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Smart antenna technology combined with code-division multiple-access (CDMA)
is common in 3rd generation cellular communication systems. The uplink of a
cellular CDMA system where each mobile and each base station is equipped with
multiple element antennas, is exemplarily explored. Multiple reception due to
multiple receive antennas and multiple reception due to symbol repetition over
time—this is commonly referred to as spreading—are identified as two peculiar-
ities of the same concept. It is shown that joint processing of antenna signals
and multi-user interference is superior to a separated approach in terms of perfor-
mance. Utilizing multistage detection and certain properties of random matrices,
antenna combining and multi-user detection can be implemented jointly without
the need for matrix multiplications or matrix inversions. Hereby, the complexity
per bit of the presented algorithms scales linearly with the number of users.

1.1 INTRODUCTION

In recent years, intense efforts have been devoted to two important lines of
works: multiuser techniques for direct sequence CDMA systems and signal
processing techniques in systems with antenna arrays. Multiuser receivers
mitigate the cross-talk between users taking into account the structure of
interference from other users. Typically, these techniques exploit the degrees
of freedom given by the frequency diversity intrinsically present in CDMA
systems. Antenna arrays provide spatial diversity and smart antennas make
use of these degrees of freedom to enhance the system capacity. The resource
pooling result, due to Hanly and Tse [1], enlightens the fact that degrees
of freedom in space and frequency are interchangeable. Moreover, the total
number of degrees of freedom is the product of the degrees of freedom in
space and frequency. A system with spreading factor N and Npg receive
antennas is in many respects equivalent to a system with a single antenna
and spreading factor N Ng. This suggests the idea to treat the two effects in
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the same way performing antenna array processing and multiuser detection
jointly. Joint processing outperforms techniques that try to exploit separately
the degree of freedom in space and in frequency significantly. However, the
optimal algorithms for this task are known for prohibitive complexity. A joint
array processing and multiuser detection approach implementable in real-time
systems is offered by linear multistage detectors with asymptotic weighting:
they reach an excellent trade-off between performance and complexity. In fact,
they have a complexity per transmitted bit which is linear in the number of
transmitting antennas and in the number os users—the same is true for a
single user matched filter—and attain almost the same performance as the
joint linear minimum mean-squared error receiver.

In Section 1.2, we introduce the system model. Sections 1.3 and 1.4 stress
the duality between degrees of freedom in space and frequency and explain
the resource pooling result. Section 1.5 shows why the separation of antenna
array processing and multiuser detection is a severely suboptimum approach
by means of an intuitive example. Linear multistage detectors are defined in
Section 1.6. Their structure and their properties are described in Section 1.7.
In Section 1.8, we introduce asymptotic weighting—this approach works ex-
cellently for systems with many users—to overcome the weight design problem
which multistage detectors can suffer from. The state of art about multistage
receivers with large systems weighting is summarized in Section 1.10.

1.2 SYSTEM MODEL

Consider the uplink (reverse link) of an asynchronous CDMA system where
each of the K users is equipped with Nt transmitting antenna elements, the
base station receiver is equipped with Ny receiving antenna elements, the
channel is frequency-selective with impulse responses hppq(t), 1 < k < K,
1 <p < Nt,1< ¢ < Ng and impaired by additive white Gaussian noise v, (t).
Transmitting a block of M symbols and denoting the spreading sequence of
user k at antenna element p and symbol time m by sgpm[n], 0 <n <N -1
and the respective data symbol by ag,[m], 0 < m < M — 1, the signal
transmitted by user k from antenna element ¢ is given (in complex baseband
notation) by

N—-1M-—

brp(t) = D D (t —nTe — mNTe)ar, p[m]sg,pm[n] (1.1)
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with T, denoting the time duration of one chip and () denoting the chip
waveform. The latter combines the actual chip waveform, often a rectangular
waveform, and the band-limiting influence of the pulse-shaping filter.
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The received signal at antenna element ¢ can be written in continuous time

as
K Np 1t

e =3"%" / bop(t — ) B pg () A + 0, (2). (1.2)

k=1 p=1

At the receiver front end, it is passed through a chip matched filter! 1*(—t)
giving
+oo

Fo(t) = / ro (1" (r — £) dr. (1.3)

In order to get sufficient statistics after sampling at the chip rate, the signal
74 (t) should be passed through a bank of K Ny filters matched to the channel
impulse responses hy p4(t), 1 < k < K, 1 < p < N, before being sampled.
Alternatively, sufficient statistics could be obtained by oversampling 7, (t) with
a rate sufficiently large to exploit the band-limitation of the chip waveform.

The first approach, matched filtering with the channel impulse response,
is difficult on wireless channels due to the time-variant nature of the channel
impulse response and the difficulties in channel estimation in the continuous
time domain. The second approach, oversampling, is the method of choice for
implementations of UMTS. For chip waveforms with roll-off factor (bandwidth
extension factor) a < %, threefold oversampling is sufficient.

In the oversampled discrete-time domain, the matched filter bank can be
implemented by K Nt digital filters per receive antenna, one for each user and
each transmit antenna. Their output signals in chip time n are given by

+oo
Bpalnl = [ RO = nTe) dr (1.4

—00

for user k, transmit antenna p, receive antenna ¢, and chip time 1 — L <
n < NM + L — 2 with L denoting the length of the longest channel impulse
response in chips.

The discrete-time signal representation in (1.4) is very redundant. It con-
tains replicas of the data symbols in time due to spreading—spreading is only
a repetition code with time-variant mapping of the code symbols to the sig-
nal constellation—and multiple receive antennas. The M K Nt data symbols
arpm], 1 <k < K,1<p< Np,0<m< M-—1 are represented by
the (M N + 2L — 1)K Nt Ny, received signal samples ypq[n], 1 < k < K,
1<p<Np,1<qg<Ng,1-L<n<NM+ L-2. Without loss of in-
formation, the redundant signal dimensions can be eliminated by spatial and

n practice, the chip matched filter is often implemented in discrete-time via over-sampling.
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temporal matched filtering

N Nr
wk,P[m] = Z Sz,p,m[n + mN] Z yk,P,ll[n + mN] (15)
n=1 gq=1

Note that there is no weighting of the signals of different receive antennas in
(1.5), as the correct weighting with the channel impulse responses has already
taken place in (1.4).

The overall communication channel from the data symbols a p[m] to the
symbol-time sufficient statistics xy p[m] is a discrete-time K Ny-dimensional
additive noise channel. It is canonically described in vector notation by

1
x[m] = Z ®[m]a[l] + v[m] (1.6)
=—1
with I = [(L — 1)/N],
1‘1,1[m] I al,l[m]
xK,ll [m] aK,i [m]
x[m] = 21,2[m] and  a[m] = ar 2[m] (1.7)
L z,Ne[m)] L aK,J\;T [m] |

where ®,,[/] is a matrix-valued time-variant weighting function and v[m] is
spatially and temporally correlated Gaussian noise.

1.3 SPREADING VS. RECEIVE ANTENNAS

The descriptions of the multiuser MIMO channels (1.5) and (1.4) in both
symbol-time and chip-time are very involved and little illustrative. More light
onto the effect of the characterizing parameters K, Np, Ng, N is set by the
concept of resource-pooling discovered by Hanly and Tse [1]. For the purpose
of explaining the concept, consider the following two simplifications: Let the
auto-correlation function of the chip waveforms fulfill the Nyquist criterion
and the impulse responses satisfy

h'kaple(t) = hk,l’,qd(t) Vk7p7 q- (1'8)

The latter condition means that the channels of all users are frequency-flat
and the users are synchronized.
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In discrete time notation the simplifications introduced above result in
z[m] = Q[m]" Q[m]a[m] + v[m] (1.9)

with the N Ng x K Nt vitual spreading matrix

Sifm]Hyy  Sa[m]Hzy  --- Snp[m]Hng
S1[m]H1 2 Som]Hzo -+ Snp[m|Hng 2

Qlm] = : : . : (1.10)
Sl[m]Hl,NR 52[m]H27NR T SNT[m]HNTyNR

composed of the N x K true spreading matrices

81,p,m[0] 82,p,m[0] T 8K,p,m[0]
81,p,m[1] sapmll] 0 SKpml[l]
Sylm] = . . _ o (1.11)
s1pm[N =1 S2pm[N —1] -+ skpm[N —1]

depending on symbol time m and transmit antenna p, the diagonal channel
weight matrices Hp , = diag(h1,p,q, h2,p,q;- - > PK,p,q) depending on transmit
and receive antenna indices p and ¢, and the vector-valued additive temporally
white Gaussian noise v[m] ~ N (0, Q[m]EQ[m]o?).

Compared to a communication channel where only a single element an-
tennas is used, the structure of the mathematical formulation of the channel
has not changed. The effect of multiple transmit antennas is to blow up the
user dimension of the spreading matrix by a factor equal to the number of
transmit antenna. The effect of multiple receive antennas is to blow up the
spreading factor dimension of the spreading matrix by a factor equal to the
number of receive antenna. None of these two effects is surprising: additional
transmit antennas create additional data signals in the same way as additional
users do, provided that the data signals at the multiple transmit antennas are
statistically independent (an assumption which is violated if space-time codes
are used). Additional receive antennas create replicas of the same data dis-
turbed by independent noise samples (if the noise is spatially white) in the
same way as spreading creates replicas of the same data over time which are
also disturbed by independent noise samples if the noise if temporally white.
Unless the expansion of the spreading matrix into a virtual spreading ma-
trix by multiple transmit and receive antennas has a significant effect on the
crosscorrelation properties of the (virtual) spreading sequences, spreading and
multiple receive antennas must be seen as different peculiarities of the same
concept. Transmit antennas and multiple user are then related to each other
in precisely the same way.

It is hard to investigate how much crosscorrelation properties change when
a spreading matrix is blown up into virtual spreading matrix for general
spreading sequences. Obviously, if the spreading sequences are orthogonal,
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the virtual ones will not be. In UMTS, however, spreading sequences of dif-
ferent users are not orthogonal, but pseudo-random sequences. Therefore, it is
more natural and of higher practical importance to consider random spreading
sequences as done in the following.

1.4 RESOURCE POOLING FOR RANDOM SPREADING

Let the chips of the true spreading sequences be jointly independent and iden-
tically distributed random variables with zero mean and variance 1/N. Let
the channel weights of all users corresponding to all antenna pairs be indepen-
dent random variables. Let the channel weights belonging to the same user be
identically distributed with zero mean and variance Pj. These assumptions
translate into the following properties of the system:

e Pseudo-random spreading or scrambling sequences are used. The se-
quences for different transmit antennas of the same user are different—if
they were not, a severe drawback in performance would occur.

e The dual antenna array channels are spatially uncorrelated and without
line-of-sight component.

e The receiving antennas are located at the same base station, i.e. there
is no soft hand-off.

In addition, we will assume that the system is large, i.e. there are many users
K > 1 and the spreading factor N > 1 is large, but the load

K
a= (1.12)
is fixed. The large system assumption is accurate up to fractions of decibels
in predicted performance for spreading factors of about N = 32 or greater.
For a channel like (1.9), many performance measures, such as channel ca-
pacity with side information and signal-to-interference and noise ratios of the
most popular linear multiuser detectors, depend mainly or even solely on the
singular values of the channel matrix and the signal-to-noise ratio. Showing
that two channels have channel matrices with the same singular value distri-
bution is therefore a strong indicator, in same cases even a proof, that the two
channel are equivalent in terms of their capabilities to transport information.
In order to state the resource pooling result more precisely, let us denote
the singular values of any m x n matrix A by 01(A4) < 02(A4) < -+ <
Omin{m,n}(A) and the singular value distribution of the matrix A by

1
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Resource Pooling: Let the number of users K grow large for fized load o
and fixed number of transmit and receive antennas Nt and Ny, respectively,
then the following singular value distributions converge with probability 1 to
the same common singular value distribution Fo(x)

FQ[m](w) — Foo(m) Ym (1.14)
Fsi,(z) — Foolz) Vp (1.15)

where the NNy x K Ny matriz S is composed of independent identically dis-
tributed entries with zero mean and variance 1/(NNg) and the singular value
distribution of the diagonal matriz H, is identical to the singular value dis-
tribution of

Ngr
Z HY H,,. (1.16)
q=1

The resource pooling result? was proven for Ny = 1 under a few additional
technical assumptions (the spreading sequences shall be Gaussian distributed
and the fading weights are uniformly bounded from above) by Hanly and
Tse [1]. A generalization to arbitrary number of transmit antennas Nt and
correlated fading is given in [14] and Section 1.10.

The resource pooling result states that, when going from a single antenna
CDMA system with K Nt users, spreading factor NNg and a fading distri-
bution with NE* order diversity to a multiple antenna CDMA system with
K users, spreading factor NV, Nt transmit antennas per user, Ng receive an-
tennas at the base station and a fading distribution without diversity, most
performance measures stay the same. This means that receive antennas are
interchangeable with the spreading factor—if we double the number of receive
antennas, we can halve the spreading factor and, therefore, save half the spec-
tral bandwidth. It also means that transmit antennas are interchangeable with
users. Note that unlike to single user antenna array systems, there is no need
to have the number of transmit antennas scale with the number of receive
antennas to have the throughput scale with the number of receive antennas.
Adding users—which means adding antennas, since every user has at least one
antennas—does equally well in terms of total, but not per-user throughput.

1.5 TWO MISCONCEPTIONS

In order to exploit the potential of the resource pooling concept, the two
conceptually identical tasks antenna combining and multi-user detection must
be performed jointly. Sometimes a joint approach is questioned for sake of

2 Actually, Hanly and Tse even showed a stronger result, i.e. the convergence of the signal-to-
interference and noise ratio of the linear minimum mean-squared error multiuser detector.
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saving complexity. It is the central aim of this contribution to challenge the
idea that a separate approach can be given justification. In Sections 1.6 to
1.8, we will show how joint antenna combing and multi-user detection can be
implemented with linear complexity per bit. In this section, we aim to give an
intuitive understanding of why a separate approach performs badly. For the
latter purpose, we restrict ourselves to two receive antennas and translate the
abstract problem of joint antenna combining and multi-user detection into the
more familiar problem of equalization for analog double-sideband amplitude
modulation.

Consider an analog double-sideband amplitude modulation in the equiva-
lent complex baseband representation. Let the frequency-selective channel be
as shown in Fig. 1.1. The two sidebands correspond to the two signals received

IH()I

lower sideband
upper sideband

Fig. 1.1 Example of transfer function H(f) and noise power density ®,,(f) in
double sideband amplitude modulation.

at the two elements of the receiving antenna array. The magnitudes of the
transfer functions in each sideband correspond to the singular value spectra of
the first and the second block row of the virtual spreading matrix Q[m], these
are [S1 [m]Hl,l s SNT [m]HNT,l] and [Sl[m]HLg s SNT [m]HNT,g]. The
phases of the transfer functions in each sideband correspond to the singular
vectors of these two block rows.

Separating antenna combining and multiuser detection is equivalent to ei-
ther ignore the phase relations when combining the two sidebands or to ignore
the existence of the other sideband when equalizing the channel. Fig. 1.2 com-
pares the resulting signals after combining the sidebands when the phase re-
lations are taken into account vs. them being not taken into account. It is not
surprisingly that after equalization, a price in terms of a low signal-to-noise
ratio within a certain frequency range has to be paid for the ignorance of the
phase relations, cf. Fig. 1.3. This figure also shows what happens when first
an equalizer, which ignores the co-existence of the sidebands, is applied and
then the two equalizied (constant phase) signals are combined. This setting
would correspond in multi-antenna CDMA to the case when both receiver
chains employ separate multi-user detectors and then combine the signals of
the two separate antenna chains at a later stage—this approach is common in
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o~ o)
P ®on{D
f f

Fig. 1.2 Transfer functions after combining the two sidebands with an optimized
frequency-dependent weighting (left hand side) vs. an optimized frequency-flat weight-
ing (right hand side).

D'(f) D" () D"'(f)

"" e - - -

Fig. 1.3 Noise spectral density for the two cases of Fig. 1.2 after zero-forcing equal-
ization (left and middle) vs. an equalization first, combining later approach (right).

macrodiversity scenarios where the antenna elements are not co-located. The
result is also not encouraging.

It seems questionable whether there remains a noticeable gain at all due
to the deployment of multiple-antennas, i.e. two sidebands, if signals are not
processed jointly, since, in some cases, the mismatch of the detection proce-
dure could outweigh the benefits of multiple reception. Fig. 1.4 addresses this
point. There the previous approaches to re-construct the double sideband

D(f)

lower sideband upper sideband

Fig. 1.4 Noise spectral densities after re-construction of the double-sideband signals
from its single-sidebands in Fig. 1.3 (dashed and dotted lines) vs. direct equalization
in the double-sideband (solid line).
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from the overlay of single sidebands are compared to straightforward equal-
ization without any combining. In this case, it indeed appears that, when
first combining the two sidebands separately ignoring the phase relation, the
overall worst-case performance becomes inferior to no combining at all.

1.6 LINEAR MULTI-STAGE RECEIVERS

The sufficient discrete-time statistics (1.6) is fed into a receiver algorithm
which aims to recover the transmitted data symbols in the presence of noise
and interference. This algorithm is a detector in case of uncoded transmission
providing decisions on each individual symbol. If channel coding is used,
the receiver algorithm has to perform two tasks: exploit the structure of
the interference (detection) and exploit the code laws (decoding). Optimally,
the two tasks are performed by a jointly exhaustive search. For complexity
reasons, they are often performed separately. Multi-user joint decoders are
feasible only if they are implemented by successive iterations over detection
and decoding.

For sake of simplicity, consider here a separated approach where the detec-
tor output is fed into a decoding unit. In order to not suffer from an unneces-
sary hit in performance, the decoder should be fed with soft decisions—these
are (in general non-linear) estimates calculated from the sufficient statistics
in such way that they minimize the mean-squared error to the true symbols.

The optimum non-linear function is, in general and also in practice, a sum
of at least 25XNT terms. In practice, the exponential complexity is overcome
when the estimate is constrained to be a linear functional of the sufficient
statistics. The best linear functional, in terms of achieveable mean-squared
error, for the channel in (1.9) is given by [2]

dm] = (Q[m]" Q[m] + ¢°1) " z[m). (1.17)

The need for one matrix inversion per discrete time instant makes sure that
this detector is not the method of choice in systems with many users.

In systems with many users, we can make use of the resource pooling results
and the convergence of the singular values of the virtual spreading matrix
Q[m] to some deterministic limit which is, as (1.14) shows, independent from
the time index m. In order to illustrate this approach, consider the general
problem of inverting a non-singular matrix R with eigenvalues 0 < A; < Ay <
--- < Ag. Note that any matrix annihilates its own characteristic polynomial
(Cayleigh-Hamilton Theorem)

K
II (®-x1)=0. (1.18)

k=1
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Expanding the product and solving for the identity matrix gives

I=> R (1.19)

whith some coefficients aj which depend only on the eigenvalues A1 to Ag:.
Multiplying both sides of (1.19) by the inverse of R

K'—1
R7'=)" o R (1.20)
k=0

shows how the inverse of a K' x K' matrix can be written as a (K' — 1)
order matrix polynomial if its eigenvalues are known.

The eigenvalues of the matrix to be inverted for the linear minimum mean-
squared error (LMMSE) detector (1.17) are given by the squared singular
values of the virtual spreading matrix shifted by the noise variance. Due to
the resource pooling result, they are time-invariant, if the number of users is
large, and so are the coefficients of the matrix polynomial in (1.20).

In practice, one would neither like to calculate the matrix polynomial up
to the full order nor need to do so. In fact, the number of terms to achieve
satisfactory performance for applications in LMMSE detectors is quite small
(less than ten) and does not scale with the number of users [3]. Therefore,
the we will choose the order of the polynomial to be D — 1 with D <« K'

o}

dim] ~ S @, (QIm]Q[m] + 01)" z[m] (1.21)
k=0

=3 w (QImI*Q[m))" z[m]. (1.22)
k=0

This procedure to approximate the LMMSE detector was first proposed by
Moshavi et al. [4].

It is not a trivial problem to choose the right coefficients wy for an approxi-
mating polynomial with reduced order. In particular, it is not a wise choice to
just use the first D coefficients of the full order polynomial. Moshavi et al. [4]
proposed to choose the coefficients in order to minimize the mean-squared er-
ror between the output of the exact LMMSE detector and its approximation.
This leads to the following system of Yule-Walker equations for the choice of
the coeflicients

mq meo + o2my -+ Mmpy1+ a*mp wo
= : : : (1.23)

2 2
mp mpy1+0“mp -+ Mmap+0°Mma2p 1 Wp-—1
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with the empirical eigenvalue moments

1 &
mn = 2 >R (1.24)
k=1

In complete analogy to the full order polynomial, the coefficients depend only
on the singular values of the virtual spreading matrix denoted by v/A;, 1 <
k < KNr.

The resource pooling result states that for many users the singular value
distribution (and thus all its moments) of the virtual spreading matrix for
multiple antenna systems is identical to the corresponding singular value dis-
tribution in a single antenna system with an appropriately modified fading
distribution. Thus, we can apply the same approach to find the empirical
eigenvalue moments in CDMA systems with multiple antennas as in CDMA
systems with single element antennas. This approach is presented in Sec-
tion 1.8. For considerations concerning asynchronous systems, the reader is
referred to [5].

1.7 BLOCK STRUCTURE OF RECEIVER

Approximation (1.22) leads to the very simple implementation structure of the
linear multi-stage receiver shown in Figure 1.5. The receiver consists of D — 1

Re- Matched Re- Matched

ISpreading] Filtering Spreading] Filtering Pro_]ectlon
Q" Q Q"

Filteri
. Filtering
d

(QHQ)D—I ]

Fig. 1.5 Linear multistage receiver structure.

identical stages each of whose performs a re-spreading of the input signals
(filtering by the ”virtual” spreading matrix Q[m]) and subsequent matched
filtering (filtering by Q[m]H).
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Figure 1.5 suggests an alternative interpretation of the linear multi-stage
receiver as subspace technique, an approach followed in [3]. Each stage pro-
vides the projection of the received signal onto a one-dimensional subspace.
The subsequent weighting corresponds to a bank of filters working in a D-
dimensional space. In contrast to other subspace methods, this technique has
the following properties:

e It does not require tracking of the signal subspace.

e It shows the surprising property that the rank D required to achieve a
target SINR (e.g. within an small € of the full rank LMMSE receiver)
does not scale with the system size, i.e. with KNt and NNg. The
signal space becomes larger but the dimension of the subspace needed
to achieve certain performance level saturates.

e A few stages are sufficient for near full-rank performance. The output
SINR of the reduced rank receiver converges exponentially fast in the
rank D towards output SINR of the full rank receiver.

e The complexity per transmitted bit of the projection module in Figure
1.5 scales in the same way with K Nt as the complexity of the single-user
matched filter. However, the computation of the empirical eigenvalue
moments has cubic complexity in K Nt. This drawback can be overcome
using the asymptotic weighting discussed in Section 1.8.

1.8 LARGE-SYSTEM WEIGHTING

The empirical moments mg needed in (1.23) to calculate the weights depend
on the spreading matrices Sp[m], p =1, ..., N7 and the channel realizations.
Thus, the weights have to be re-computed if one of these parameters change.
In mobile communications the channel may change rapidly and the spreading
matrices may vary from symbol to symbol (e.g. in the frequency-division du-
plex mode in UMTS). The weights have to be updated at each symbol interval
or, at most, at each frame interval. When the size of the virtual spreading
matrix Q[m] is large, it is computationally too demanding to determine the
detector weights according to (1.23). However, it is possible to exploit a
property of random matrices which allows for a significant simplification of
the weight-computation. With some conditions, usually fulfilled in practice,
for the virtual spreading matrix Q[m], all empirical moments m4 converge to
deterministics limits as the system size grows large

lim  mg = pg. (1.25)

K=aN—oo

The limit pg depends on a small set of system parameters and can be com-
puted without much effort. Large-system weights approximate the exact



14 JOINT ANTENNA COMBINING AND MULTIUSER DETECTION

weights in (1.23) by substituting the empirical moments m, with its asymp-
totic limits pug. When the system size is sufficiently large, my &~ pg and the
performance degradation due to this approximation is negligible.

Let us consider a simple example. Let all the entries of Q[m] be statisti-
cally independent and identically distributed (i.i.d.) random variables with
zero mean and unitary variance. Consider matrices Q[m] with different sizes,
but identical aspect ratios®. For each of them generate 100 independent real-
izations. In Figure 1.6, the moments m; and msy are shown for all realizations.

14— 3
T T I L - ‘ ~ Qm]:8x4
cuo0 | QIm]:64x32 o8 | — Q[m]: 64x 32
12t e —‘Q[m]: 256 x 128 o

ST — Q[m]: 256 x 128

2 b
N ‘
S
! 154
| 5
, i 05 \ 1
0& ; ‘ 0 25 les 75 100
0 25 Samples 75 100 Samples

Fig. 1.6 First two moments for 100 realizations of Q[m] with i.i.d. Gaussian entries.

It is apparent that m; and my converge to 1 and %, respectively, as the size
of Q[m] increases. The asymptotic moments pg depend only on the aspect
ratio 8 and are given by

=X () (4)5 (1.26)

i=0

Let us consider now the matrix Q[m] with the structure defined in (1.10).
Moreover, assume the following:

e The elements sj p,, are ii.d. with zero mean and variance .

e The channel fading coefficients hyj , , are independent across k, p and
g. Their distribution is uniform in phase over [0, 27) and arbitrary, but
upper bounded* in amplitude. For a given transmitting antenna p and
given user k, the fading coeflicients hy p.1,hk,p2,- .., kp Ny are iden-
tically distributed. The assumption of independence is verified in sce-
narios with rich scattering and sufficient separation between antennas.

3This is the ratio of the number of columns to the number of rows of a matrix
4The widely used Rayleigh distribution is not upper bounded, but by physical reasons any
fading coeflicient is upper bounded.
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The identical distribution of the fading coefficients for a given transmit-
ting antenna element models micro-diversity scenarios, in which all the
receive antenna elements are placed at the same base station.

Now, we define the powers
Ngr
P p = Z |hk,p,q|2 (1.27)
q=1

and denote with 74 the d*" moment of their cumulative distribution Fp(7), i.e.
na = [ 7d Fp(w). The positive asymptotic moments u4 can be determined
from the moments of the powers 74 by the following recursive algorithm:

Initialization: Let B = a%—:{, po(z) =1 and po = B~1.
Recursion: 1. Define

d
pa+1(z) = Bz Z Pstd—s
s=0

and write it as polynomial in x.

2. Replace all the monomials z, 22, ..., 2% in the poly-
nomial pgr1(z) by m1,m2,---,04+1, respectively, and
assign the result to pg41.

The asymptotic eigenvalue moments for Q[m] depend only on the aspect ratio
and on the eigenvalue moments of the distribution Fp(m). They are easily
computed. The first six asymptotic eigenvalue moments are

M1 = T

p2 = Bn; +mn2

ps = B°n3 +3Bmmnz + 13

pa = B3nt+662ninz + 48mns + 26103 + ns

ps = B07 +1083nin: + 106%nins + 108%mn03 + 5B8mna + 5Bmns + s

pe = 208°n3mi + 38103 + 6B8mane + 58%n3 + 15840102 + 68nsm
+158%mm; + 30830713 + 3082 mmans + 8218 + ne
(1.28)

1.9 PERFORMANCE

In this section, we study the performance of linear multistage receivers with
asymptotic weighting proposed in Section 1.8 and compare it to the exact
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weighting in (1.23), the large system approximation of the multistage Wiener
receiver in @, described in Section 1.10 and the full rank LMMSE receiver.
The simulation results presented in this section were obtained for uncoded
transmission in flat Rayleigh fading, using F-offset QPSK modulation, and
assuming perfect knowledge of the channel. The receivers are compared in
terms of their bit error rate (BER) evaluated as a function of the normalized
signal-to-noise ratio Ep/Ny where Ej is mean energy per bit and Ny is the
one sided noise spectral density. Figure 1.7 shows the BER versus Ey /Ny for
a 5-stage detector and 8 = 0.5 (K = 64, N = 64, Ny = 62,Ng = 4). The
performance degradation due to the large system approximation of weights is
completely negligible. Figure 1.8 shows the performance improvements of the
detector with large-system weighting for increasing number of stages.

K=64, N=64, N, =2, N=4, D=5 K=64, N=64, N.=2, N =4

—— Li‘near MMéE receiver
-eo- Multistage receiver Matched filter

—— Asymptotic multistage receiver Linear multi receiv
--- Multistage Wiener filter in Q ear multistage receivers
— Asymptotic multistage Wiener filter in Q

0 2 4 6 8 10 : : : :
E/N, 0 2 4E N6 8 10

Fig. 1.7 BER versus fr_z for B = % Fig. 1.8 BER versus ﬁ—g for § = % for
D=2,...,5.

1.10 RELATED WORKS

The linear multistage receivers in (1.22) with weighting (1.23) belong to a
wider class of receivers described by

dim] = > Wi (QmQ[m])" alm). (1.29)

o}

~
Il

with W = diag(wk,l, Wg,2,y - - - ,wk,K/).

The weighted linear parallel interfering cancelling (W-PIC) receivers, gen-
eralized to multiple antenna systems provide a simple example of receivers in
the class described by (1.29).
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A non-adaptive implementation of the multistage Wiener filters [3] is ob-
tained from (1.29) enforcing Wy, d = 0,...,D — 1, to minimize the mean-
squared error E{||d[m]—d[m]||?}. Throughout, we refer to it as the multistage
Wiener filter in Q. This receiver was proposed and its asymptotic perfor-
mance for CDMA systems in flat fading channels analyzed in [6]. Let Q,/[m)]
be the matrix obtained from Q[m] by suppressing the virtual spreading corre-
sponding to the signal k'. Under the conjecture® that, at least asymptotically,
E{[, =} Q) Qu)Yrey} =11, E{z}) (Qy Q) Y @y }, with ji, € N the large-
system approximation of the weights for the multistage Wiener filter for the
MIMO channel model (1.9) is a straightforward extension of the results in [1]
and [6]. The weights for estimating the signal transmitted by antenna p of
user k can be obtained from (1.23) by substituting mgy, d = 1,...,2D, with
Pd(Pr,p)- The multistage Wiener filter performs marginally better than the
receiver discussed in Section 1.8, when applied in systems with received power
imbalances among users [6] (see Figure 1.7). The two receivers coincide for
equal received powers at the receiver front-end [6]. However, the multistage
Wiener filter in @Q requires the inversion of the equation system (1.23) for each
transmitting antenna of each user. This drawback makes it less attractive for
implementation. Often, an alternative linear multistage receiver is consider
in literature: the multistage Wiener filter in Q. For each transmitted signal
k', it is given by:

D—1
dim] = 3" wi(Qy [m]" Qy [m)) by [, (1.30)
k=0

where x;/ [m] is the matched filter output corresponding to the signal k. The
weights satisfy

1 T+ +72 -+ Tpy1+oitp+miTp wo

D TD+1+02TD+TDT1 T2D+02T2D—1+T123 Wp-—1

with 1 = Py, and 74 = Py pBpa—1- This detector has been erroneously
considered completely equivalent to the multistage Wiener filter in @ and
widely studied since it is easier to analyze. The two receivers are equivalent
from the performance point of view only. However, their implementations
differ considerably. The subspace basis of the multistage Wiener filter in Q
can be computed jointly for all the transmitted signals, as shown in Figure
1.5, and it has linear complexity order per signal. The subspace basis of the
multistage Wiener filter in @, has to be computed again for each transmitted

5This conjecture is supported by simulations (see Figure 1.7).
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signal and the filter has a quadratic complexity order per signal, as the linear
MMSE receiver.

The convergence rate of the multistage receiver output SINR toward to the
full rank LMMSE receiver output SINR is studied in [7]. A unified framework
for the asymptotic performance analysis of multistage detectors (1.29) with
any kind of weighting in CDMA systems is provided in [8]. The weighting ap-
proximation for large systems was proposed in [9] for communication over the
AWGN channel. Afterwards, much effort has been devoted to extend these
results to more realistic scenarios. We can distinguish two large groups: one
assumes the spreading matrix to be a completely random matrix without ad-
ditional constraints in order to model systems with pseudo-noise scrambling
sequences. The second group focuses on unitary random matrices to model
systems with orthogonal spreading sequences. The extension of large-system
weighting to CDMA systems in uplink with flat fading in [8] belongs to the
first group. An approximation of the widely linear MMSE receiver for BPSK
modulation in flat fading channels is proposed in [10]. CDMA systems in
uplink with multipath fading channels are studied in [11] while the multistage
Wiener filter in @, for the downlink is analyzed in [12]. MMSE analysis
of systems with large unitary random matrices has been introduced first in
[13]. This result allows the extension of asymptotic analysis based on ran-
dom matrices to OFDM and multi-carrier CDMA systems. Large systems
weighting for CDMA systems in down-link with multipath fading channels
and unitary random spreading matrices has been proposed in [12]. In [1] it
is conjectured the extension of the resource pooling result for scenarios with
microdiversity to scenarios with macrodiversity, in which the receive antennas
are not co-located. The resource pooling result by Hanly and Tse [1] has been
generalized to CDMA systems with correlated antennas in [14]. The gen-
eral result includes, as special cases, the microdiversity and macrodiversity
scenarios in [1] and provides a rigorous proof for macrodiversity. In addi-
tion, it allows for arbitrary distributions of the fading coefficients including
line-of-sight scenarios.

Generalized resource pooling: Let hyp = [hip1,---,hepne]” be the
known vector of channel coefficients between the p-th antenna of user k and
the receive antennas. Let by, be a realization of an Ng-dimensional random
column vector h such that its distribution converges almost surely, as K — oo
to a limit distribution function Fp(h) with upper bounded support. Then, as
N,K — oo with % — « and Ny and Nt fized, the SINR at the receiver
output for the p'* antenna signal of user k conditioned on hy, converges
almost surely to the deterministic constant

lim SINRy, = hy, Chip (1.31)
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where C' is the unique positive definite Ngr x Nr matriz solution to the fized
point equation

hht

C ! =5%T+ aNy /

The linear multistage approach is extended to estimation of multipath fad-
ing channels for synchronous CDMA [15]. The effects of imperfect channel
knowledge on the performance of linear multistage receivers is analyzed in
[15].

In the previous works only synchronous systems have been considered. The
impact of asynchronicity on multistage receivers for CDMA systems in flat
fading channels has been studied in [17] and [5]. A slightly modified version of
the receiver structure in Figure 1.5 has been proposed. In contrast to the linear
MMSE receiver which suffers from performance degradation due to truncation
effects in asynchronous systems, the proposed implementation of multistage
detectors is not affected from truncation effects [17]. Chip asynchronicity is
taken into account in [5] and an algorithm to determine the large system
weighting is given.
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