South Australia Institut Eurecom Dep. of Electronics and Telecommunications
Mawson Lakes Boulevard 2229 Route des Cretes B.P. 193 Norwegian Univ. of Science and Technology

Adelaide, Australia 06904 Sophia Antipolis cedex, France 7491 Trondheim Norway
Email: laura.cottatellucci@unisa.edu.au Email: merouane.debbah@eurecom.fr Email: mueller@iet.ntnu.no

Abstract- The large system performance analysis of linear This work is focused on the analysis of symbol quasi
multiuser detectors (e.g. MMSE, MSWF, multistage detectors) for synchronous but chip asynchronous systems, i.e. systems with
asynchronous CDMA systems is provided. While the performance time delays non greater than the chip interval. The results
of synchronous systems with square-root waveforms is indepen- time geaer antheochip interval.Th us
dent of the chip bandwidth, the performance of asynchronous htoe alsof generl asynchronous ste mainghuse of
systems depends on the pulse shape and the bandwidth. It the analysis of symbol asynchronous and chip synchronous
increases as the bandwidth increases beyond half on the chip systems in [5], [6].
rate and, in such a case, asynchronous systems outperform the A general result for the performance analysis of linear
synchronous ones.

detectors for chip asynchronous systems is provided. The chip
I. INTRODUCTION pulse waveforms are assumed to be identical for all users.

Asynchronous CDMA systems using chip pulse waveforms
The large system analysis of linearmultiuser detectors,i with bandwidth B not greater than half of the chip rate

random spreading sequences is mainly focused on synchro- 1c
nous code division multiple access (CDMA) systems. Only - 2Te ymp p
few works analyze linear multiuser detectors in asynchronous terms of SINR, as the correspondent synchronous systems.
scenarios [1]-[7] This generalizes the equivalence result for the ideal Nyquist

sinc waveform shown in [7]. Additionally, the performance isIn [3], [4], the analysis of asynchronous independent of the initial sampling instant and of the delaywith linear detectors is decomposed in (i) the analysis of asyn- l
chronous CDMA systems with symbol asynchronous but chip Fdistribution. It depends on the chip pulse waveform with
synchronous signal, i.e. the time delay of the users is a multiple F tno(2
of the chip interval, and (ii) in the analysis of the effects of T,fY (j2wf ) 2Sdx, with y 1/2 and s positive integer.
chip asynchronism. While the effects of symbol asynchronism Increasing the bandwidth of the chip waveform above 2T
(case (i)) are well-understood and analytic results are available the behaviour of CDMA systems changes substantially. It
[4]-[6] the effects of chip asynchronism are still unknown in depends on the time delay distribution and the equivalence be-
their whole generality. tween synchronous and asynchronous systems does not hold.

In [3], [7] the effects of chip asynchronism are analyzed Focusing on chip pulse waveforms with bandwidth 1 <
assuming band limited chip pulses. In [7] the chip waveform B < T-j under general constraints on the chip pulse waveform
is assumed to be an ideal Nyquist sinc function. The baseband and on the time delay distribution, the performance of a
received signal is filtered by a low pass filter (or, equivalently linear multiuser detector is independent of the time delay and
a filter matched to the chip waveform) and subsequently depends on the chip pulse waveform through the coefficients
sampled at the arrival time of the signal of the user of interest Es(1). The asymptotic performance analysis applied to square
with a frequency equal to the chip rate. [7] proves that the root raised cosine chip pulse waveforms points out interesting
signal to interference and noise ratio (SINR) at the output effects of the time delay distribution. As it is well known,
of the linear minimum mean square error (MMSE) detector the performance of synchronous CDMA systems with square
converges in mean square sense to the SINR in an equivalent root Nyquist waveforms is independent of the bandwidth. In
chip-synchronous system. In [3] the wider class of square root contrast, the output SINR of linear detectors optimum in a
Nyquist waveform is considered. For a sufficiently long scalar MMSE sense increases if the system is asynchronous and the
linear interference equalizer, adjusted according to the MMSE time delay is uniformly distributed. The gap in performance
criterion, chip asynchronism does not lead to a significant between synchronous and asynchronous systems is relevant
degradation compared to the chip synchronous transmission. and increases as the SNR at the detector input increases.
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II. SYSTEM MODEL usually verified in systems with large spreading factor. Thus,
Let us consider an asynchronous CDMA system with K we can neglect the useful signal outside the symbol interval

users in the uplink channel and spreading factor N. The [0, Ts] and we can focus on the transmission of a single symbol
channel is flat fading and impaired by additive white Gaussian per user as in [7]. The discrete signal at the front-end output
noise. Then, the signal received at the base station, in complex is given by
base-band notation, is given by K N-1

K y[p] = akkbk E Sk[U]'(( -)TcT k)+[PT (1)
y(t) = akkSk(t - Tk) + n(t) t C [-oc, +oc] k= U=0

k=1 where p =. . ,-1, , 1, ... and b(t) is the pulse shape
where akk is the received signal amplitude of user k and takes b(t) normalized to have unitary energy, i.e. b(t) The
into account the transmitted symbol amplitude, the effects of system model (1) with p 0,1,... , Nr - 1 reduces to
flat fading channel, and the carrier phase offset. Tk is the time
delay of user k. n(t) is a zero mean complex Gaussian process K
with two-sided power spectral density, No. Sk(t) is the spread y S akbkvk + ii.
signal of user k, k=1

jji and ii are the Nr dimensional vectors of received signal
Sk(t)= 5 bk[m/l]c(m)(t). and zero mean, complex-valued, circular symmetric, white

Sk

-oo
bk [Ml Ck Gaussian noise with variance (2 E , respectively. Vk

is the Nr dimensional virtual spreading sequence of user kbk[in] is the m-th transmitted symbol of user k and gvnbgiven by
N-1 Vk = ''kSk-

C()(t) =SmUyk )t)= Skm-[u](t TTs - uTc) T
U=0 Sk = (sk[O] ... Sk[N -]) and 4'k is an Nr x N matrix

isitssreadingaveformSkm[UI, U....taking into account the effects of the pulse shape and theiS ItS spreading waveform.skm[tl], u C [0, : N - 1], atrle time delay of user k. Its (ij)-element is given by (k)ij
elements of the signature sequence of user k in the mth tim lay . I
symbol interval. Ts and Tc are the symbol and chip periods, / r '- ( - 1) -Tk)
respectively. Let S be the rN x N matrix of virtual spreading, i.e. S

The users' symbols bk [n] are uncorrelated random variables (4'1s1, IL2s2, ...., 'KSK), A the K x K diagonal matrix of
with E{ bk [M]l 2} = 1 and E{bk [m]} = 0. The spreading received amplitudes, and b the vector of transmitted symbols.
sequences Skm [u] are assumed to be i.i.d. random variables Then, the system model in matrix notation is given by
with E{ Skm [U] 2} k and E{Skm [U]} 0.=O

b(t) is the band limited chip waveform with bandwidth B SAb + n Hb + n (2)
and energy Ed f=I b

o
f(t) 2d t. Thanks to the normalization with-oo . w1th ~~~~~H=SA. Additionally, hk denotes the kt column of

of the chip signature the energy of the signature waveform th x . A h

f±EXDc°°(m)rtA 2dt E the matrix H1T and R are_he correlation matrices defined
sa-sesJ_OO CkxV Jl - - as T = HH and R= H H, respectively. K= is the

The front-end of the multiuser detector performs: N

. A low pass filtering G(f) with low pass band f system load.

where r C E+ satisfies the constraint B < so that III. LINEAR MULTIUSER DETECTION
the sampling theorem is satisfied. The impulse response We consider the large class of linear multiuser detectors that
of the filter is normalized to obtain an amplification factor can be expressed as multistage detectors of rank M C E+ in
for the information bearing signal equal to one, i.e. the Krylov subspace XM,k(H) = span(Tmhk) MM=I[, i.e.

G(fV{E~b f.<j2Tr M-1 Hm
=0 ><2T<. bk = (Wk)mh T y (3)

. A subsequent continuous-discrete time conversion by This class includes the linear MMSE detectors, the linear
conventional sampling at rate T[ Parallel Interference Cancelling (PIC) detectors, multistage

With this choice of the front end we obtain sufficient statistics. Wiener filters (MSWF), polynomial expansion detectors [8].
Additionally, the discrete noise is still white with zero mean The weighting vectors Wk and M in (3) define completely
and variance c2 -_ Nor the detector and, eventually, can be determined by enforcing

In this work we consider symbol quasi-synchronous but chip an optimality criterion. The framework for the performance
asynchronous systems, i.e. the time delays Tk, k =1, ... ., K, analysis provided in this work can be applied to any mul-
satisfy the constraints Tk K IL. Additionally, we assume that tistage detector in XM,k(H). However, we devote special
the chip pulse&(t) ismuch shorterthan thesymbol waveform, attention to multistage detectors with weights 11k for the
i.e. &(t) becomes negligible for It > to and to «<Ta. This is k-th user such that the mean square error (MSE) E{lbk -
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Mr 1 -(Wk)mhTy 2} is minimized. We refer to them (i) The spectral radius of the matrix RN) = (HN )H
as Type J-I detectors. They coincide with the linear MMSE is almost surely upper bounded as K, N -> +oo with
detector for M = min(rN, K) (e.g. [8]). Additionally, for KN > K4
M < K, their output SINR converge exponentially in the (j) K = K(N) with limN', K(N) =
rank M to the output SINR of the linear MMSE detectors, as Then, given ( akk 2, Tk), the kth diagonal element of the matrix
assessed by simulations in [9] and analytically proven in [10]. (p(N) .e (N) i(f
An 8-stages detector achieves near linear MMSE performance (R )H ((H )HH ) converges with probability one
independently of the system size [9]. Therefore, the analysis to a deterministic value, conditionally on ( akk 2, Tk),
of Type J-I detectors yields also the analysis of linear MMSE 1im (R(N) a.s k 2T
detectors. The weights iVk are given by K=rN ( kkoT

W=k with R( lakk 2, Tk) determined by the following recursion
£- 1

where J.k = ((R±ik + c2(R )kk) andi,j=... R(A T) E ,A, T)RS(A, T)

ck ((R )kk ) s=o

The SINR of multistage detectors with arbitrary weights and, for0KxK 1,
Wk = ((wk)O ... (wk)M1) is given by . f-s-1 _s

H- -H T(x) fR x)T (x)
SINRk = k 06k Wk s=o

SkN(4k - PkPk )Wk f(R x) = f AAT(x)A ()RS(A, T)d FA 2,T(A, T)

For a Type J-I detector 1
~~T~~~-1~~~ ~~s A A AH(X)i;s() ()d

SINRJl k Pk4=k SPk
1- k_ S1k where

The large system analysis, i.e. the performance analysis as AT(T)=_(X) .. T(v-1)
K, N -> oc with K >-3, reduces to the computation of the r
asymptotic values Rkks =imK=Noo(R)kk- with TT(x) j2°e-27F (x±s)B* (< (x + S))

The convergence of the diagonal elements of R to deter- The recursion is initialized by setting T (x) I. and
ministic values is established in the following theorem whose R1
assumptions summarize the properties of system model (2). Theorem 1 is proven in [11]

Theorem 1: Assume
(a) s ), for k = 1, ... K, are K independent N-dimensional IV. EFFECTS OF ASYNCHRONISM AND OF CHIP PULSE

column vectors with i.i.d. random elements Snk C WAVEFORMS
C such that E{<(N)} = O, E{ s(N) 2} = 1 and In the following we focus on two cases:
limNO E{N3 k) 6} < + ..* Chip pulse waveforms with bandwidth B < 1

(b) (Tl, T2,... ,TK) is a sequence of K elements with Tk e . Chip pulse waveforms with bandwidth 2< B < 1.
[0, T,) and T, positive real2. 2T-C--T

(c) A(K) C CKXK is a diagonal matrix with kth element akk. A. Chip pulses waveforms with B < 1

(d) The sequence of the empirical joint distributions L bT w
F(K)T(A)T) = K ,K 1(A- akk 2)1(T-Tk) converges B non greater than p1ule waveforms 0(t) wte bandwidth
almost surely, as K --> oc, to a non-random distribution rate equal or 2Ti smpl raec
functionsly, As multiple than the chip rate.
functioentfunction t)with bone upport Theorem 1, applied to this case, yields the following al-

(e)Given the function &b(t): R -IR with unitary Fourier gorithm to derive Rf (A) and mjp, the asymptotic eigenvalue
transform (j27f), the sequence {fb(Tcn- T)} is square moments ofhthe matrix R.
root summable, for any T C [0, T,]. 1N Algorithm I:

(f) Let 4<N) -(1 ((i<T - (ji-s)T-Tk)) 1st step Let po(z) = 1 and I'o(y)
-~(N) -(N) SI,(N) -(N) r t£h step * Define ue-1(y) = y,ue- (y) and write it as a

(g) S =('L1 S,'.2S2,...4K SK). polynomialin y.
(hH(ff- giN)AK . Define ve 1(Z) =zpe 1(Z) and write it as a

polynomial in z.
'These random column vectors model the spreading sequelnces.
2Tk corresponlds to the time delay of user k. 4This condition can be replaced by the less restrictive condition that the
31(-) denotes the indicator function. integer positive eigenlvalue moments are upper bounded.
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* Define s = f'/2 (j27w ) d x and statistics are obtained sampling at rate T . Additionally, letus
replace all monomials y, y...v yf in the poly- assume that the received powers akk and the time delays
nomial uf 1(Y) by Si S2 St respectively, are statistically independent random variables and fT (T), the
Assign the result to U-1. marginal eigenvalue probability density function of the time
Define mA 2 = Etakk 2s} and replace delay, is symmetric around T = T2, i.e. fT(T - T- ) is an evenJ.

it m
. function. Then, applying Theorem 1, we obtain the followingall monomials z,z2 ........,z in the polynomial'allmonomias Z1 2algorithm to derive the asymptotic values Rv -1(z) by the moments mTAn2,m2AT 2,kk., Algorithm 2:

mIA 2, respectively. Assign the result to Ve 1. lst step Let po(z) = 1 and ,uo(y) 1.
* Set eth step * Define ue 1(y) = y/-1i(y) and write it as a

£ 1 polynomial in y.
PN(z) Z r2zU slps(z) . Define ve l(z) = zpe 1(z) and write it as a

-=1 polynomial in z.

ltf(y)=rZE 3yVIs-ls(y). . Define

. Assign pe(A) to &(A) £ (j2)Sjl2S (277X) dx (4)
Replace all monomials z, Z.2 zf in the poly- and replace all monomials y, y 2 f in the
nomial pf (z) by the moments mn1 n2l l2mAI2, AI2, , polynomial uf-1(y) by E1,S2, ,Sf, respec-
mTAn2, respectively, and assign the result to mT.sI A 1 2 , R' ~~~~~~~~~tively. Assign the result to U -1.

Algorithm 1 is derived in [11]. 1 Define mTAs2 aakk 2s} and replace
For ideal Nyquist sinc functions with bandwidth B = 1 l2 m z

2)
~~~~~~2T,n all monomials z,z, . ... ,z in the polynomial

1s= l, s = 1, 2,. Then, RI( akk 2)= rlRk( akk 2) where vf-l(z) by the moments m A12, m2,
Rf ( akk 2) are the asymptotic diagonal elements obtained by mJIAI2,-
Algorithm 1 in [8] for synchronous systems. It can be verified mnA. 2 respectively, Assign the result to Ve1.*Set
that the asymptotic performance is independent of r and -

coincides with the performance of synchronous systems. NW = : zUf-1ps(z)In the general cases, the eigenvalue moments of R depend s=O
only on the system load Q, the sampling rate ' , the eigenvalue -
distribution of the matrix AHA, and Es, s E E+. These last pf(y) = Z /3yVLIs-ls(y)
coefficients take into account the effects of the shape of the s=O
chip pulse b(t). The diagonal elements R ( akk 12) and the
eigenvalue moments me- are also independent of the delay . Assign pf (A) to Rf (A).
distribution. In particular, Algorithm I can be applied also Replace all monomials z, ...b , z in the poly-
to synchronous systems with or without oversampling and JpzA y e moments m.A22,lA2

m A 2, respectively, and assign the result to in-.any kind of chip-pulse waveform. Therefore, the performance RAI Rs
of asynchronous and synchronous systems coincides. Asyn- Algorithm 2 is derived in [11].
chronism does not cause any performance degradation on the Interestingly the recursive equations do not depend on the
system. In this way we have generalized the results obtained arrival time Tk of the signal of the user k: the performance of
in [7] for systems using an ideal Nyquist sinc waveform to such a CDMA system is independent of the time delay.
any kind of chip pulse waveforms with bandwidth B < 1 . R(A) depends on B(j2wf) through the quantities S, s

The output SINR is also independent of the initial sampling 1, 2,..., defined in (4).
time. Therefore, the system does not incur any degradation in The performance of synchronous CDMA systems with
SINR if, for all signals of interest, we consider a discrete square root Nyquist chip-pulse waveforms is well-known to
statistic obtained by sampling the received signal starting at be independent of the roll-off and given in [12].
a random instant and with a proper sampling rate, instead Figure 1 shows the large system performance, in terms of
of considering K different statistics obtained by sampling asymptotic output SINR, of detectors Type J-I with M = 8
the received signal at the exact arrival time of each signal and increasing roll-off versus Eo, in case of both synchronous
of interest. Therefore, without performance degradation we (lines with markers) and asynchronous CDMA systems (lines
can replace a bank ofK different samplers and K different without markers). The SINR is obtained assuming equal
multiuser detectors by a single sampler followed by a single received powers at the receiver, i.e. A = I, and system load
multiuser detector processing jointly all users.13=-
B.Chtpule waeformwith1 <B<1 While the SINR of synchronous systems with square root

2TC- - Tc Nyquist waveforms is independent of the roll-off y, the
Let &(t) be an even chip waveform with real unitary Fourier output SINR of asynchronous systems increases as the roll-

transform B(j2wrf) and bandwidth 21<B < 1 Sufficient off increases. For a 0 , i.e. for an ideal Nyquist sinc
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Equal received powers, square root raised cosine pulses, P=3/4. M=8 V. CONCLUSIONS
25 V. CONCLSION

asnch. y--I,}- .-, In this work we provided a general framework for the large
20 ------ -- system performance analysis of asynchronous CDMA systems

using a wide class of linear multiuser detectors including linear
15n~h 0__----q - =MMSE, linear PIC detectors, MSWF, polynomial expansion

m ' " i , detectors.
10 l |:------ Under general conditions verified for systems of practical

sL I / j interest, the effects of chip shape is captured by the coefficients
.----- - Es, s 1,2,... simply related to the chip waveform. For
o --L 1X------B < 2T the performance of synchronous and asynchronous

0 _------ systems coincides independently of the chip pulse waveform
-5 ________________________24 6 8 and the delay distribution. For B > 1 detectors optimum

(E /N) in a MMSE sense (MMSE, MSWF, Type J-I detectors), and

Fig. 1: Output SINR of a Type JI1 detector with Z = 8 versus for square root raised cosine waveforms asynchronous CDMA
E; for synchronous systems (lines with markers) and chip systems outperform the corresponding synchronous systems.
N u a l t (n The gap in SINR increases as the bandwidth of the waveforms,asynchronous lbut quasi synchronous symbol systems (linues E - Eor the system load Q or Es increases. For Es 20 dB awithout markers). No No

system with roll-off a 0 and load Q outperforms a system
Equal received powers, square root raised cosine pulses, EJNO=20dB, M=8 with roll-off ay 1 and load 2,3 (see Figure2).Thisgap
20 r ldecreases as E, increases.
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