Statistics and Chip Pulse Design for Efficient
Multiuser Detection in Asynchronous CDMA.

Laura Cottatellucci Mérouane Debbah Ralf R. Muller
University of South Australia Institut Eurecom Dep. of Electronics and Telecommunications
Mawson Lakes Boulevard 2229 Route des Cretes B.P. 193 Norwegian Univ. of Science and Technology
Adelaide, Australia 06904 Sophia Antipolis cedex, France 7491 Trondheim Norway
Email: laura.cottatellucci@unisa.edu.&mail: merouane.debbah@eurecom.fr Email: mueller@iet.ntnu.no

Abstract—The design and analysis of multistage detectors with trading complexity against performance, plays a relevant role
universal weights for asynchronousCDMA systems is presented. on both complexity and performance of multiuser detectors
The use of a front-end that enables joint detection and provides ¢, asynchronous systems. Furthermore, the effects of the

sufficient statistics is proposed. With such a front end the bandwidth d chi | hapi th f f
proposed multistage detector has the same complexity order per 22N@widtn and chip-puiseé shaping on the periormance o

bit as the matched filter. The proposed approach can also take CDMA systems become also relevant. In fact, in contrast
into account other suboptimum statistics and the non-ideality of to synchronous systems the performance of linear multiuser
the chip pulse waveforms. In such a way, the universal weights detectors for CDMA systems increases with the bandwidth as
can be designed and the performance can be computed for very analytically shown in [7].
realistic scenarios. In this work we analyze the impact of different sets of
. INTRODUCTION obsgrvables_ on the design and the performance of low com-
. o , lexity multistage detectors and the effects of pulse shaping
The design of low complexity linear multiuser detectory,,yeforms on the performance of linear detectors.
with rand_om spreadlng sequences and their large _sys_tean widely used approach to generate accurate but suboptimal
analysis is mainly focused on synchronous code divisiQfjistics process the received signal by a filter matched to
multiple access (CDMA) systems [1]-{3]. The synchronouge chin waveform. For a given user, a set of observables

assumption is not realistic in the uplink of CDMA systemSg ohiained by sampling the filter output at the time delay
Asyr_1chronous CDMA systems W_'th matched filters at 6t the user with rate equal to the chip rate independently of
receivers have been analyzed firstin [4]. In [5] the analysis hg§, ency bandwidth of the chip waveforms. We refer to this
been extended to CDMA systems with linear minimum meaf,iigtics as Statistics A. This discretization scheme provides
square error (MMSE) detectors and sinc pulse modulatiQfiterent observables for each user and does not enable a
In _[6]’ asynchronou_s systems with $ymbo| asynchronous l}ant processing of all users. An implementation of multistage
chip synchronous signals, i.e. the time delay of the USers(geciors with universal weights using such statistics implies

a multiple of the the chip interval, are investigated and af .ompexity ordeper bit equal to®(k?). This approach is
efficient implementation of linear multiuser detectors with thg), interesting from a complexity point of view if detection

same complexity order per bit as the matched filter is proposgg, single user is required. In this case its complexity order

for $UCh a s_cenario. In this work we extend _the design BEr bitis still equal toO(k?) while the complexity ordeper
efficient multistage detectors for uplink CDMA in [3], [6] t0 pit o the linear MMSE detector i©(K3)

totally asynchronous CDMA systems. The low complexity of |, systems with bandlimited waveforms sufficient statistics
such detectors is obtained thanks to two essential features;

. ! . ) can be obtained by filtering the received signal by a low
the joint processing of the received signals for &llusers of pass filter with bandwidthB; ow larger than the chip-pulse

interest so that most of computations becomes identical %dwidth and subsequent sampling at &g o . We refer

the complexity drops by a factor df, (ii) the use ofuniversal , yhage statistics as Statistics B. These observables enable a
weightsbased on the asymptotic self-averaging properties af

; . £ il ioh b e}?ﬁ:]t processing of all users without loss of information and
random matrices instead of tailored weights depending on i istage detectors with universal weights have a complexity
transmitted spreading sequences.

. . order per bit equal t@(rK) if r is the oversampling factor.
For synchronous CDMA systems sufficient statistics for all' |, his work the design of low complexity detectors for
users can be obtained sampling at the chip rate and ti@g\a systems with chip asynchronism and the correspond-
delay common to all users under some restriction on thg, analysis are proposed for both discretization schemes. Our
chip pulse wavefornis A similar approach does not providesnaiysis enable an analytical computation of the performance
sufficient statistics in case of completely asynchronous systeqs -z dation due to the use of sub-optimal statistics as function
and the choice of sufficient statistics or suboptimal statistiGss ey system parameters, namely, the signal-to-noise ratio

. _ _ - _gSNR), the roll-off, the system load, and the statistics of the
The autocorrelation of the chip pulse waveform satisfies the Nyqui

criterion. These chip pulse waveforms are also known as square root Nyq&bﬁannel gains and time dela_'ys_' )
waveforms. CDMA systems using Statistics A show a substantial depen-



dence of the performance on the initial sampling time instanwith p € Z andn|t] the discrete time, complex-valued noise.
due to the sub-optimality of the statistics. Sampling at the Throughout this work we assume that the filtered chip pulse
best time instant, i.e. at the time delay of the user of interestaveform ¢(¢) is much shorter than the symbol waveform,
implies a slight performance degradation at very low SNR. ¢(¢t) becomes negligible foft| > t, andt, < Ts. This
and low roll-off. However, this degradation increases as tlie usually verified in the systems with large spreading factor,
SNR and the roll-off increase. Above all in CDMA systemsvhich we are considering. Thus, we can neglect the useful
real implementations do not make use of costly pulse shapesiginal outside the symbol intervi, T].
The analysis presented in this work hold for very general Given the time delayr, the virtual spreading sequence of
chip waveforms not necessarily inter-chip interference freeserk for the transmitted symboh spans the symbol intervals
Therefore, the degradation effects due to the non-ideality of andm + 1 and it is a2Nr-dimensional vector given by
pulse shapers can be computed. Vim = PrSkm

Similarly, the design of.universal Weights for the mUItiStagﬁ/here sim = (56m[0]. . sm[N — 1))7 and @, is a
detectors proposed in this work takes into account the s

N o . X r x N matrix taking into account the effects of the
optimality of statistics or the non-ideality of pulse shapers.

pulse shape and the time delay of ugerlts (i, j)-element

Il. SYSTEM MODEL is equal to zero fori < |7t] and fori > [7:| +

Let us consider an asynchronous CDMA system with N7, while (®);; = ¢ ((l_# — (DT =1 + L%J)
users in the uplink channel and spreading facdér The for |Z-] 4+1<i<[%:]+ Nr. The zero elements are due
received signal in complex base-band notation is given by to the fact that we neglect the useful signal outside the interval

_ _ B [mTs + 1%, (m + 1)Ts + 7).
y(t) =D arsilt—m)+n(t)  t€ (o0, +o0) Let S[m] be the2rN x K matrix of virtual spreading,

k=1 .

whereay, is the received signal amplitude of useand takes 1-€- S[m] = (®181m, P2som, ... PrsKm), A the K x K

into account the transmitted symbol amplitude and the fid{agonal matrix of received amplitude#f[m] = S[m]A,

fading channelr; is the time delay of usek. Without loss and b[m] and y[m] the vectors of transmitted and received

of generality (w.l.g.) we assume, € [0,7,] with T, the signals, respectively. Furthermore, we decompose the matrix

symbol interval and) < 7 < 7... < 7. Here, n(t) is HI[m] into two matrices of size N x K, H[m] and H 4[m|

a zero mean complex Gaussian circularly symmetric proceitch thatH |[m| = [H, [m], H;[m]]". Then, the baseband

with two-sided power spectral denSiW(), and Sk(t) is the discrete-time asynchronous SyStem In matrix notation Is given
b

spread signal of usek, y
= (m) Y=HB+N
se(t) =Y be[mle™ (). 1) . . . .
o wherey =1...,y (m—lj),y (m),y" (m+1)...]" andB =

In (1), b [m] is the transmitted symbol of us&rin the symbol [...,b" (m—1),b" (m),b" (m+1)...]T are the infinite-length
interval m and N1 vectors of received and transmitted symbols respectivify;

(m) B B is an infinite-length noise vector; arid is a bi-diagonal block

o () = Z_% Skm[ulp(t = mT, —uTe) matrix with infinite block rows and block columns given by
is its spreading waveformsy,,[u], v = 0,...,N — 1, o . . .-
ariah elements_ of the sp_readlng sequence of usen the pie | 0 Hum-1) Hu(m) 0
m* symbol interval. T, is the chip interval. The spread- 0 Hy(m) Hy(m+1) 0
ing sequencessy,,[u] are assumed to be iid. random
variables with E{sj,,[u]} =0, E{[sgm[u]|?} = =, and

limy oo {N?|skm[u]|®} < 4o00. The users’ symbols,[m]  Additionally, hy ,, denotes the column of the matrik(
are uncorrelated random variables witH|b,[m]|2} = 1 and containing thek™ column of the matrixH [m]. Here, 7" and
E{bx[m]} = 0. We denote by)(¢) the band limited chip wave- R are the correlation matrices defined &s= HH" and
form with bandwidth B, unit energy, and Fourier transformR = HPH. Finally 8 = % is the system load.
U(f). Thanks to the statistical properties of the spreading We focus on the following front-ends.
sequence, the average energy of the signature waveform&rignt-end Type Aconsists of an analog filt&r( f) matched to
also unit. the chip pulse, i.eG(f) = ¥*(f), and a subsequent sampler
At the front-end, the base band signal is processed by a filtgith sampling rate equal to the chip rate. This front-end
with impulsive responsgy(t) and corresponding frequencyimplies the use of square root Nyquist chip pulse waveforms
responseG(f). We denote bys(t) the output of the filter to keep the discrete noise process white with varia%f:e
corresponding to the inpup(t), i.e. ¢(t) = g(t) = ¢(t) and Front-end Type Bconsists of (i) a low pass filte(f) with
by ®(f) its Fourier transform. The filter output is sampled dpw pass bandf| < 57 wherer ¢ Z* satisfies the constraint
rate 7. B < 57 so that the sampling theorem is satisfied and of
The discrete signal at the front-end output is given by (i) a subsequent sampler at rafe. With this choice of the
x +oo N1 front end the conditions of the sampling theorem are satisfied
=N "¢ b lm semluld((E—u—mN)T.—m)+n[p] SO that the sampled signal provides sufficient statistics. The
o) ; ’ Z & }; ol M((T ) k)+ v sampling rate is a multiple of the chip rate as convenient

m=—0o0



in practical implementations. Additionally, the discrete noissequence of the empirical joint distributioméflg (A T) =
process{n[p]} is still white with zero mean and variance% 25—1 1(\ — |ags|?)1(r — 73,) converges almost surely, as

o= % K — oo, to a non-random distribution functiof 4> 7(X, 7)

1. LINEAR MULTIUSER DETECTION with bounded suppott Furthermore, the spectral radius of the
{gatrix R is almost surely uniformly upper boundedrhen,
ven (|ax|?, ), the diagonal elementR‘(m)). of the
atrix R* converges with probability one to a deterministic

alue, conditionally on(|ax|?, %),

The design of multistage detectors with universal weigh
follows along the design of multistage detectors for symbgl|
asynchronous but chip synchronous CDMA systems in [
Multistage detectors of rank € Z* and L < K for symbol

m of userk performséa projtigtion onto the Krylov subspace lim (Rl(m))kk U Ro(lawel )
XL.k,m(H) = span(T hym)|;/—y, fork =1..K, m € Z and K=BN—o00
a subsequent filtering. TF?}/ are defined as with Ry (Jarx|?, 71;) determined by the following recursion

Ek[m] = Z wkﬁzth’zTéy

£=0
wherewy, ,, are the filter coefficients for usér The multistage
detector processing jointly all users is given by

—1
ReANT) =Y g(Urs1, A T)R(A, 7)

s=0

and, for0 <z <1,

L—-1
by [m] = > wWHITY -1
where H,,, = (h1m, h2.52hi.m) and W, is a diagonal Uiz) = Zf(Rf*S*l’x)Us(x)
s=0

matrix with the k" element equal tav,,. Figure 1 shows

an implementation that enables detection with finite delay.  f(R,,z) = ﬂ//\QT(JC)RS(/\T)dF|A|2,T(/\77)
The family of multistage detectors includes many well known

detectors like multistage Wiener filters, polynomial expansion
detectors, or, equivalently conjugate gradient methods, and the
parallel interference canceller, eventually weighted. In [6] it is "
shown that the implementation of multistage Wiener filtet¥here@Q.(z) = A, (z)A7 () and

in Figure 1 for asynchronous systems with a sufficiently large ~ ~ ~ T

number of stages can even outperform a linear MMSE detector A, (z) = (@T(x), O (). P 1oy (:L')) :

with finite observation window. Therefore, we focus on the ) i

design of a detector with universal weights equivalent to the The recursion is initialized by setting/°(z) = I, and
multistage Wiener filter for large systems (8 N — o). Ro(A\,7)=1.

We refer to it as detector Type J-lI to emphasize the fact tHatie to lack of space the proof of this theorem is omitted. The
the detector performs the projection of all usgmmtly and interested reader can refer to [8].

the filter is designedhdividually for each user. The universal The signal-to-interference and noise ratio (SINR) of a
weights are obtained as detector Type J-I for large CDMA systems is given by

T =—1
RNSCTINE 38
SINRJLk = 200 k,00~k,00

where wy.(N) are the” tailored filter coefficients 1— €5 B oo
of the multistage Wiener filter minimizing the MSE
E{[|bx[m] — X020 Whkmo(N)hyn P T™Y||2}. The tailored

weight wy ., ¢(N) is the (¢ + 1)** element of the vector
wy m(N) given by

gUs, A\, 1) = )\/O trace(Us(z)Q,. (x))d z

wk,m - N}I(IEOO ’LUk7m(N)

)

where &, . = limg_pgnN—o&y,n(N) and Ep =
M g—gN—oo Zk,m(IN). Given any multistage detector for
userk with filter coefficientsw,, it holds

. L Julle P
’lUk,m(N) = ‘—']g’m(N)ék,m(N) SINR = ’LUH(—71 £ £~T )’LU :
o L E P00 T Sk,008k,00) Wk
where ; ,,(N) = (R () + 2R (m))n) V. E S - CHIP P
with i, =1 .L, N) = Rj m . , and . FFECTS OFSTATISTICS AND OF CHIP PULSE
J ék,m( ) (( ( ))kk)jzl...L WAVEFORMS

(R (m))gx = hﬁ,,LThk,,,L denote the diagonal element of

the matrixR’ corresponding to useér at time instantn. The Let us consider a system with front-end A and let us assume

design of universal weights reduces to the computation of tHet the chip pulse waveform is a square root raised cosine with

asymptotic valuesim x—sx .o (R (m))xs. The convergence Moll-off 5 € [0,1], i.e.

of the. diagc_mal elemen.ts aoR’ to deterministic values is dy() cos(r(1 + 7)) + sin(r(1 — 7))

established in the following theorem. P(t) = L 7 i 3 <~ ~velo,1).
Theorem 1:Given the Fourier transformb(j27f) with (1= Gy 7)?)

finite support and bounded in absolute value, dgt(z) = 21(-) denotes the indicator function.

1 +oo —jom = (z+s jom This condition can be replaced by the less restrictive condition that the
T, 2us=—c0 © 7o (T4e) g (Tc(f + ) ). Assume that the integer positive eigenvalue moments are upper bounded.




Yyt

Matched

Filtering

H[m)]

Matched
Filtering

HH -

Spreading

Hm—M+3

Filtering

HHm— M4

M-1 { : M-2 {
Wo C[f) W, Wnm-1
—_ —
1st Stage (M-1)th Stage ?A
> ~ T Em"i\/{+1]
S D >
< Y >
l~— wH Ty
wH M-y
Fig. 1. Multistage detector for asynchronous systems
The limit valuesR,(|axx|?, 7c) can be obtained applying thee Assign ps(A) to Re()).
;%glll;?'on in Theorem 1 for = 1 and Q. (z) reduced to the Replace all monomials, 22, . ..,z in the polynomialp,(z)
by the momentm‘(i‘)lz, e ,ml(le, respectively, and assign the
2 (T cos 2T 2 (7w .
> +3sin (?("H%))ing (1—5”“ (§(x+%))) result tom'y), the /" eigenvalue moment of orderof R.
—%_S z < _II_Tj Algorithm 1 is derived in [8].
Q. (z)={1 -5 <z< G Interestingly, R¢(|axk|2, 7%) is independent of the arrival
1+1sin® (%(x—é))wL% (1—sin2 (%(w—%))) time in this case and, thus, also the performance of such a
Lr<e<? CDMA system.

In Figure 2 we compare the performance of a detector Type
. processing the observables provided by front-end B (dashed
T es) to the performance of the corresponding Type J-I detec-

rat_e IS 7. with r > m and the “”?e defay.d|str|but|on 'S tor fed by front-end A (dots) assuming equal received powers,
uniform, Theorem 1 yields the following algorithm to compute I _ 1 I _ 3 The chi f :
Rol|aws|?, 75). System loads = 5, L = 3. The chip waveform is a square

root raised cosine. The curves represent the output SINR as

As the front-end B is in use at the receiver, the chip-pulsj(gI
waveform has bandwidthyz- < B < =, the sampling lin

Algorithm 1. Initialization a function of the roll-offy parameterized with respect %
Let po(z) = 1 and o (y) = 1. The parameter% varies from 0 dB to 20 dB in steps of 5
/M step dB. As reference we also plot the performance of synchronous

e Defineus_1(y) = yue_1(y) and write it as a polynomial CDMA systems. As expected, multistage detectors with front-
in y. end B outperform the corresponding multistage detectors with
e Definev,_1(z) = zpy_1(z) and write it as a polynomial in front-end A. Interestingly, in the former case linear multiuser
. detection and asynchronism can compensate to some extent
e Define P\ [ o for the loss in spectral efficiency caused by the increasing
Es = <T2> / il (ij) dz roll-off and typical of synchronous CDMA systems (note that
c -3 ¢ the SINR keeps constant for synchronous CDMA systems) [7].
On the contrary, even in the case of asynchronism, multiuser
detection with front-end A can not compensate for the loss in
spectral efficiency due to non-zero roll-off and its performance

®)

and replace all monomialg,y?,...,y" in the polynomial
ug—1(y) by &1,&, ..., &, respectively. Assign the result to

Up—1. )
. 2Define£m!(jl2 _ E{|ak|25} and replace all monomials :;rc;?]syestﬁI;hleevpgla.rformance of synchronous CDMA systems
BT E N the polynomial v, (2) by the moments \ye ejahorate on the effects of the chip pulse waveforms
M Aj2s - - T 42, TESPECTiVEly, Assign the result 1G—,. by focusing on square root raised cosine and raised cosine
e Set = chip-pulse waveforms with roll-offy € [0, 1]. To simplify the
pe(z) = ZO 2Up—s-1ps(2) notation we assume, = 1. Let
-1

pe(y) =Y ByVies1p1s(y)-
s=0



Square root raised cosine pulse, system a5, L=3
14, - - - - - - . . .

Equal received powers, raised cosine chip puBsel2, L=4
20, T T T T T T T T T

12 19

-------

1of T A I i

ESINO:15 dB 17r

R P e ldul v S AP S SN 16F E/N =30 dB
s 0

Rl et SRS RS T T

(SINR),,
&

ES/NO:S dB 1 13-

[ E/N =15dB
s 0

E/N,=0dB I R e e e d 11 -
_20 0‘.1 0‘.2 0‘,3 0‘.4 0‘.5 0‘.6 0‘.7 0‘.8 0‘.9 1 160 0‘_1 0‘.2 O‘.S 0‘.4 0‘.5 0‘.6 0‘.7 0‘.8 0‘.9 1
roll-off roll—off
Fig. 2: Asymptotic output SINR of a Type J-I detector with= 3 Fig. 3: Asymptotic output SINR of a Type J-I detector with

versus the roll-offy as front-end A (dashed lines) and front-end B L = 4 versus the roll-offy for square root raised cosine (lines
(dots) are in use in an asynchronous CDMA system. The solid lines  with markers) and raised cosine (lines without markers) chip-pulse
show the reference performance in synchronous CDMA systems. waveforms. Solid lines correspond to asynchronous systems while
The curves are parametric }ﬁo with N varying betweer0 dB dashed lines refer to synchronous CDMA.

and 20 dB in steps of5 dB.

weights are suboptimal and have the same complexity
order per bit of the linear MMSE detector in uplink.
Multistage detectors with front end B and universal
weights are asymptotically optimum and have the same
complexity order per bit as the matched filter.

If only a user had to be detected multistage detectors
with front end A have slightly lower complexity than
multistage detectors with front end B. However, while
the optimum one can compensate to some extent the loss
in spectral efficiency due to the roll-off in asynchronous
systems multistage detectors with front end A do not
have this property. They perform almost as the multistage
detectors for synchronous systems at any SNR.

The energy frequency spectrum of a square root raised co-
sine waveform with unit energy is given B ,.(j27z)|* = .
Y (x). The unitary Fourier transform of a raised cosine chip

waveform with unit energy isl,.(j27z) = \/4—7T(1‘). We

apply (2) and Algorithm 1 to derive the asy?nptotic SINRto |
the case of synchronous systems and uniformly distributed
time delays. Figure 3 shows the large system output SINR
of detectors Type J-l with = 4 versus the roll-off for

%= =15 dB and £+ = 30 dB, when square root raised cosine
(marked lines) and raised cosine (lines with markers) chip-
pulse waveforms are transmitted. The dashed lines correspond
to synchronous systems while the solid lines refer to asynchro-
nous systems. The SINR is obtained assuming equal received

powers at the receiver and system loae- . Increasing the ACKNOWLEDGMENT
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