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Abstlact— The paper gives a survey of recent de-
velopmentsin the analysis of large size code-diision
multiple-accesscommunication systemswhich indicate
that there might be a fundamental and simplerelation-
ship betweenthe uncodedprobability of error and the
channelcapacity of suchchannels.

. INTRODUCTION

It is well-known that there is an obvious rela-
tionship betweenthe uncodedprobability of error
and channelcapacityfor some channels. One of
thesechannelss thebinarysymmetricchanneivhere
channekapacityis givenby

Crsc =1 —ea(Pe) (1)
with es(z) = —zlogy(z) — (1 — z) loge(1 — x) de-
noting the binary entrogy function and P, denoting
theuncodecerror probability

Thegoalof this papetis to extendsuchrelationship
to channelswherethe connectionbetweenuncoded
errorprobabilityandchannetapacityis lessobvious.
A first stepinto thatdirectionis thefollowing lemma
provenin [1]:

Lemmal: Considera memorylessweakly sym-
metrict channelwith binaryinputandoutputY” € Y.
Let P.(y) denotethe minimumuncodedprobability
of detectionerror of this channelconditionedon the
observationof the outputsymbolY = y. Then,the
capacityof that channelis givenby

C=1 _EGQ(Pe(y)) (2)
whele the minimizationof the uncodedorobability of
error is with respecto the optimumdetectiorrule.
Ontheonehand,Lemmal is moregeneratthan(1).
On the other hand, it involves the conditional un-
codedprobability of error.

Notethat(1) couldbewrittenas

Crsc=1—ex (EJ Pe(y)> : 3)

! See[2] for definitionof weaksymmetry

Thus, a potentialloss due to binary quantizationof
the outputalphabetanbeunderstoodsthelossdue
to averagingover thebinaryentrogy function.

1. MULTIUSER EFFICIENCY

Onestepfurtherinto thedirectionof (2), is aresult
found recentlyby Shamaiand Verdl [3] who could
characterizéhe capacityof a certainmultiuserchan-
nelin termsof somethingcalledmultiuserefiiciency

Multiuserefficiengy is definedasthelossin power
efficiengy for uncodedransmissiordueto the pres-
enceof multiuserinterferencein comparisonto the
casewhereonly asingleuseris active onthechannel.
Thus,in a bit error rate plot, it is the shift between
thecunvefor interferedransmissiofn comparisono
interference-freransmissionasillustratedin Fig. 1.

The multiuserefficiency is a numberwithin thein-
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Fig. 1. Multiuserefficiency.

tenal [0; 1]. A multiuserefficiengy of n = 1 (0 dB)
meanghatthereis no lossdueto multiuserinterfer
ence.Multiuser efficiengy is a performanceneasure
thatis by definitiondirectly relatedto uncodedit er
ror probability

Multiuser efficiency doesnot only dependon the
channelcharacteristicsbut alsoon the detectorthat
is usedto estimatewvhich symbolsweretransmitted.
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Fig. 2. Superchannefor the GaussiatCDMA channel.

[Il. Ranoom CDMA
Considetthefollowing multiuserchannel

(4)

wherey is discretetime, the K’ x 1 vectorz[u] con-
tainsthesymbolssentby userk in its £ component,
n[u] is vectorvaluedadditive white jointly Gaussian
noise,the N x 1 vectory[u] is the channeloutput,
andthe N x K matrix S is fixedandknown. Theto-
tal capacityof thatchanneis well-known [4] andcan
begivenin closedform asafunctionof thematrix S.
The dependeng of total capacity of that chan-
nel on the matrix S vanishes,f S is random(but
still known at recever side)with independentiden-
tically distributed entriesand K, N tendto infinity
with somefixedratio 8 = K /N whichis calledthe
load [5]. It is achieved for Gaussiarinput alphabet
andwill be denotedby CG28 (the explicit formula,

total
however, is not relevant for the developmentof this

paper).

ylp] = Sz[p] + nfu],

IV. SEPARATION OF DETECTION AND DECODING

In orderto understandhe result of Shamaiand
Verdi [3] considemow the problemof separatedle-
tection and decoding. Sincethe compleity of de-
codingamultiusercodeis, in generalgxponentialin
boththe codavord lengthandthe numberof usersit
canbe of practicalinterestto separataletectionand
decodingn orderto save complgity, thoughthis ap-
proachwill leadto a penaltyin performancein gen-
eral.

From an information-theoretigoint of view, one
candefinea supefrchannelcomprisingboth the ac-
tual channelandthe detectionunit. An examplefor
the channel(4) is depictedin Figure2. Comparing
the capacityof thatsuperchannelwhich by thedata
processingemmais not greaterthanthe capacityof
theactualchannelXo the capacityof theactualchan-
nelis areasonablenethodto quantifythelossdueto
separatiorof detectionanddecoding.

Sinceit doesnot make senseto considerthe un-
codedprobability of error for a continuousinput al-
phabet,we re-strictthe input alphabetof the super
channelto be binary though binary input it is not
capacityachiezing, in general. Moreover, consider
a generalizedletectorwhich outputsa soft valuein-
steadof a binary decision. In that case,an erroroc-
cursfor binaryantipodakignaling,if theoutputvalue
hasdifferentsignasthe channeinput.

Assumethe detectoris adjustedto minimize the
mean-squaredrror betweerits outputandthe chan-
nel input underthe assumptiorthat the input alpha-
bet follows a certaindistribution which neednot be
the true binary distribution. Define the capacityof
thesuperchannein thelargesystemimits with such
a detectoras Cspe?f. Then, the resultof Shamaiand
Verdi [3] canbestatedas

Gaufl __ Gaufl

1—logn

Gauf
¢ 281og 2

Gaup _ 1
total C, -

sep

(5)

wheren©2u8 js the multiuserefficiengy of the detec-
tor makingthe Gaussiarassumptioron theinput al-
phabet. Sincemultiuserefficienoy measureshe un-
codedbit errorprobability (5) directlyrelateselative
capacityto arelative uncodedbit errorprobability

Remarkl: Notethatwhile CS24% meansthat the
inputalphabetis GaussianCS(ég“B meanghatthein-
put alphabetis binary, but the detectoropemtesun-
der the hypothesighat the input alphabetis Gaus-
sian.

The particularly surprisingfact about (5) is the
simplicity of the capacitydifferencewhile thecapac-
itiesarevery complicatedexpressiongn termsof two
channelparametersoad andsignal-to-noiseatio. It
wastemptingto believe thatthe simplicity of (5) oc-
cursjustby chanceor dueto theGaussiamssumption
until Muller andGerstackr [1] have recentlyshavn
thefollowing result:

binary __ 1— log nbinary

Cbinary _ (binary _ n
2 1og 2

total sep

(6)



This completeanalogybetween(5) and (6) is even
more surprising,if one considersthat the multiuser
detectorfor the binary input hypothesisis an np-
completealgorithm,while it is a linear filter for the
Gaussiannput hypothesis.

The previous analogy gives naturally rise to the
guestionwhetherthe following conjectures true:

Conjectue 1: Let pdf denotean arbitrary (hy-
pothesison a) channel input alphabet with non-
vanishingentiopy Then,wehave

wd — 1~ lognp¥

pdf
¢ 28 log 2

_ pdf
total &

sep

(7)

in thelarge systentimit of theGaussiarCDMA chan-
neldefinedn (4).

Proving this conjecturgprovidedit is true)would
not only establisha nice closedform result, but a
proofis alsoexpectedto disclosea muchdeepeun-
derstandingof multiuser detectionand channelca-
pacity It is unlikely that Conjecturel canbe proven
in a similar way as (5) and (6) which were sim-
ply found by calculationof all the four capacities
involved—atask which hasproven to be very hard
evenfor thesimpleGaussiarandbinary casesHow-
ever, even coming up with (6) hasrequireda puz-
zling new view of maximuma-posteriordetectionin
contet of statisticalmechanicsliscoreredby Tanaka
[6], [7] and strengthenedn analyticalrigor in [8].
This analogyis briefly outlinedin the next section.

V. ML-DETECTION AND SPIN GLASSES

A spinglassis aferromagnetianaterial. Its over
all magnetizationis determinedby the superposi-
tion of binary magneticspins. Since spinsinflu-
enceeachother describingthe magneticbehaior of
a spin glassis far from straightforvard. One pop-
ular descriptionof a spin glassis the Sherrington-
Kirkpatrick model[9]. It definesthe enegy function
(Hamiltonian)as

H= —Zrijxia:j —thi

i<j i

(8)

wherez; arethe binary spins,h is the externalmag-
neticfield, andr;; arethespininteractionswvhich are
modeledasrandomvariables.For simplicity andan-
alytical tractability the numberof spinsis assumed
to beinfinite.

Considermow a maximume-likelihood detectorfor
theGaussiatCDMA channel4). Dueto Gaussianity
of the noise,the objectfunction to minimize is the

Euclideandistance

ly — Sa||. (9)

Defining R = S§'S andh = S'y, minimizing
the objectfunction with respecto functionsof x is
equialentto minimizing

E rija:ia:j—g hix;.

1<j i

(10)

Comparing(10) to (8), the only essentialdiffer-
encebetweenminimizing the enegy of a spinglass
and maximum-likelihood detectionon the Gaussian
CDMA channel,is the factthat on the latter the ex-
ternalmagneticfield may differ from onespinto the
other Anotherlessobviousdifferences theassump-
tion aboutthe statisticsof R. Assumingthat S is
a randommatrix with independenidentically dis-
tributedentrieswehave R = S+ for spinglasses,
while R = S'§ for CDMA. This doesindeedsignif-
icantly changethe resultsof the analysis but allows
for the useof the sameanalytictools to attackboth
problems.
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