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Abstract— The paper gives a survey of recent de-
velopmentsin the analysis of large size code-division
multiple-accesscommunicationsystemswhich indicate
that theremight bea fundamental and simplerelation-
ship betweenthe uncodedprobability of error and the
channelcapacityof suchchannels.

I . INTRODUCTION

It is well-known that there is an obvious rela-
tionship betweenthe uncodedprobability of error
and channelcapacity for somechannels. One of
thesechannelsis thebinarysymmetricchannelwhere
channelcapacityis givenby���������
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(1)

with
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de-
noting the binary entropy function and

� �
denoting

theuncodederrorprobability.
Thegoalof thispaperis to extendsuchrelationship

to channelswherethe connectionbetweenuncoded
errorprobabilityandchannelcapacityis lessobvious.
A first stepinto thatdirectionis thefollowing lemma
provenin [1]:

Lemma1: Consider a memorylessweakly sym-
metric1 channelwith binary inputandoutput +-,�. .
Let

���/��01�
denotethe minimumuncodedprobability

of detectionerror of this channelconditionedon the
observationof the outputsymbol + �-0

. Then,the
capacityof that channelis givenby�2�
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(2)

where theminimizationof theuncodedprobability of
error is with respectto theoptimumdetectionrule.
On theonehand,Lemma1 is moregeneralthan(1).
On the other hand, it involves the conditional un-
codedprobabilityof error.

Notethat(1) couldbewrittenas� ����� �
	���
 �;:<3 5 � � ��0��>=4?
(3)@

See[2] for definitionof weaksymmetry.

Thus, a potentiallossdue to binary quantizationof
theoutputalphabetcanbeunderstoodasthelossdue
to averagingover thebinaryentropy function.

I I . MULTIUSER EFFICIENCY

Onestepfurtherinto thedirectionof (2), is aresult
found recentlyby ShamaiandVerd́u [3] who could
characterizethecapacityof acertainmultiuserchan-
nel in termsof somethingcalledmultiuserefficiency.

Multiuserefficiency is definedasthelossin power
efficiency for uncodedtransmissiondueto the pres-
enceof multiuserinterferencein comparisonto the
casewhereonly asingleuseris activeonthechannel.
Thus, in a bit error rateplot, it is the shift between
thecurvefor interferedtransmissionin comparisonto
interference-freetransmission,asillustratedin Fig.1.
Themultiuserefficiency is a numberwithin the in-
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Fig. 1. Multiuserefficiency.
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meansthat thereis no lossdueto multiuserinterfer-
ence.Multiuserefficiency is a performancemeasure
thatis by definitiondirectly relatedto uncodedbit er-
ror probability.

Multiuser efficiency doesnot only dependon the
channelcharacteristics,but alsoon the detectorthat
is usedto estimatewhichsymbolsweretransmitted.
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Fig. 2. Super-channelfor theGaussianCDMA channel.

I I I . RANDOM CDMA

Considerthefollowing multiuserchannelI A J E(�LK�M A J E1NPO A J ERQ (4)

whereJ is discretetime, the SUT 	 vector
M A J E con-

tainsthesymbolssentby userV in its VXW�Y component,O A J E is vector-valuedadditive white jointly Gaussian
noise,the Z[T 	 vector I A J E is the channeloutput,
andthe Z\T]S matrix

K
is fixedandknown. Theto-

tal capacityof thatchannelis well-known [4] andcan
begivenin closedform asafunctionof thematrix

K
.

The dependency of total capacityof that chan-
nel on the matrix

K
vanishes,if

K
is random(but

still known at receiver side)with independent,iden-
tically distributed entriesand S Q Z tend to infinity
with somefixedratio ^ � S`_FZ which is calledthe
load [5]. It is achieved for Gaussianinput alphabet
andwill be denotedby

�ba(c&d�eW�f&W c&g (theexplicit formula,
however, is not relevant for the developmentof this
paper).

IV. SEPARATION OF DETECTION AND DECODING

In order to understandthe result of Shamaiand
Verd́u [3] considernow theproblemof separatedde-
tection and decoding. Sincethe complexity of de-
codingamultiusercodeis, in general,exponentialin
boththecodeword lengthandthenumberof users,it
canbeof practicalinterestto separatedetectionand
decodingin orderto savecomplexity, thoughthisap-
proachwill leadto a penaltyin performance,in gen-
eral.

From an information-theoreticpoint of view, one
candefinea super-channelcomprisingboth the ac-
tual channelandthe detectionunit. An examplefor
the channel(4) is depictedin Figure2. Comparing
thecapacityof thatsuper-channel(whichby thedata
processinglemmais not greaterthanthecapacityof
theactualchannel)to thecapacityof theactualchan-
nel is a reasonablemethodto quantifythelossdueto
separationof detectionanddecoding.

Sinceit doesnot make senseto considerthe un-
codedprobabilityof error for a continuousinput al-
phabet,we re-strict the input alphabetof the super-
channelto be binary, thoughbinary input it is not
capacityachieving, in general. Moreover, consider
a generalizeddetectorwhich outputsa soft valuein-
steadof a binarydecision. In that case,anerroroc-
cursfor binaryantipodalsignaling,if theoutputvalue
hasdifferentsignasthechannelinput.

Assumethe detectoris adjustedto minimize the
mean-squarederrorbetweenits outputandthechan-
nel input underthe assumptionthat the input alpha-
bet follows a certaindistribution which neednot be
the true binary distribution. Define the capacityof
thesuper-channelin thelargesystemlimits with such
a detectoras

��h�i!jk �Rl . Then, the resultof Shamaiand
Verd́u [3] canbestatedas� a(c&dFeW�f&W c&g �m� a(c&d�ek �Rl � G a(c&d�e �n	��4�! #" G a(c&d�eo ^ �p #" o (5)

where G a(c&d�e is themultiuserefficiency of thedetec-
tor makingtheGaussianassumptionon the input al-
phabet.Sincemultiuserefficiency measurestheun-
codedbit errorprobability, (5) directlyrelatesrelative
capacityto a relative uncodedbit errorprobability.

Remark1: Notethat while
�ba(c&d�eW�f&W c&g meansthat the

inputalphabetis Gaussian,
� a(c&dFek �Rl meansthat thein-

put alphabetis binary, but thedetectoroperatesun-
der the hypothesisthat the input alphabetis Gaus-
sian.

The particularly surprising fact about (5) is the
simplicity of thecapacitydifferencewhile thecapac-
itiesareverycomplicatedexpressionsin termsof two
channelparametersloadandsignal-to-noiseratio. It
wastemptingto believe that thesimplicity of (5) oc-
cursjustby chanceor dueto theGaussianassumption
until Müller andGerstacker [1] have recentlyshown
thefollowing result:�rq�sut c&vxwWyf&W c&g �'� q�sut c&vxwk �zl � G q�sut c&vyw �{	��4�! #" G q�sut c&vywo ^ �! #" o (6)



This completeanalogybetween(5) and (6) is even
moresurprising,if oneconsidersthat the multiuser
detectorfor the binary input hypothesisis an np-
completealgorithm,while it is a linear filter for the
Gaussianinputhypothesis.

The previous analogygives naturally rise to the
questionwhetherthefollowing conjectureis true:

Conjecture 1: Let |~}>� denotean arbitrary (hy-
pothesison a) channel input alphabet with non-
vanishingentropy. Then,wehave� h�i!jW�f&W c&g �'� h�i!jk �Rl � G h�i!j �{	��4�p #" G h�i�jo ^ �! #" o (7)

in thelargesystemlimit of theGaussianCDMAchan-
neldefinedin (4).

Proving this conjecture(provided it is true)would
not only establisha nice closedform result, but a
proof is alsoexpectedto disclosea muchdeeperun-
derstandingof multiuserdetectionand channelca-
pacity. It is unlikely thatConjecture1 canbeproven
in a similar way as (5) and (6) which were sim-
ply found by calculationof all the four capacities
involved—ataskwhich hasproven to be very hard
evenfor thesimpleGaussianandbinarycases.How-
ever, even coming up with (6) hasrequireda puz-
zling new view of maximuma-posterioridetectionin
context of statisticalmechanicsdiscoveredby Tanaka
[6], [7] and strengthenedin analytical rigor in [8].
Thisanalogyis briefly outlinedin thenext section.

V. ML-DETECTION AND SPIN GLASSES

A spinglassis a ferromagneticmaterial. Its over-
all magnetizationis determinedby the superposi-
tion of binary magneticspins. Since spins influ-
enceeachother, describingthemagneticbehavior of
a spin glassis far from straightforward. One pop-
ular descriptionof a spin glassis the Sherrington-
Kirkpatrick model[9]. It definestheenergy function
(Hamiltonian)as� �
��� ���X��� ��� � � � � �*���~��� �

(8)

where
� �

arethebinaryspins,
�

is theexternalmag-
neticfield, and

� ���
arethespininteractionswhichare

modeledasrandomvariables.For simplicity andan-
alytical tractability, the numberof spinsis assumed
to beinfinite.

Considernow a maximum-likelihooddetectorfor
theGaussianCDMA channel(4). Dueto Gaussianity
of the noise,the object function to minimize is the

Euclideandistance �!� I �PK6M �!� ? (9)

Defining � � K���K
and � � K�� I , minimizing

the objectfunction with respectto functionsof
M

is
equivalentto minimizing� �y�X� � ��� � � � � �'� � � � � � ?

(10)

Comparing(10) to (8), the only essentialdiffer-
encebetweenminimizing the energy of a spin glass
andmaximum-likelihood detectionon the Gaussian
CDMA channel,is the fact that on the latter the ex-
ternalmagneticfield maydiffer from onespin to the
other. Anotherlessobviousdifferenceis theassump-
tion about the statisticsof � . Assumingthat

K
is

a randommatrix with independentidentically dis-
tributedentries,wehave � ��K�N�K �

for spinglasses,
while � �LK6��K

for CDMA. Thisdoesindeedsignif-
icantly changetheresultsof theanalysis,but allows
for the useof the sameanalytic tools to attackboth
problems.
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