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Abstract This paper analyzes performance of optimal channel estimation and multiuser detection
(MUD) in a block-fading code-division multiple-access (CDMA) channel on the assumptions of ran-
dom spreading and large-system limit, by using the replica method developed in statistical mechanics.
The authors find that the asymptotic spectral efficiency of the linear minimum mean-squared error
(LMMSE) MUD which was proposed and analyzed by Evans and Tse in 2000 is indistinguishable from
that of the optimal MUD for small system loads. Our results imply that performance of MUD scarcely
improves even if one spends more computational cost than that of the LMMSE MUD, i.e., at most the
cube of the number of users, on the above-described conditions.

Key words Channel estimation, code-division multiple-access (CDMA) systems, multiuser detection,
replica method, spectral efficiency.

1 Introduction

Code-division multiple-access (CDMA) schemes are used in third generation cellular net-
works. CDMA uplink allows multiple users within a cell to simultaneously communicate with a
base station in the same frequency band by assigning different spreading sequences to different
users. A spreading sequence in practical CDMA systems is commonly generated by combining
a short orthogonal spreading sequence over one symbol period and a long pseudorandom se-
quence over multiple symbol periods. As a result, the base station receives a superposition of all
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users’ signals, which is decomposed into three components: signal, multiple-access interference
(MAI), and noise. Conventional CDMA systems regard the MAI as an additive white Gaussian
noise (AWGN), and uses the single-user matched filter (SUMF)!! for the detection of each data
symbol. Explicitly utilizing statistical properties of MAI improves the detection of each data
symbol at the base station. This issue is called multiuser detection (MUD)M and is the main
topic of this paper.

MUD realizing near-optimal performance with low computational complexity is desired. It
was shown that the jointly-optimal (JO) MUD, which minimizes the block error probability
of data symbols, is nondeterministic polynomial-time hard (NP-hard) in the number of users
K. The individually-optimal (I0) MUD, which minimizes the bit error rate of each data
symbol, also has extremely high complexity™): No polynomial-time algorithm of the I0 MUD
is known. The computational cost of the minimum mean-squared error (MMSE) MUD is not
less than that of the IO MUD because the hard decision of an MMSE estimate equals the
decision of the IO MUD. The MMSE multiuser detector provides the best performance among
them in terms of information-theoretical capacity. In order to reduce the time-complexity
of MUD, some sub-optimal multiuser detectors with at most O(K?®) time-complexity were
proposed, such as the decorrelator (DEC) and the linear MMSE (LMMSE) multiuser detector.
The LMMSE multiuser detector provides better performance than the SUMF and the DEC
multiuser detector. It is a fundamentally important issue in MUD to answer whether or not
one acquires some improvement of performance by spending more computational cost than that
of the LMMSE multiuser detector, although this issue is generally difficult.

An efficient approach to circumventing this difficulty is to assume random spreading and
to consider large-system limit, in which K and the spreading factor N, which is defined as
the ratio of chip rate to symbol rate, go to infinity while the system load 8 = K/N is kept
constant. The performance of the LMMSE multiuser detector in an unfaded CDMA channel
was analyzed on these assumptions®~4. On the other hand, the performances of the optimal
multiuser detectors in the same channel were evaluated by using the replica method!®!, which
is a powerful approach developed in statistical mechanics. Furthermore, it was shown that
the performance gap between the MMSE and LMMSE multiuser detectors in a fading CDMA
channel with perfect channel state information (CSI) at the base station, which means that
the spreading sequences and the fading process are perfectly known to the base station, is
negligible for small 3. These previous studies imply that one can realize near-optimal MUD
with polynomial time-complexity in K and N in randomly-spread CDMA channels if K and N
are sufficiently large and 0 < 1.

The goal of this paper is to extend the previous results to the case in which the fading process
is not perfectly known to the base station. In order to simplify the performance evaluation of
MUD in this case, we consider a block-fading channel model, in which channel gains do not
change during a coherent interval and are independently drawn from a distribution at the
beginning of the next coherent intervall”). Evans and Tsel® considered channel estimation
and MUD in a block-fading CDMA channel, and proposed and analyzed an LMMSE multiuser
detector. Their LMMSE multiuser detector utilizes soft information about channel gains, which
consists of estimates of the channel gains and statistical properties of their estimation errors, for
estimating data symbols. In this paper, we evaluate the performance of an optimal multiuser
detector in a block-fading CDMA channel in order to assess the performance gap between the
two multiuser detectors.

Some results presented in this paper are based on the replica method. It is useful for the
analysis of nonlinear multiuser detectors®=69=13 and successfully reproduces some known
results for linear multiuser detectors although it lacks mathematical justification. Therefore,
we call results derived by using the replica method not “theorems” but “claims”.
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24 KEIGO TAKEUCHI et al.

Throughout this paper, logarithms are taken to base 2. CA(0,02) denotes a circularly
symmetric complex Gaussian distribution with variance o2, whose probability density function
(pdf) p(z) is given by

1 |22
p(z) = 2exp(— 2), z € C. (1)
o o

This paper is organized as follows. We define a block-fading CDMA channel and derive
an MMSE channel estimator and an MMSE multiuser detector in Section 2. The asymptotic
performance of the MMSE multiuser detector is analyzed in Section 3. We numerically compare
it with that of the LMMSE multiuser detector!® in Section 4. Section 5 concludes this paper.
We describe a crucial calculation required to derive the main result in Appendix.

2 Channel Model

2.1 K-User CDMA Channel

Practical CDMA uplink is asynchronous because synchronization among users is not con-
trolled. For simplicity of analysis, we consider a perfectly-synchronous K-user CDMA uplink
over a block-fading channel with a coherent time T¢.. User k transmits the product of an input
xp, € C and a spreading sequence {s, ;€ C:n =1,2,---,N}, in which N corresponds to
the spreading factor, in the tth symbol period within a coherent interval. The nth chip-sampled
received output y, ¢ in the tth symbol period is given by

K
1
Yn,t = \/N E hk3n7k7t1‘k7t+wn,t7 n:1a27"' aNa t:172a 7TC7 (2)
k=1

where hj, € C denotes the channel gain between the kth user and the base station and does not
change in the coherent interval, and where w,, ; ~ CN(0, Np) represents an AWGN.

We assume that the base station has CSI except realizations of the channel gains H =
{hi : k =1,2,--- K}. Tt knows all spreading sequences and the statistical properties of
{h&}, {zK+}, and {w, ¢} for all k, ¢, n. The base station consists of a channel estimator and
a multiuser detector followed by per-user decoders. In this paper, we consider only MMSE
channel estimation and MMSE MUD. The first 7 symbol periods are assigned to a training
phase in order for an MMSE channel estimator to estimate the channel gains H, and the
remaining 77 = T. — 7 symbol periods are assigned to a communication phase, in which an
MMSE multiuser detector estimates data symbols. In the training phase, user k transmits pilot
symbols {pk.}, i.e., Tk = pr for t = 1,2,--- , 7. The MMSE channel estimator estimates
the channel gains H on the basis of the knowledge Z = {P, Sy, Vir} of the pilot symbols
P=Apke: k=12 K, t=12---,7}, the spreading sequences Sy = {Snkt : 1 =
1,2,---,N, k=1,2,--- K, t =1,2,---,7}, and the received outputs Vir = {ynt : n =
1,2,---,N, t = 1,2,---,7} in the training phase, and provides soft information about the
channel gains H to the MMSE multiuser detector. In the communication phase, user k transmits
coded data symbols {by}, i.e., zxt = by for t =7+ 1,7+ 2,--- ,T.. The MMSE multiuser
detector estimates the data symbols B, = {bg, : k = 1,2,--- , K} from the spreading sequences
S =A{snkr:n=12--- N, k=12, K} and the received outputs V; = {yn: : n =
1,2,---, N} in the same symbol period ¢, along with the soft information about the channel
gains ‘H provided by the channel estimator, and feeds soft information about each data symbol
to the corresponding decoder.

We consider this type of MUD in order to make a fair comparison of the LMMSE MUD
proposed by Evans and Tsel® and the MMSE MUD. We remark that this MUD is sub-optimal
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because any estimator T();, S, Z) of B; depending only on S;, )y, and Z is not sufficient.
Intuitively, one can understand this fact as follows: The estimation of the channel gains H
improves by using soft information about By, t' # t, as effective pilot symbols, and the im-
proved estimates of the channel gains H can be utilized for the MUD of B;. Consequently, the
estimation of B; is refined by using the estimates of B/, which do depend on Sy and Vy. More
generally, the estimation of B; improves by utilizing the estimates of the other data symbols
{By : for all ¢/, except ¢’ = t}, which depend on {4, S : for all t/, except t’ = t}, as effective
pilot symbols. This discussion is consistent with the fact that a sufficient statistic of B; is given
by the form T'({); : for all t},{S, : for all ¢},7).

2.2 MMSE Channel Estimation

Let us define soft information about the channel gains H provided to the MMSE multiuser
detector. The MMSE channel estimator, which minimizes the mean-square error (MSE) of
channel estimates conditioned on P and S, coincides with the posterior mean estimator (PME)
of the channel gains given Z. Therefore, the soft information is given as the posterior pdf of H
given 7:

p(:ytr“—[? Str7 p)p(H)
HI: 7)7 Sr7 yr = ’ 3
POUE= AP, S Yl = 3, 34, 810, PYp(H)IM ?
where p(H) is the pdf of H, and where the conditional pdf p(Yi|H, Sir, P) characterizes the

CDMA channel (2) in the training phase.

2.3 MMSE Multi-User Detection

The MMSE multiuser detector estimates the data symbols B; from S;, Y, and p(H|Z),
and provides soft information about each data symbol to the corresponding decoder. The soft
information provided to the kth user’s decoder is given as the marginal posterior pdf of by ¢

given S;, Vi, and p(H|Z):

_ S p(Vi|Se, Be, T)p(By)dB .. )
S p(Ve|Se, B, T)p(By)dB;

where p(B;) is the pdf of B;, B\, denotes B\y; = {bx : for all k', except &’ = k}, and
p(Ve|St, B, I) is given by

p(bk,t|8t7 ymI)

(1|81, B, T) = / (M, Sy, Bp(H|T)dH. (5)

In Equation (5), p(V¢|H, S, Bi) represents the CDMA channel (2) in the ¢ (> 7)th symbol
period. The computational cost of the MMSE MUD for practical data modulation is exponential
in K if one directly calculates the marginalizations in (4).

The performance of the MMSE multiuser detector is measured with spectral efficiency!™.
Let by € C denote a random variable following the marginal posterior pdf (4). The spectral
efficiency of the MMSE multiuser detector is defined as

K T
1 c R
C = T kz_ltgl I(bg.t; br.t|St, ), ©)

where (bk7t;3k7t|8t,1 ) denotes the mutual information between by ; and ?)\k,t conditioned on S;
and Z:

o~

~ br bk, S, T ~
/ p(Beslbnss St Dpbe)log . PORtlOeeSeT) g (@)

I(bg ¢ by t|Se, T) =
(M k7t| v fp(bk,t“)k,t»Stvz)p(bk,t)dbk,t
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26 KEIGO TAKEUCHI et al.

with

P(bk,t|bk,t, St, L) = /p(bk,t :/l;k,t|8t7yt7z)p(yt|st7Bt7I)p(B\k,t)dytdB\k,t~ (8)

The conditional pdf (8) characterizes the equivalent channel between the kth user and the
corresponding decoder.

Let us consider a case in which the rates of all users are equal, in order to discuss the
operational meaning of the spectral efficiency (6). It is possible for each user to realize reliable
communication if and only if the sum rate is less than C'4l. Therefore, the spectral efficiency (6)
provides an information-theoretical performance limitation for the case in which the MMSE
MUD followed by per-user decoders is used.

2.4 Assumptions

Throughout this paper, we consider quadrature phase-shift keying (QPSK) modulation in
the training and communication phases, i.e., we assume that all transmitted symbols {zy; :
for all k and t} are independent and identically distributed (i.i.d.), and that the pdf of xy, is

given by . .
p(xk,t) = i Z Z 1) (x]tt — \/P (] 32]61)) , (9)

j={-1,1} k={-1,1}

where i denotes the imaginary unit. We assume random spreading!: {Re[sn k,t], Im[sy g4 :
for all n, k, and t} are assumed to be ii.d. zero-mean random variables with variance 1/2.
Furthermore, we assume that {hy : k = 1,2,---, K} are i.i.d. circularly symmetric complex
Gaussian random variables with unit variance. The last assumption is called the assumption
of i.i.d. Rayleigh fading. Therefore, the MMSE channel estimator is equivalent to the LMMSE
channel estimator(®].

3 Main Results

3.1 Summary of Results

We focus on the conditional pdf (8) in order to analytically evaluate the mutual informa-
tion (7). It is difficult to calculate Equation (8) except for small K and N, because its evaluation
includes the marginalization with respect to By ;. We consider the large-system limit, in which
K and N go to infinity with 5 = K/N kept constant, in order to circumvent this difficulty.
p(5k7t|bk,t, St,T) depends on realizations of S; and Z for finite K and N. However, it was shown
that it converges to a conditional pdf which does not depend on any realizations of &;, in the
large-system limit if the LMMSE multiuser detector is considered®]. Let us assume that this
self-averaging property of Equation (8) with respect to S; holds even for the MMSE multiuser
detector.

Assumption 1 (Self-averaging property) The conditional pdf (8) converges in law to an
asymptotic conditional pdf which is independent of S;, in the large-system limit.

This kind of self-averaging property was also assumed in previous studies®13]. Assumption 1
is assumed because it is beyond the scope of this paper to prove the self-averaging property.

Our main result is the decoupling of the randomly-spread CDMA channel (2) in the large-
system limit: It is asymptotically decomposed into a bank of single-user fading channels, and the
mutual information (7) coincides with the mutual information between a data symbol and its
estimate in the single-user fading channel. Therefore, the spectral efficiency (6) is analytically

TNote that {Re[sn, k,t], Im[sy i ¢] : for all n} are not identically distributed for practical spreading sequences.
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evaluated via the spectral efficiency of a bank of the single-user fading channels. We first define
the single-user fading channels and then provide a precise statement as a claim.
Definition 1 (Single-user fading channel) We define a single-user fading channel for the
kth user as
Zkt = hixpe + v, Vg ~ CNY(O, 0’?), fort=1,2,---,T,. (10)

The receiver consists of an MMSE channel estimator, an MMSE detector, and the kth user’s
decoder. Let us define the posterior pdf of hj given the knowledge Z, = {Z;, Pi} of the
received outputs Z = {z; : t =1,2,--- ,7} and the pilot symbols Py, = {pg,c: t =1,2,--- , 7}

of the kth user as (b Pop(he)

p(hi|T) = P\ 2kl Fr )Pk 7 (11)

J p(Zx|hie, Pr)p(hi)dhi

where p(Zg|hi, Px) represents the single-user fading channel (10) in the training phase. The
MMSE channel estimator constructs the posterior pdf (11) in the training phase and provides
it to the MMSE detector. In the communication phase, the MMSE detector estimates each
data symbol by ; from zj; and p(hg|Zy), and provides soft information about the data symbol
bi.+ to the kth user’s decoder in the form of the posterior pdf of b+ given z;+ and Zj:

D(2k,¢ |0kt Li )P (bre,e)
bit|2k . Ik) = S K 12
Pbrtlzn 1 Ti) J p(2k,t |kt L )p(br, i )dbr ¢ (12)
with

(e lbess T) = / Dl s b P (| T ), (13)

where p(zg,¢|hi, bi,) characterizes the single-user fading channel (10) in the ¢ (> 7)th symbol
period. _

Let by € C denote a random variable following the posterior pdf (12). The spectral
efficiency of this MMSE detector is given by

T,
1 = ~
Cy = T, t:ETH I(bi,t; 5,4 Zk), (14)

where the mutual information I (bm;gk,tﬂk) between by, and Ek,t conditioned on 7, is defined
as

7 7 P(br,t bkt Li) ~
I(bit; bkt Zi) = /p(bk,t|bk,tazk)p(bk,t)IOg ~ o dby,, 1 dby. ¢ (15)
J P(bre bkt Ti )p(br,¢ ) dbr,e

with

(b, t|br.t, Ii) = /p(bk,t :gk,t|zk,t>Ik)p(zk,t|bk,t>Ik)d3k,t- (16)

The spectral efficiency (6) coincides with the spectral efficiency (14) by letting the variances
{02} be particular values.

Claim 1 The spectral efficiency (6) of the MMSE multiuser detector converges in probability
to the expectation of the spectral efficiency (14) of the MMSE detector in the large-system limit:

K:EJI\?—»oo C =Ez,[Cx] in probability. (17)
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28 KEIGO TAKEUCHI et al.

In evaluating the right-hand side of Equation (17), one should let the variances {o2} be o2 for
t=1,2,---,7, and be 02 fort =7+ 1,742, ,T.. o2 is the unique solution of the following
fixed-point equation:

og. = No + BPE?, (18)

where &2 is the asymptotic MSE of the MMSE channel estimation given by

2

2 O%r
= . 19
¢ TP + Ugr (19)
On the other hand, o2 satisfies the fized-point equation:
Pg2g? o2 2
2 c [¢ . . 2
Uc - NO + HPEQ + O_g + ﬁ <P£2 + O_g E [|<hk71k>tr(bk,t - <bk,t7 Zk,t7Ik>c)| ] ) (20)
where the posterior mean (hi; i)y of hi conditioned on Ty, is given by
(hie; Tie) Z/hkp(hklfk)dhk, (21)
and where the posterior mean (bi+; 2k, Ir)c of bit given zi: and Iy, is defined as
(brts Zh,t, Zie)e = /bk,tp(bk|zk,t7Ik)dhkdbk,t~ (22)

The fixed-point equation (20) can have multiple solutions. In this case, one should select the
solution to minimize the following quantity

BBz, [1(0h,15B4/T4)| + DN (0, No) [CA (0, 02)), (23)

where D(p||q) denotes the Kullback-Leibler divergence with the logarithm to base 2 between pdfs
p(z) and g(z):

DGl = [ pla)tog ) e (24)

We note that the second term of the right-hand side of Equation (18) depends on o2, through
€2, and that the fixed-point equation (18) was originally derived by Evans and Tsel®. Claim 1
implies that the equivalent channel between the kth user and the corresponding decoder in
the large-system limit looks like the single-user fading channel (10) with the effective MMSE
channel estimator and MMSE detector. This result is an extension of the decoupling principlel®]
of randomly-spread CDMA channels.

The expression of the fixed-point equation (20) implies that MAT is represented by two
effects: The second term of the right-hand side of Equation (20) corresponds to contribution
from an effective unfaded AWGN channel, and the third term corresponds to interference from
the effective single-user fading channel with perfect CSI at the receiver

Zht = (P Ti bt + Ore,  Oky ~ CN(0, PE2 + 52). (25)

The asymptotic MSE ¢2 vanishes like £€2 = O(77!) as the length 7 of the pilot sequences is
sufficiently large. In this case, the second term of Equation (20) also vanishes and the fixed-point
equation (20) is reduced to that for perfect CSI[.
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Equations (14) and (20) can be easily evaluated with some numerical integration because
the posterior mean (hy; Z )1, follows a circularly symmetric complex Gaussian random variable
with variance 1 — £2.

3.2 Review of LMMSE

We review the performance analysis of the LMMSE multiuser detector proposed by Evans
and Tsel® | in order to compare it with our MMSE multiuser detector. The definition of the
LMMSE multiuser detector is omitted because it is described in the referencel® in detail. The
time-complexity of the LMMSE MUD is at most O(K?®) in the large-system limit.

Theorem 118 The spectral efficiency Croavvse of the LMMSE multiuser detector converges
in probability to

T
. 1 - . .
K:lﬁle—m)o CLMMSE = T t;rlEIk [I(bk; 26,¢|Zx)]  in probability, (26)

in the large-system limit, in which

(2 t|bk ¢, Lk
J p(2k,t |kt L )p(br,e ) dbr ¢

The variances o? fort =1+1,7+2,--- ,T., which are included in p(zx.+|bk.+,Zx), are given by
o2, which is the unique solution of the following fized-point equation:

( of )E [ (s ) a2 P(PE? + o)
P& + o2 P|(hi; T )ee|? + P2 4+ 02 |’

I(bge; 2t Zk) = /p(zk,t|bk,t>zk)p(bk,t)log dby, 1dz. t. (27)

PE2g?
L ) 4 ﬁ

2
=N,
oL, O+ﬂP§2+‘7L

(28)
where €2 and (hy; i) are defined as Equations (19) and (21), respectively.

The difference between the fixed-point equations (20) and (28) is in the last terms of their
right-hand sides. The last term of the right-hand side of Equation (28) corresponds to the MSE
of the LMMSE estimate of by, in the fading channel (25) with perfect CSI at the receiver.

3.3 Derivation of Claim 1

The derivation of Claim 1 consists of three parts: To analyze the equivalent channel (8)
between the kth user and the corresponding decoder, to evaluate the posterior pdf (3), and to
combine the two analyses in order to obtain the fixed-point equation (20). The replica analysis
given by Guo and Verdul® is applicable to the first part, by regarding hiby as single data
symbol. The analysis of the second part was given by Evans and Tsel® on the basis of random
matrix theory. We contribute to applying the replica analysis of Guo and Verdu to our case,
and analyzing the last part.

We first provide an analytical expression of the equivalent channel (8) between the kth user
and the corresponding decoder in the large-system limit.

Definition 2 We cousider the single-user fading channel (10) for the kth user in the com-
munication phase. The receiver consists of the original channel estimator, an MMSE detector,
and the kth user’s decoder. The MMSE detector estimates each data symbol b, ; from 2, ; and
the marginal posterior pdf p(hi|Z), which is given via the marginalization of p(H|Z) provided
by the original channel estimator, and provides soft information about the data symbol by ; to
the kth user’s decoder in the form of the posterior pdf of by ; given 2z and Z:

P(Zk,t|bk,t»I)P(bk,t)

b I)=
Pbr.lzne, T) J p(zrt|bri, T)p(b ¢ )dby. i

(29)
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30 KEIGO TAKEUCHI et al.

with
p(eralbnT) = / Dkt s i p(h | T e (30)

Claim 2[6 Let gk,t € C denote a random wvariable following the posterior pdf (29). If
Assumption 1 holds, the equivalent channel (8) between the kth user and the corresponding
decoder converges in law to p(gk,t|bk,t,1), defined in the same manner as Equation (16), in
the large-system limit. Furthermore, the spectral efficiency (6) converges in law to the spectral
efficiency

T. K
_ . 3 c -
as — 1 KT I ) I y 1
Cs i ) t:ETJrl 321 (bk,t; br | T) (31)

where the mutual information I(bk,t;5k7t|I) is defined as

- - P(bk,t|bt, T) ~
(Bt el Z) = / p(brtlbrs, D)p(bre)log dbypddbie (32)
J 2ok |0k ¢, T)p(bre,1 )by ¢

The variances o} fort =7+ 1,7+ 2,--- , T, which are included in p(by ¢|bg+,T), are given by
o2, which is a solution of the fized-point equation:

K
02 = No+ lim_ f{ ;E [1nabre — (i 200, T)e 2[T] (33)

where the posterior mean (hibyt; zkt,L)e of hibit given zi+ and T is defined as

(hibt; 21, L)e = /hkbk,tp(hhbk|zk,t7I)dhkdbk,t7 (34)
with
_ P(zk.t| P Okt )p(hie| Z)p(br. 1)
J pCzre| e, bre, ) p(h | Z)p by, ) dhi by

If the fized-point equation (33) has multiple solutions, one should choose the solution to minimize
the following quantity:

p(hi, bk|2kt, T) (35)

K
tim S 1(bi 3B ) + DIEAT0. N CN (0. 02). (36)

K—o0
k=1

Claim 2 implies that the equivalent channel between the kth user and its decoder asymp-
totically looks like a single-user fading channel. The differences between it and the single-user
fading channel defined in Definition 1 are two points: One is that the posterior pdf (11) is re-
placed by the original marginal posterior pdf p(h|Z) in the definition of the channel estimator,
and the other is the definition of 2. We can reduce the fixed-point equation (33) to a more
explicit formula.

Corollary 1 The fized-point equation (33) is explicitly given by

RS { P&io?
- P&+ o2
0'2 2
+(pers oz) DB [Ihs = ssnn TP ) . 30
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where (bg1; 2k, L)c denotes the posterior mean of by, conditioned on zi; and Z, defined in the
same manner as Equation (22), and where (hy; L)y, and & are the mean and variance of the
original marginal posterior pdf p(hi|Z), respectively.

The proof of Corollary 1 is provided in Appendix. (hy;Z)t, and &7, which are random
variables depending on Z, appear in Equation (37) because the original marginal posterior pdf
p(hi|Z) is Gaussian.

We next refer to the asymptotic analysis® of (hy;Z), and & in order to show that the
fixed-point equation (37) coincides with the fixed-point equation (20).

Theorem 2 & converges in probability to the asymptotic MSE £ of the MMSE estimate
of hi, defined as Equation (19), in the large-system limit for any k. (hg; )¢ converges in
law to a circularly symmetric complex Gaussian random variable with variance 1 — €2 in the
same limit. Furthermore, the empirical pdf pr(\) = K1 Zszl SO —={hi; D)eel®) of |(hi; T)er|?
converges in probability to a deterministic pdf in the large-system limit.

It is straightforward to confirm that the last term of the right-hand side of the fixed-point
equation (37) depends on Z only through |(hy; Z).|?. The last statement in Theorem 2 implies
that the fixed-point equation (37) converges in probability to Equation (20), due to the uniform
statistical properties for all users and (hy; Z)ty ~ (hi; Zi )tr-

Our derivation is completed by showing that the spectral efficiency (31) converges in prob-
ability to the expectation of the spectral efficiency (14). We know that the mutual informa-
tion (32) coincides with the mutual information I(bg ¢; (bk,¢; 2k,t, Z)c|Z). It is straightforwardly
shown that I(by.¢; (bk.t; 2k, Z)c|Z) depends on Z only via |(hg;Z)|>. Therefore, from Theo-
rem 2, we find that the spectral efficiency (31) converges in probability to

Te
0 S BT (ks (b 20 Dl T)) (38)
Ct=r4+1

which is equal to the expectation of the spectral efficiency (14) due to (hg; L)ty ~ (hi; Tk tr-

1 1
B=0.5
= 0.8 F = 0.8
=) =)
g .2
2 06 £ 06
= =
53] 53]
5} 5}
Iy I oo
;; —— MMSE ;;
02y LMMSE [Evans and Tse 2000] 1 0.2y
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Figure 1 Multiuser efficiency versus 7/7T¢ for T, = 40 at P/Ny = 0 dB (left) and P/No =
15 dB (right). The solid and dashed lines represent the multiuser efficiencies of
the MMSE and LMMSE multiuser detectors, respectively. The dotted curve
in the right figure shows solutions for the MMSE multiuser detector which are
not chosen by the criterion described in Claim 1

4 Numerical Examples

We numerically compare the spectral efficiency of the MMSE multiuser detector with that
of the LMMSE multiuser detector on the basis of Claim 1 and Theorem 1. We first focus on
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the ratio No/o2 (No/o?) of the original noise variance to the effective noise variance, called
multiuser efficiency, because the difference between the two spectral efficiencies results from that
between their multiuser efficiencies. Figure 1 shows the multiuser efficiencies of the MMSE and
LMMSE multiuser detectors. The gap between their multiuser efficiencies is small for any
at low signal-to-noise ratio (SNR) (P/Ny = 0 dB). On the other hand, the gap at high SNR
(P/No = 15 dB) is negligible if 7/T¢ is sufficiently small, but it becomes large as 7/T, grows.
Furthermore, the fixed-point equations (20) for the MMSE multiuser detector has multiple
solutions when 8 = 2.7 and P/Ny = 15 dB. The dotted curve shown in Figure 1 displays the
solutions which is not chosen by the criterion described in Claim 1. This result indicates that
the multiuser efficiency of the MMSE multiuser detector exhibits a waterfall behavior in this
region: It falls down toward that of the LMMSE multiuser detector as 7/T. becomes slightly
smaller than a critical point, /7, ~ 0.117 for 8 = 2.7 and P/Ny = 15 dB.

These results do not necessarily imply that the MMSE multiuser detector outperforms the
LMMSE multiuser detector for large 7/7, in terms of spectral efficiency because large 7/T
means small payload. Figure 2 displays the spectral efficiencies of the MMSE and LMMSE
multiuser detectors. The spectral efficiencies (17) and (26) increase as 7/T. grows from zero
because the accuracy of the channel estimation improves, and they are maximized at optimal
values of 7. However, they decrease as 7/, grows beyond the optimal values due to the decrease
of data symbols within a coherent interval. The gap between the spectral efficiencies of the
MMSE and LMMSE multiuser detectors is also maximized in the neighborhood of the optimal
values, and is negligibly small for any 5 at low SNR (P/Ny = 0 dB). The spectral efficiency of
the LMMSE multiuser detector is close to that of the MMSE multiuser detector at high SNR
(P/Nog = 15 dB) if 3 is small. These numerical results imply that the time-complexity of the
MUD is significantly reduced in the large-system limit when P/Nj is small or when P/Nj is
large and 3 is small, if small performance loss is tolerated.

0.8 4
= —— MMSE a —— MMSE
e g B=2.0 _.... LMMSE [Evans and Tse 2000] | -5 L Nl T LMMSE [Evans and Tse 2000]
z 067 ™ 123 | =27
) ™ S
g _____B=10 . g ’
3 04y 3 2
= > ™ = =
3 B=0.5 3 A S
£ 02} ER B=1.0""""-"T ~
s
7] 7] B=0.5 T 7T ~

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
UTe Te

Figure 2 Spectral efficiency versus 7/T; for Tc = 40 at P/No = 0 dB (left) and P/No =
15 dB (right). The solid and dashed lines represent the spectral efficiencies of
the MMSE and LMMSE multiuser detectors, respectively. The dotted curve
in the right figure shows solutions for the MMSE multiuser detector which are
not chosen by the criterion described in Claim 1

5 Conclusions

We evaluated the asymptotic performance gap between the MMSE and LMMSE multiuser
detectors in the randomly-spread CDMA channel, in which the fading process is not known
to the base station. We found that the gap is negligibly small when the SNR is low or when
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the SNR is high and the system load is small. Our results imply that the time-complexity of
MUD can be significantly reduced in the large-system limit in return for small performance
loss even if the influence of channel estimation is considered, or to put it another way, that
the performance of MUD scarcely improves by spending more computational cost than that of
the LMMSE MUD if the random spreading, the large-system limit, and small system loads are
assumed.

We note that, as discussed in Subsection 2.1, our MUD scheme does not utilize received
outputs in different symbol periods for the detection of each data symbol. Furthermore, we
remark that the assumptions of the QPSK modulation and i.i.d. Rayleigh fading are crucial in
order to derive our results. It is a future work to relax these assumptions.

Appendix: Proof of Corollary 1

We first calculate the conditional joint pdf p(zx ¢, hg|bk ¢, Z) in order to evaluate the posterior
mean (34) of hyby ¢ given z; and Z. hy conditioned on Z is Gaussian because we have assumed

hi ~ CN(0,1),

1 hk — hk;I r 2
pit) = oo (=" (). (39)
TSk &k
On the other hand, Equation (10) yields
1 — hyby¢|?
e e (40)
o2 o2
Calculating p(zg ¢, hi|bk,t, L) = (2 t| i, br,t)p(hi|T), after some algebra, we obtain
P(2kt, Pilbk,t, L) = p(hi| 25,6, bk t, 2)P(2k,t bkt L), (41)
with S )
2 2 _ PG, & . ol T,
p(hk|zk7t,bk7t,z-) _ ng + (o o e202 hy PeZ 102 bl 1%k t Pe2to2 (hi;T)er ’ (42)

néio?

where b,*ﬁt denotes the complex conjugate of by ¢, and where we have used the fact that |by ¢|?
equals P with probability one. By definition, the posterior mean (34) is given by

(hibi 1 20, D)o = J hcbrap(2,es Tl bre,e, Z)p (b, e ) dhi dby ¢
kOk,t5 Zk,ts L )c S P2ty Pe|br, 1, T)p(br, i )dhrdby, 4

P T Dolbiss s e (43)
P& 402" PE} + o2 e

We next evaluate the fixed-point equation (33). Substituting Equation (43) into the second
term of the right-hand side of Equation (33), we obtain

E [|hkbk,t - <hkbk,t§ Zk,t>I>C|2|I]

o2
=E ¢ hic; D)o (br.t — (bt D)), 44
ak,; + P§%+a§< k; D te (brt — (brt; 2805 T)e) } (44)
where ay, ¢ is defined as
o2 p¢?
= ¢ hi — (hi; D) )br.s — k . 45
gt P§,§+a§( k= (hi; D)o )br. ¢ Pe2 + g2 Vb (45)
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The second term in the expectation of the right-hand side of Equation (44) is a function of
2+ conditioned on by ¢ and Z. The fact that ay; and z;+ are jointly Gaussian conditioned on
br+ and 7 is useful in order to show that the two terms in the expectation of the right-hand
side of Equation (44) are mutually independent conditioned on by and Z. The means of ay
and zx; conditioned on by and Z are zero and (hy;Z)uby ¢, respectively, and the covariance
matrix of the column vector (agq, zk,t)T conditioned on by ; and 7 is evaluated as the diagonal
matrix diag{ P£Zo? /(P& + 02), P& + 02}, Therefore, ay ¢ and 2 are mutually independent
conditioned on by + and Z. This fact indicates that Equation (44) yields

E [|hibr,e — (hibi,; 26,0, T)c| 2]
P&o?

0'2 2
= c hi; Dy |PE [ bt — (s ) 7). 4
pertees* (pers pp) WTIaPE (e = rsan DPIT) . o)

P& + o2

Substituting Equation (46) into the fixed-point equation (33), we obtain Equation (37).
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