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Abstract—We address the problem of maximizing the trans- each subject to additive white Gaussian noise. The authors
port capacity of a wireless network, defined as the sum, over define the transport capacity of the network as the summation,
all transmitters, of the products of the transmission rate with over all receivers4;, of the products of the received rate
a reward r(z), Whlch is a fu_nctlon of the distancex separating . with a rewardr(d;), where thereward function r(-) is
itg‘emtg;iﬂgeirni“d iséeie“’e“ax\éhiesn ;(g)n:tufélthrﬁegﬂcrjgc(t)f non-decreasing, but otherwise arbitrary. This definition of the

DS eters, . . . .
the usefulness of a transmission in a multihop wireless ad hoc transport capacity contam; the d.Gf'm.tmn .Of [1] as thg special
network. caser(x) = x. The capacity region in this setting, i.e., the

We first consider a single transmitter-receiver pair, and de- Set of all combinations of communication rates between the
termine the optimal distance between the two that maximizes transmitter and each of the receivers that are simultaneously
the rate-reward product, for reward functions of the form achievable, is known [3]. The main contribution of [2] is the
r(z) = x” and when the signal power decays with distance calculation of the particular point in the capacity region that
according to a power law. We then calculate the scheme that maximizes the transport capacity.
maximizes the transport capacity in a multiple access network  |n this work, we continue the investigation of transport
consisting of a single receiver and a number of transmitters, capacity, along the lines of [2]. Instead of considering the
each placed at a fixed distance from the receiver, and each with broadcast channel, however, we study the multiple access
a fixed power constraint. We conclude by showing that when the ) ha) “\which consists of a single receiver and an arbitrary
per-transmitter power constraints are substituted with a single number7of transmitters

constraint on the sum of the powers, the maximum transport . . o . .
capacity and the power allocation scheme that achieves it can be N Section Il we start by identifying the optimal distance
found by solving a convex optimization problem. between a single transmitter and a single receiver, that max-
imizes the rate-reward product, in the case of the monomial
reward functionr(z) = z*, and when the transmitted power
. INTRODUCTION decays according to a power law.
In Section 11l we consider a multiple access network con-

In multihop wireless ad hoc networks it is important not. . . . X
sting of a single receiver and a number of transmitters, placed

only that nodes transmit data packets with high bit rates

but also that the packets are transmitted over long distancl%s.IncreaSIng distances from the receiver, and each with a

Indeed, assuming that the transmission rates of the link ed upper bound on its power. In this setting, we establish

remain fixed, the larger the distances between the transmi ?g(?iltnt \I/r\}etr;ic;:v?/lriﬁgttyirrriglogc:ir\l/ztOT%I\:vmtzheesstihiélr ar:;s’grr;
and the receiver, the fewer are the transmissions that will apacity. ; ' P gnal power
€cay with distance, and as long as the reward function is

needed until the packets reach their final destination. : ; .
Enonotonlcally non-decreasing, the optimal strategy for the

In fact, in multinop wireless network, the appropriate metri N ; : .
for the usefulness of a transmission is not its data raf&@ceVeris to successively decode the signals of all transmitters

but rather, theproduct of the data rate multiplied by the with the order of decoding being exactly the same as the order

distance separating the transmitter and receiver, measured '€ ransmitter placements. In other words, the further away
a transmitter lies, the later its signal will be decoded.

bps x meters. The higher this product is for a transmission, JFinally, in Section IV we consider a multiple access network
the fewer transmissions of the same kind are needed for Which there is no per-transmitter power bound, but rather

specific amount of data to be delivered to their destinations. sum of all powers is bounded. In this case. the power
Two transmissions that achieve the same rate-distance prod , Sul power : oo P
Jcation that maximizes the transport capacity can be found

while consuming the same bandwidth and power, are equiya- : AR
lent from a network capacity perspective, even if the two dae% asrglvlglsg alﬁi% rrlvg)rio(\)/\?ttlhmalltzetlﬂgnop:ionkw);elmbv\{/\fr grlfosczr;ito?\ fﬁ;"s
rates are very different. pies, P P

This idea was first explicitly stated in a seminal paper b§ remarkably simple structure. We conclude in Section V.

Gupta and Kumar [1]. There, the summation of the distance-

rate products over all links that are active at a given moment Il. THE SINGLE TRANSMITTER CASE

in time is defined as théransport capacity. The authors  We study a communication environment in which the suc-

establish lower and upper bounds on the transport capaaissful transmission of a bit of information over a distamce

that a large wireless network with an arbitrary topology cais associated with a rewardz), wherer(-) is the reward

support at a given time instant. function. We assume that(0) = 0 and thatr(z) > r(y)
More recently, Reznik and Veid2] considered a broadcastwhenz > y. As a special case, we consider tm®nomial

network consisting of a single transmitter and a number tgward function

receiversAi, ..., A,, placed in strictly increasing distances r(x) = z?, Q)

0 < di < dy < ... < d, from the transmitter, and wherep > 0 is the reward exponent

Work supported byKplus funding for the ftw. project 10 “Signal and Regafding the pro_pagation of signals, we assume that when
Information Processing”. a transmitter transmits with powét, a receiver lying at some



By defining A £ ££ and
L8} =2, p=3 !
N A
1.6 f(x) = Bz logy(1+ E)’ (5)
L4 (X0 T3, ) we bring (4) to the form
1.2F
“““““““ : =2, p=2 o A
2 : O = sup f(x)= sup Bz"logy(1+ —). (6
= 0<z<oo 0<z<oo z
08 ; When~y < p, clearlylim, .., f(z) = oo, so thatCo** =
0.6 / oo. Wheny = p, f(z) is monotonically increasing so that its
0.4} supremum is approached as— oo, andC™" = ABlog,(e).
: ¥=2, p=1 . . .
However, as in [2], we are mostly interested in the case p.
02 ; (Indeed, in most environments > 2, and the case = 1 is
% oS 1 75 5 > p the most relevant in wireless ad hoc networks.) In this case,
X as shown in Fig. 1f(x) achieves a single maximum for an
Fig. 1. The functionf(z), defined in (5), for various combinations for theOptlmum value O(F))Ix, Zopt - We will develop expressions for
values ofp and~, and forA = B = 1. both zope and C7" = f(zopt).
To find z,,, We set the derivative of () equal to O:
: : . : , P A A
distancer away will receive an attenuated version of the signal —log(1 + 7) ) =0,
: ; v x + a7
of power Pd(z), whered(-) is the decay function As a _
special case, we consider thenomial decay function where bylog(z) we denote the natural logarithm of x. We
_ make the substitution
d(z) = Ka™7, 2
: : - =log(l+ =) -2 @)
wherey > 0 is thedecay exponentand K is a normalization Yy 8 7 P
constant. d after simplifying we arrive at:
Let us consider a single pair of nodes, a transmiftend a and & plifying '
receiverRr, sgparated by_ a distanmewhic_h is aIonved to vary. yel = (_1)6 -3 2 0. (8)
The transmitter power i$, the bandwidth available for the P

communication isB, and the receiver is susceptible to additive This equation is of the formye? = z, where z, is given

white Gaussian noise of density We assume that the twoand we must find,. In other words, solving (8) is equivalent

nodes achieve the Shannon capacity= Blog,(1 + Ps](;)). to calculating the inverse of the functign— z = ye¥. This is

We define theransport capacity Cr(z) with the equation  actually a very old problem, predating Euler, who has himself

Pd(z) worked on it [4]. The inverse is known in the Ilterat.ure as
Cr(z) 2 r(z)Blogy(1 + ). (3) Lambert's W function, and it appears often in a variety of

nB situations from the enumeration of trees in computer theory
The case of the monomial reward function with= 1 to the calculation of wave heights in physics [5].

is the most interesting. As discussed in Section I, in this In generali¥(z) is defined for complex and is complex

case the transport capacity is measuredis - meters and and multivalued. In our context, however, bothand W (z)

is the natural figure of merit for the usefulness of a linkre real, and the situation is relatively simple. In Fig. 2 we plot

from a networking perspective, in a wireless ad hoc network.= ye¥ for real y. From the figure it is clear that for > 0

However, as was pointed out in [2], there are other applicatiolis(-) has a single branch, the curve on the right of pdnt

in which a different functional form for(-) would be more For z < —e™! it has no branches, and fere™! < z < 0

appropriate. As an example, consider a scenario in which tivdnas two branchesi¥’;(-) and W5(-). The branchiVy(-) is

transmitter is associated with a sensor, and the receiverttie curve that lies on the left of poin®,, and the branch

associated with a base station. If the base station would i, (-) is the curve that lies between the poirfs and P,.

to receive information about the surroundings of the sensamfortunately, no closed-ford expressions are known for the

and the importance that the base station places on informatia branches. We define

coming from locationz is given by an arbitrary function(-), A 1

the tragnsport capacity of (3) is the appropriate figure c()f)merit 9(2) = Wa(z) = Wi(z) (for z € [-e7,0)) 9)

about the usefulness of the transmission. Other examples ar€he valuez, of (8) lies in the interval—e~1, 0), so (8) has

offered in [2]. two solutions, one for each brandi; (zg) is clearly equal to
We are interested in determining the maximum possible2 and is not acceptable, since plugging this to (7) implies

value for Cr(z), C** £ supy_, .., Cr(z). Clearly, unless thatz = +oco. HoweverWs(zo) is acceptable, as it leads to

specific cases for(-) andd(-) are considered, we can not gahe following solution:

much further. So let us limit the discussion to the monomial 1
reward and decay functions. In this case, o A g
KP N P

C®" = sup Bz"logy(1+ )
T <o 2 77396”) Noting thatWs(z) + 2 = g(2) and thatd = &£, we have

This maximization was first considered in [2], however no exhat:

1 1
pression folC;”" was calculated there, and only an asymptotic A KP|~ 1 g (10)
expression ag — oo was offered. opt nB ed(z0) — 1| °



05 which the signals from the: transmitters are decoded one

, by one. When decoding the signal of transmitiigr those
0.4f signals that have already been decoded do not affect the
03l decoding, however those signals that have not been decoded
yet appear as additive white Gaussian noise to the receiver.
02 In particular, consider a successive interference cancellation
o.1f we weo |l p scheme in which the signal froffi.;) is decoded;-th, and
0 s _ 2 m(-) is a permutation of the sdtl,2,...,n}. (Consequently,
y n~1(i) is the rank with which the signal df; is decoded.)
o1 ve¥ Then the components of the vertéx £ (Ry ,..., R, ) are
-0.2f S - given by:
-0.3 :
: d;P;
ol = ! R » = Blogy(1 +
04 Plé ’ ' g2( 773 + Zk Y (k)>m—1(4) dkPk)
B S T S E— 0 1

The transport capacity associated with the rate vector
{R;} £ (R1, Ry, ..., R,) € C is defined as

n

Cr({R;}) & Z ri IR,

=1

Fig. 2. The plot of the functioye¥.

The optimal transport capacity becomes . .
and the optimum transport capacity is

KP1%
CP* =B [} G2, (11) - "
nB Y CP' = sup Cr({Ri}) = sup ZTZ‘RZ'. (14)
where o, {Ri}ec {Ri}ec ;|
G(%) £ {Gg(z(’) - 1] " 9(20) logy (e). (12)  The quantity that must be maximized is a linear function

of the ratesR;, who in turn belong in the convex polyhedron

A few interesting observations can be made from (11). Fgr defined by (13). Therefore, the maximization of (14) is a
example,p and~ affect the transport capacity only througHinear program, and the supremum is actually achieved in one
their quotient%. Therefore, changing both their values whilef the n! verticesV. It would seem that the complexity of
leaving their quotient fixed does not change the value of tiige problem increases factorially with the number of nodes,
transport capacity. In addition, in contrast to Shannon capacitywever because of the special structure of the problem, the
the dependence of the transport capacity on the availabtution is remarkable simple, as the next theorem shows:

bandwidth and transmitter power is monomial. Theorem 1: The optimum transport capacity is achieved by
a successive interference cancellation scheme under which the
[1l. THE MULTIPLE TRANSMITTER CASE signal of transmitter?; is decoded;j-th. In other words, the

We now consider a multiple access network that consists Jftima! p?trrplu}gtlo.m() IS tthe |d?nttr|1ty pen;r)ut?tlo?(z) = ]f "
a single receivetR, placed at the origin, and transmitters IS result nolas Irrespective ot heé particular form ot he
functionsr(-) and d(-), as long asr(-) is monotonically non-

T1,T5,...,T, placed along thec-axis, at pointsr; < z2 < ind. Theref th i ¢ " v is o
... < x,. The receiver is subject to additive white Gaussiagif:reas'ng' eretore, the optimum transport capacity 1S given

noise with spectral density). Transmitter7; can transmit
with a maximum powet?;, and the total bandwidth available n
for communication is equal t@. For simplicity, we use the C;Pt — BZ” log, (1 +
notationd; = d(z;) andr; = r(z;). —

The multiple access channel has attracted significant re-
search interest in the past, and its capacity region.e., proof: Let us assume that the transport capacity is achieved by

the set of all the combinations of communication rates thgking a permutatiom (-) other than the identity permutation.
are simultaneously achievable, has been discovered [3]. {#erefore. there is g such thate 2 7, (jo) > m1(jo+1) 2 L.

d; P;
nB+ 314

). (19)

. . =T
particular, each of the transmittefs can send data to the\ye gefine a new decoding order, specified by the permutation
receiver with rateR; as long as 2 ():
__d;P; ) PN
ZRigBmgg(HzlL) VIC{1,2,...,n}. 13) G it = o,
ieT nB m(j) = qm@G—1) ifj=jo+1,
i (J) otherwise.

Equations (13) show that the capacity regiris a closed
convex polyhedron. The number of vertices whose coordlnate%oth orders of decoding achieve exactly the same transmis-

are all positive is exactlyn!. Each of these vertices can bego, rate, for all transmitters other thdi andZ;. Any differ-
achieved by a successive interference cancellation schemeeﬁlae in the transport capaciti€s-({Ri»,}) — Cr({Rir})
1,72 1,71

IMore formally, each codeword consisting efchannel uses is restricted will be due t(_‘, the dlfferent r‘f"tes achieved W andT;. Let .
to have an expected power equal to at me&t. Alternative constraints in a P€ the combined noise and interference power that the receiver
similar setting have been considered in [6]. sees when decoding the signal coming fr@m under the



original decoding ordet;. Also letpy, = di P, andp; = d; P,.

Then:

Cr({Rix}) — Cr({Rix })]
Pr b )
I I+ pr

—ry logy (1 + #kpl) —rylogy (1 + %)

(rr. — 1) [logo (I + pi) + logo (1 + p1)]

+(r1 — i) [logo (1) + loga (I + p1 + pi)]

I? + Ip + Ip + prpr
I? + Ipy + Ipy

1
5l

= 7mglogy(l+ =) + rlogy(1 +

= (ryp —r)log,

> 0.

Therefore, the transport capacity increases if we exchange the

1L.5¢

(©)

v

decoding orders of nodgsand!/. Repeating the process, we

can create a finite sequence of permutatiansms, ..

~77Tm

Fig. 3. The optimal power distribution for three different values of the total

of increasing transport sum rate, with, being the identity available power(a) Py =10 W. (b) P§ =60 W. (c) P§ = 180 W.

permutation. The result follows.

IV. MULTIPLE TRANSMITTERS WITH A SUM-POWER
CONSTRAINT

The vector(Py,..., P,,a,...,ay,) is the optimization vari-
able. The objective function is easily shown to be concave by
considering its Hessian (note that we have assumed-thas

Until now we have assumed that the pow&ravailable to non-decreasing). Since all the constraints are linear, (17) is a
each transmittef; is fixed, and is independent of the powersonvex problem. Therefore, there is no local maximum other
of other transmitters. We now assume that the transmitter pathan the global maximum, which in addition may be found
ers are allowed to vary, but are subject to a global constraiméry quickly, using a variety of methods [7].

In particular, they must satisfy the inequalily; , P; < F.

As an example, we consider a network that consists of

We are interested in discovering the distribution of powees single receiver, placed at the origin, and 200 transmitters,
that maximizes the transport capacity. In light of Theorem pJaced uniformly ever®5 m along thez-axis, the closest of

our optimization problem is the following:

maximize: BY1 r;logy(1+ —nB+ZU;l-‘fL 7))
. St P < Py, (16)
subject to: =
ol {PZ- > 0.

them being25 m from the receiver and the furthest of them
being 5 km from the receiver. The bandwidth available for
communication i3 = 10 MHz, and the receiver is susceptible
to additive white Gaussian noise with power spectral power
densityn = 107! Y. The monomial reward and decay
functions are used, with =1, y =2, and K = 10~* m?2.

Such an optimization is relevant in a number of scenarios.In Fig. 3 we plot the optimal power allocation that maxi-
For example, during the planning phase for a sensor netwonkizes the transport capacity, for the three caBgs= 10 W,
the network planners might have a fixed upper bound dff =60 W, P§ = 180 W. In Fig. 4 we plot the contributions
the total number of batteries, and they will need to knowwo the transport capacity of each of the transmitters. In the

beforehand what is their optimum distribution. Alternativelyfigures, we have also denoted the optimal positiﬁi},% x?

opt?

the network may have to comply with regulations that limit the3 | for the case of a single transmitter with powef, P2,
total transmitted power (as is the case with networks operatiggg P$ respectively. These values are given by (10).

in the ISM band).

The form of the solutions is remarkably simple: the optimal

The optimization problem (16) may easily be shown to bgower allocation is very close to a uniform distribution of

convex. In particular, define; £ nB + Z?:i d;P; for i =

1,...,n+1 (so thata,; = nB), andry = 0. Then:

N
a;
B Z 7; logs ( )
i=1

Ai+1

Cr =

n

= > [B(r; —ri1)]logy a; — Brylogs(nB),

=1

and the optimization problem (16) can be written as:

maximize: >_" | [B(r; — ri—1)]logy a; — Bry, logy(nB)
>ie P = Po,
subject to: P, >0,

a; = ’I]B + Z;L:l dej~

7

power among all the nodes that are between the origin and
a distance equal to twice the distance which is the optimum
for the single transmitter case. With this power allocation, all
nodes in this range are ensured the sédmex meters to the
transmitter, as shown in Fig. 4.

In all three cases, the gains, in terms of transport capacity,
of moving from a single transmitter to multiple transmit-
ters are relatively modest: The transport capacity goes from
11.6 kbps x km to 14.3 kbps x km in the first case, from
28.4 kbps x km to 35.2 kbps x km in the second case, and
from 49.2 kbps x km to 61.1 kbps x km in the third case, a
gain of approximatel24% in all three cases. However, note
that the multiple transmitter scheme offers an improvement
even though most of the active transmitters lie in positions
that would not be at all favorable, if these transmitters were
by themselves in the network.

In Fig. 5 we redraw the power distribution for the case
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Fig. 4. The contributions; R; of the transmitters to the transport capacityF

that are induced by the power distributions of Fig. 3. ig. 5. The optimal power distributions with a total available power equal

to Pg = 180 W. (a) 200 transmitters are placed uniformly, evé@¥ m, in
the interval[25 m, 5000 m]. (b) 118 transmitters are placed uniformly, every
25 m, in the intervals200 m, 1800 m] and [2500 m, 3800 m)].
P$ = 180 W, and the power distribution under the same
conditions, but with a different distribution of nodes. In
particular, transmitters are placed evebym within the ranges receivers. This area is the subject of [8], however because the
(200 m, 1800 m) and (2500 m, 3800 m). As is evident from capacity regions of more challenging topologies are not yet
Fig. 5, the optimal strategy is that the nodes now lying in theown, the focus there is toward the establishment of order
extremes of the two ranges use all the power that was allocalags that work in the limit of a large number of nodes.
to the nodes that were removed from the system. A veryAn alternative future line of research would be toward
similar phenomenon was observed in [2] for the case of tlige establishment of the optimal transport capacity when the
broadcast channel. Despite the removal of a significant amolottations of the transmitters are allowed to vary. Such an
of nodes, the transport capacity is not reduced significantly;iitvestigation would shed light on the spatial configurations
changes front1.1 Kbits x km to 60.3 Kbits x km, showing that promote the high utilization of network resources.
that the system is very robust and adapts very well to the
removal of transmitters.
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