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Abstract— We study the transport capacity of a Gaussian
multiple access channel, which consists of a set of transmitters
and a single receiver. The transport capacity is defined as the
sum, over all transmitters, of the product of the transmission rate
with a reward r(x), which is a function of the distancex between
the transmitter and the receiver, and quantifies the usefulness of
transmitting information over a distance x.

Assuming that the sum of the transmitter powers is upper
bounded, we present in closed form the optimal power allocation
among the transmitters, that maximizes the transport capacity.
We then present simple expressions for the optimal power
allocation and induced transport capacity, as the number of
transmitters approaches infinity.

We also study the transport capacity of a Gaussian broadcast
channel, which consists of a single transmitter and multiple
receivers. Here, the transport capacity is defined as the sum,
over all receivers, of the product of the transmission rate with
a reward r(x). We determine in closed form the maximum
possible transport capacity and the distribution of the available
transmitter power among the receivers that achieves it. Although
this result has already been reported in the literature, our
derivation is shorter, and leads to simpler expressions.

Our results can be used to gain intuition and develop good
design principles in a variety of settings. For example, they apply
to the uplink and downlink channel of cellular networks, and
also to sensor networks which consist of multiple sensors that
communicate with a single central station.

I. I NTRODUCTION

A. Transport Capacity

Consider a wireless multihop network in which a particular
nodeT scheduled to transmit has two options: either transmit
to a destination nodeD1 with rate R1, or transmit to a
destination nodeD2 with rate R2 < R1. Assume that both
transmissions will require the same amount of bandwidth
and power, and will convey information of equal importance.
In this setting, which destination should nodeT prefer?
Traditional thinking suggests thatT should transmit to the
node to which it can send data with the highest rate, i.e.,
D1. However, in amultihopwireless network, in which every
packet will have to be transmitted multiple times to reach its
final destination, it is not only important that a node transmits
with high rate, but also that the signal will travela large
distance. Indeed, the smaller the distance that a transmission
covers, the higher is the number of transmissions of a similar
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type that are needed, before the transmitted packet reaches its
final destination.

Taking this argument a step further, we can argue that a
natural figure of merit for the usefulness of a transmission is
neither its rate nor the distance covered, but rather theproduct
of the two, measured inbps×m. Indeed, if two transmissions
have the same rate-distance product, using either of the two
repeatedly to transmit a given volume of data to a distant
destination would consume the same power and bandwidth,
even if their rates and covered distances differ significantly. It
follows that the summation of the rate-distance products over
all transmissions that are active at a given time instant in a
wireless network, termed thetransport capacity, is a natural
figure of merit about how efficiently the network operates at
that particular instant.

B. Related Work

The obvious relevance of transport capacity in wireless
multihop networks is coupled with a remarkable amenability
to analysis, as has been demonstrated recently by a number
of studies with disparate approaches, a few of which we now
briefly review.

Transport capacity was first defined in [1]. There, the
authors consider a wireless network ofn nodes, placed in
a bounded two-dimensional region. It is assumed that the
power of transmitted signals decays with distance according
to a power law, and that a signal is successfully received
if the Signal to Interference and Noise Ratio (SINR) at the
receiver is above a fixed threshold. All transmissions are with
a fixed global rateW . It is shown that the transport capacity
under any placement of nodes will have to be smaller than
k1
√

n, wherek1 is a constant independent ofn. The bound
comes from the fact that any transmission invariably creates
interference to other transmissions near by. On the other hand,
the authors give examples of network topologies that can
sustain a transport capacity greater thank2

√
n, wherek2 < k1

is another constant, also independent ofn.
In [2], the authors consider a probabilistic setting in which

nodes are placed on a two-dimensional plane according to a
Poisson process with fixed densityλ and access a common
wireless channel through Aloha. As in [1], transmissions are
with a fixed global rate, reception is successful as long as the
SINR is above a given threshold, and signal power decays with
distance according to a power law. In such an environment,
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transmitting over longer distances is more useful to the nodes,
but on the other hand the probability of successful reception
diminishes, as the power of a signal decays with distance
and the signal becomes more susceptible to interference from
competing transmissions. Therefore, there is a critical tradeoff
between the probability of successful reception and the use-
fulness of the transmission. The authors calculate the optimal
distance that signals should attempt to cover, that maximizes
the expected transport capacity of the network, and show that
under this optimal behavior, the transport capacity can be on
the order of

√
λ, where λ is the density of nodes. As the

densityλ is proportional to the expected number of nodesn
at a given area, this result is reminiscent of the result in [1].

In [3], the usefulness of a link is described in terms of
the product of the communication rate with a rewardr(x),
where x is the distance between the transmitter and the
receiver, and thereward functionr(·) quantifies the usefulness
of transmitting a bit of information over a distancex. In
the special case wherer(x) = x, we get the standard rate-
distance product, however the more general case allows the
study of alternative notions of usefulness. The authors study a
Gaussian broadcast channel consisting of a single transmitter
and multiple receivers, placed at increasing distances from the
transmitter. The propagation environment is described in terms
of the noise-to-signal (NSR) functions(·), defined so that the
noise to signal ratio experienced by a receiver at a distance
x from the transmitter is equal tos(x). The capacity region
of this network, i.e., the sets of simultaneously achievable
rates of communication from the transmitter to each of the
receivers, is known [4]. The authors build on this knowledge
to calculate the point in the capacity region that maximizes
the transport capacity of the network, defined here as the
summation, over all receivers, of their respective rate-reward
products. Under a fairly general assumption on the relation of
the reward and NSR functions, the authors are able to find
closed form expressions for the maximum transport capacity.

In [5] we continue along the information theoretic tangent
initiated in [3], using the notion of transport capacity defined
there. In particular, we consider the Gaussian multiple access
channel of Fig. 1 that consists of a single receiver and n
transmittersT1, T2, . . . , Tn, placed at increasing distances
x1, x2, . . . , xn, from the receiver. For each transmitterTi, there
is a maximum powerPi with which it can transmit. The
capacity region of this network is also known [4]. In particular,
points on the boundary of the capacity region can be achieved
if all the transmitters transmit simultaneously to the receiver,
with their full power, and the receiver successively decodes the
incoming signals. Depending on the decoding order, different
points on the boundary of the capacity region are achieved,
corresponding to different values of the transport capacity.
We show that, as long as the reward function is increasing
with distance, the decoding order that maximizes the transport
capacity is the one that starts from signals coming from nearby
transmitters, and moving outwards. In addition, if a bound is
placed on the sum of transmitter powers (but not on the power
of individual transmitters), the maximization of the transport

T1 TnT3T2

R

x1 x3x2 xn

Fig. 1. The multiple access channel, which consists of a single receiverR
and n transmittersTi, with i = 1, 2, . . . , n, placed at increasing distances
xi from the receiver.

capacity can be formulated as a convex optimization problem.

C. Contributions

Here, we conclude the investigation that we initiated in [5],
by deriving a closed form solution for the optimal allocation
of powers in multiple access channel, under the sum-power
constraint, and under a fairly general assumption on the
relation between the reward and decay functions. The closed
form solution is simple enough to allow the calculation of
the limiting power allocation, as the number of nodes goes to
infinity.

We also calculate the closed form solution for the optimal
allocation of powers in the Gaussian broadcast channel studied
in [3]. Although this result has already been derived in [3],
our derivation uses standard tools (the Karush-Kuhn-Tucker
conditions), is shorter in length, and leads to a simplified
closed form solution.

The rest of the parer is organized as follows: In Section II
we present the multiple access network model and state our
power allocation problem. To keep the paper self-contained,
we also briefly mention some of the results of [5]. In Sec-
tion III we calculate the closed form solution of the optimal
power allocation, and in Section IV we derive asymptotic
results for the case when the number of nodes approaches
infinity. In Section V, we replicate our derivations for the case
of the Gaussian broadcast channel. We conclude in Section VI.

II. M ULTIPLE ACCESSNETWORK AND PROBLEM

STATEMENT

We consider the multiple access network of Fig. 1 that
consists of a single receiverR and n transmittersTi, where
1 ≤ i ≤ n, placed at distancesxi from the receiver, with
xi+1 > xi and x1 > 0. The total bandwidth available to the
network is equal toB. The receiver is susceptible to additive
white Gaussian noise (AWGN) with spectral power densityη,
and eachTi has a maximum powerPi

1.
WhenTi transmits with powerp, R will receive the signal

with powerp×d(xi), where thedecay functiond(·) captures

1More formally, Ti can transmit with any power any time it uses the
channel, as long as the average power over time converges with probability
1 to a value equal or smaller thanPi. Alternative constraints have been
considered in a similar setting in [6], [7].



the decay of the signal power with distance and is positive and
strictly decreasing. For compactness, we use the notationdi =
d(xi). A decay function of particular interest is themonomial
decay function, defined byd(x) = Kx−γ , whereγ > 0 is
the decay exponentand the constantK > 0.

The capacity regionC of this network, i.e., the complete set
of all combinations of rates{Ri} with which the transmitters
Ti can send information concurrently to the single receiver, is
known [4]. In particular, each of the transmittersTi can send
information to the receiver with rateRi as long the following
equations are satisfied:∑

i∈I
Ri ≤ B log2(1 +

∑
i∈I diPi

ηB
) ∀I ⊆ {1, 2, . . . , n}. (1)

Equations (1) show that the capacity regionC is a convex
polyhedron in then-th dimensional Euclidean space. It can
be shown that the polyhedron has exactlyn! vertices whose
n components are all positive [4]. Each of these vertices
can be achieved by employing a successive decoding scheme,
under which the receiver decodes the signals coming from the
transmitters one by one. When decoding the signal coming
from a particular transmitterTi, the decoding process is not
affected by signals that have already been decoded, as these
are known and can be subtracted from the compound signal.
The rest of the signals will act as interference.

We now associate the transmission of a bit of information
across a distancex with a rewardr(x), where thereward
function r(·) is strictly increasing, withr(0) = 0. For
compactness, we use the notationri , r(xi) and we also
definer0 , r(0) = 0. A reward function of particular interest
is the monomial reward function r(x) = xρ whereρ > 0
is the reward exponent. The transport capacity associated
with the point{Ri} ∈ C is defined as

CT ({Ri}) ,
n∑

i=1

riRi.

In the special case of the monomial reward function with
ρ = 1, this definition coincides with the original definition
of transport capacity given in [1].

A problem that naturally arises is the calculation of the
maximum value of the transport capacity, and the point in the
capacity region in which it is achieved. In other words, we
would like to find the following:

max
{Ri}∈C

CT ({Ri}) = max
{Ri}∈C

n∑
i=1

riRi.

Note that we are interested in the maximization of a linear
function over a polyhedron, a closed and convex set. There-
fore, we know that the supremum is achieved, and it makes
sense to talk about a maximum. In addition, the optimization
is a linear program [8]. Furthermore, the following theorem
(proved in [5]) shows that the point in the capacity region that
maximizes the transport capacity corresponds to a remarkably
straightforward decoding order:

Theorem 1: The maximum transport capacity is achieved
only by the successive interference cancellation scheme under

which all transmitters transmit with their maximum power, and
the signal of transmitterTj is decodedj-th. The maximum
transport capacity is equal to:

B
n∑

i=1

ri log2(1 +
diPi

ηB +
∑n

k=i+1 dkPk
).

Until now it was assumed that each transmitter has a
maximum powerPi with which it can transmit. A natural
extension of our investigation is to assume that transmitters no
longer have individual constraints on their transmitted powers,
but rather the sum of powers must be smaller than or equal
to some global constantP0. For each distribution of powers
whose sum does not exceedP0, Theorem 1 applies. Therefore,
to maximize the transport capacity in this setting, we need to
solve the following optimization problem:

maximize: B
∑n

i=1 ri log2(1 + diPi

ηB+
∑n

k=i+1 dkPk
),

subject to:

{∑n
k=1 Pk ≤ P0,

Pi ≥ 0, i = 1, . . . , n.

(2)

This problem is pertinent in a number of different settings.
For example, in the deployment phase of a sensor network
consisting of a single central node and many sensors that
must forward information to the central node, if our power
sources are limited, we would like to know what is their
optimal distribution over the sensors that will lead to the
most efficient operation of the network, where we quantify
efficiency with the notion of transport capacity. As another
example, consider a cellular network, in which many mobile
stations in a cell want to access the single base station in the
cell, and the network has placed an upper bound on the total
transmitted power coming from that cell, in order to bound
the interference experienced in neighboring cells that share
the same frequency band. In such a setting, we would like to
determine the maximum possible transport capacity, because
this information will suggest how large the cell can be made.

III. O PTIMAL POWER ALLOCATION

A. Basic Properties

We rewrite the optimization problem (2) as:

minimize: f0(P1, . . . , Pn) =
−B

∑n
i=1(ri − ri−1) log2(ηB +

∑n
k=i dkPk)

+Brn log2(ηB),

subject to:

{∑n
k=1 Pk ≤ P0,

Pi ≥ 0, i = 1, . . . , n.
(3)

We note that the objective functionf0(P1, . . . , Pn) is con-
vex. Indeed, it can be written as the composite function
h(a1(P1, . . . , Pn), . . . , an(P1, . . . , Pn)), where the function
h : (R+)n → R is defined byh(a1, . . . , an) = −B

∑n
i=1(ri−

ri−1) log2 ai+Brn log2(ηB), and the functionsai : (R+)n →
R+ are defined byai , ηB +

∑n
k=i dkPk, for i = 1, . . . , n.

Noting that the sequence{ri} is strictly increasing, we can



easily show that the Hessian of the functionh is posi-
tive definite, thereforeh is convex. In addition,h is non-
increasing in each argument. The functionsai(P1, . . . , Pn)
are linear, and hence concave. It follows that the composition
h(a1(P1, . . . , Pn), . . . , an(P1, . . . , Pn)) is convex [8]. As the
two inequality constraints of (3) are linear, it follows that (3)
is a convex optimization problem.

The optimization functionf0 is continuous, and the domain
of the problem, i.e., the set of power vectors where the
constraints are satisfied, is compact. Therefore, the infimum
of f0 is actually achieved, and it makes sense to discuss about
a minimum. Furthermore, only one power distribution achieves
this minimum. To see why, let us assume that there are actually
two power distributions,{P 1

i } and{P 2
i } achieving it. Because

the mapping from the space of{Pi} to the space of{ai} is
one-on-one, there are two distinct points{a1

i } and{a2
i } where

the functionh(·) achieves its minimum. However, the Hessian
of h(·) is positive definite in(R+)n, thereforeh(·) is strictly
convex and must have a unique minimum. Therefore, we arrive
at a contradiction.

To conclude, the objective functionf0 is minimized (and the
transport capacity is maximized) for a unique optimal power
distribution{P ∗

i }.

B. A Basic Assumption

To derive the optimal power distribution, we will need to
make the assumption that the following inequalities hold:

ri − ri−1
1
di
− 1

di−1

≥ ri+1 − ri
1

di+1
− 1

di

, ∀i = 1, . . . , n− 1. (4)

Note that we have definedr0 , 0, and now we also define
d0 , ∞. In other words, the sequenceri−ri−1

1
di
− 1

di−1

is decreasing.

To derive intuition about (4), we rewrite it as follows:

1
di+1

− 1
di

1
di
− 1

di−1

≥ ri+1 − ri

ri − ri−1
, ∀i = 1, . . . , n− 1.

The inverse of the decay function, which is increasing, equals
the factor by which a signal looses its power at some distance.
Therefore, our assumption implies that the signals are loosing
their power with distance faster than the value we place on
their delivery (through the reward function) increases with
distance.

This assumption is not as restricting as it would first seem,
as it is satisfied in most cases of practical interest. For example,
by the following Lemma 1(iii), we see that (4) is satisfied for
the case of the monomial decay and reward functions with
γ ≥ ρ. For all real life propagation environments that are
approximated by the monomial decay function,γ > 2. In
addition, as discussed in the introduction, the most interesting
case of the monomial reward function is whenρ = 1.
Therefore, the conditionγ ≥ ρ is satisfied in almost all cases
of interest. It is also interesting to note that a very similar
assumption was needed for the derivation of the optimal power
distribution of thebroadcastGaussian channel in [3] (see also
Section V).

Equations (4) have a number of useful properties, that we
will use later on. We collect all of them in the following
lemma:

Lemma 1:

(i) Equations (4) are equivalent with the following:

ri−1di−1 − ridi

di−1 − di
≤ ridi − ri+1di+1

di − di+1
, ∀i = 1, . . . , n−1,

(5)
ri−1
di

− ri

di−1

ri − ri−1
≤

ri

di+1
− ri+1

di

ri+1 − ri
, ∀i = 1, . . . , n− 1. (6)

(ii) Equations (4) imply that∀i = 1, . . . , n − 1, ∀k =
1, . . . , n− i,

ri − ri−1
1
di
− 1

di−1

≥ ri+k − ri−1
1

di+k
− 1

di−1

. (7)

(iii) Let r(·) and d(·) be differentiable in(0,∞). Then (4)
holds for all transmitter placements{xi} if and only if

the function
( 1

d )′

r′ is increasing, i.e.,

y > x > 0 ⇒
( 1

d )′(y)
r′(y)

≥
( 1

d )′(x)
r′(x)

.

Proof:
(i) To prove the equivalence of (4), (5), and (6), we cross-
multiply all of them and note that we arrive at identical
inequalities.
(ii) To prove (7), we use induction. In particular, we prove (7)
first for k = 1 and for all i = 1, . . . , n− 1. For this, we note
that, from (4), we have that

ri+1 − ri

ri − ri−1
≤

1
di+1

− 1
di

1
di
− 1

di−1

, i = 1, . . . , n− 1,

Adding 1 to each size, simplifying and rearranging terms, we
arrive at (7) fork = 1 and for all i = 1, . . . , n − 1. We
now make the inductive hypothesis that (7) holds for some
k ∈ 1, . . . , n− 2, and for alli = 1, . . . , n− k. We will show
that it then holds fork + 1, and for alli = 1, . . . , n− k − 1.
For this, we note that

ri − ri−1
1
di
− 1

di−1

≥ ri+1 − ri
1

di+1
− 1

di

≥ ri+k+1 − ri
1

di+k+1
− 1

di

, i = 1, . . . , n−k−1.

The first inequality comes from (4), and the second from the
induction hypothesis. Therefore,

ri+k+1 − ri

ri − ri−1
≤

1
di+k+1

− 1
di

1
di
− 1

di−1

, i = 1, . . . , n− k − 1.

By adding1 to each side, simplifying and rearranging terms,
we arrive at (7) fork + 1, and for alli = 1, . . . , n− k − 1.
(iii) Let us first assume that (4) holds for all transmitter
placements. It will then hold for the case of four transmitters
placed at locationsx − ε, x, y − ε, y, where ε < y − x. By
applying (4) twice, we have:

r(x)− r(x− ε)
1

d(x) −
1

d(x−ε)

≥ r(y − ε)− r(x)
1

d(y−ε) −
1

d(x)

≥ r(y)− r(y − ε)
1

d(y) −
1

d(y−ε)

.



By dividing the numerators and denominators of the left and
right hand side byε, and takingε → 0, we find that(

1
d )′(y)

r′(y) ≥
( 1

d )′(x)

r′(x) .
The inverse direction follows similarly to Lemma 1 of [3].

�

C. The Closed Form Solution

It follows by the convexity of the problem [8], that, to prove
the optimality of a power allocation{Pi}, it suffices to show
that it satisfies the Karush-Kuhn-Tucker (KKT) conditions,
which in our problem become:

n∑
k=1

Pk = P0, Pi ≥ 0, λi ≥ 0,
df0

dPi
−λi +ν = 0, λi ·Pi = 0,

for i = 1, . . . , n and for someν, λi ∈ R. This set of equations
can easily be shown to be equivalent to the following:

n∑
k=1

Pk = P0, Pi ≥ 0,
df0

dPi
+ ν ≥ 0, Pi ·

[
df0

dPi
+ ν

]
= 0,

for i = 1, . . . , n, and for someν ∈ R. By substituting the
derivatives off0, and settingλ , log 2

B ν, this set of equations
becomes

n∑
k=1

Pk = P0, Pi ≥ 0, di

i∑
k=1

rk − rk−1

ak
− λ ≤ 0,

Pi ·

[
di

i∑
k=1

rk − rk−1

ak
− λ

]
= 0, (8)

for i = 1, . . . , n and someλ ∈ R. Note that we have defined
ai , ηB +

∑n
k=i dkPk. Becauseai equals the residual power

of all signals that have not been decoded yet (plus the thermal
noise), at the beginning of thei-th decoding step, we will call
{ai} the residual power sequence. We also letan+1 , ηB,
so thatPi = ai−ai+1

di
for i = 1, . . . , n.

We now make the claim that the optimal power distribution
{P ∗

i } satisfies the following set of equations:
n∑

k=1

Pk = P0, (9)

Pi ≥ 0, i = 1, . . . , L, (10)

di

i∑
k=1

rk − rk−1

ak
− λ = 0, i = 1, . . . , L, (11)

Pi = 0, i = L + 1, . . . , n, (12)

di

i∑
k=1

rk − rk−1

ak
− λ < 0, i = L + 1, . . . , n, (13)

for someλ ∈ R and an indexL, which we call thecutoff
index. If (9)-(13) hold, then (8) will also hold, and{Pi} are
the unique optimal power allocation. Our strategy therefore
will be to find a power distribution{Pi} that satisfies (9)-(13).

Equations (10), (11), and (12) will be satisfied if we set:

ai =

{
1
λ

ri−ri−1
1

di
− 1

di−1

i = 1, . . . , L,

ηB i = L + 1, . . . , n,
(14)

provided this sequence is decreasing. By (4), it suffices to
show thataL ≥ ηB. But this will depend on the values ofλ
andL, which we calculate next.

We first note that (14) implies that:

i∑
k=1

Pk =
1
λ

[
ridi − ri+1di+1

di − di+1

]
, i = 1, . . . , L− 1. (15)

This can be shown by straightforward induction. (Clearly, the
expression on the right hand side of (15) must be increasing.
This follows from (5).) In addition,

PL =
aL − aL+1

dL
=

1
dL

[
1
λ

rL − rL−1
1

dL
− 1

dL−1

− ηB

]
. (16)

Combining (16) with (15) fori = L− 1 we derive the value
of λ that satisfies the sum-power constraint (9):

λ =
rLdL

P0dL + ηB
,

therefore we have the following expression foraL:

aL =
P0dL + ηB

rLdL
× rL − rL−1

1
dL
− 1

dL−1

. (17)

We now simply define the cutoff indexL to be the largest
i for which the following inequality holds:

P0di + ηB

ridi
× ri − ri−1

1
di
− 1

di−1

≥ ηB ⇔ P0

ηB
≥

ri−1
di

− ri

di−1

ri − ri−1
. (18)

Note that the expression on the far right side of (18) is
increasing, as follows from (6). Therefore, (18) will hold for a
contiguous range of indicesi, and the largest is selected asL.
Also note that the set of indices is never empty, as fori = 1
we arrive at the trivial identityP0

ηB ≥ 0.
With this selection ofL, aL ≥ ηB and the sequence{ai}

defined in (14) is decreasing. Therefore, all the constraints (9)-
(12) are satisfied. It remains to show that (13) is also satisfied.
By using (14), we readily have that

∑L
k=1

rk−rk−1
ak

= λ
dL

.
Therefore, it easily follows that (13) are equivalent to

ηB >
1
λ

ri − rL
1
di
− 1

dL

, i = L + 1, . . . , n. (19)

Because of (7), it suffices to show that (19) holds fori = L+1.
In addition, straightforward algebra shows that the following
equivalence also holds:

ηB >
1
λ

rL+1 − rL
1

dL+1
− 1

dL

⇔ P0

ηB
<

rL

dL+1
− rL+1

dL

rL+1 − rL
.

However, the second relation is satisfied, by the way we
have definedL. Therefore, the inequalities (13) are also
satisfied. This concludes our proof, as we have found a power
distribution that satisfies all the requirements (9)-(13). We now
state our result in the form of a theorem:

Theorem 2: LetL be the largest indexi ∈ {1, . . . , n} that
satisfies the inequality

P0

ηB
≥

ri−1
di

− ri

di−1

ri − ri−1
,
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Fig. 3. The distribution of rate-reward products induced by the power
distribution of Fig. 2.

where the sequence on the right hand side is increasing, by
our basic assumption (4). Also let

ai =

{
λ · ri−ri−1

1
di
− 1

di−1

i = 1, . . . , L,

ηB i = L + 1,

whereλ = rLdL

P0dL+ηB . The maximum transport capacity is

Cmax
T = B

L∑
i=1

(ri − ri−1) log2(ai)−BrL log2(ηB),

and the unique power distribution that achieves it is given by:

P ∗
i =

{
ai−ai+1

di
i = 1, . . . , L,

0 i = L + 1, . . . , n.

Our result is conceptually straightforward: The available
power should be distributed among the firstL transmitters,
and, the greater the available power, the largerL becomes.
The precise allocation of power among the firstL users will
depend on the exact shape of the reward and decay functions.

As a numerical example, let us consider a multiple access
channel that consists of a single receiver, placed at the origin,
and200 transmitters, placed uniformly along thex-axis with a
separation of25 m from each other. The total power available
is P0 = 400 W, the available bandwidthB = 10 MHz, the
noise spectral density isη = 10−16 W

Hz , and a monomial power
decay function withγ = 3 and K = 0.1 m3 is assumed. In
Fig. 2 we plot the optimal distribution of powers, assuming a
monomial reward function, and for the casesρ = 1, ρ = 1.5,
andρ = 2. In Fig. 3, we plot the corresponding distributions of
the rate-reward products of the individual transmitters. Finally,
in Fig. 4 we compare the optimal power allocation for the
caseρ = 1, with the allocation induced if the nodes lying in
the intervals(1000 m, 1400 m) and (4200 m, 5000 m) are
removed. As can be seen from Theorem 2, the nodes that
lie directly on the borders of the ‘forbidden regions’ take for
themselves most of the power that was allocated to the nodes
that were removed. The powers allocated to the rest of the
nodes also change, and in fact in the same proportion, through
the change in the value ofλ.

IV. OPTIMAL POWER ALLOCATION IN THE L IMIT OF AN

INFINITE NUMBER OF NODES

We would like to characterize the optimal power allocation
in the limit where the number of transmittersn goes to infinity,
and the transmitters completely cover the whole semi-axisR+.
Formally, we require that asn → ∞, the distance of a point
x ∈ R+ from its closest transmitter converges to0.

Clearly, it no longer makes sense to discuss in terms of the
powers allocated to individual nodes, since the power allocated
to almost all of them will have to converge to0, but rather in
terms of thepower density function f(x), defined such that
the power allocated to the transmitters lying in the interval
(x, y) converges to

∫ y

x
f(x) dx. The power density function

and the corresponding limit of the transport capacity are given
by the following corollary:

Corollary 1: Let r(·) and d(·) be differentiable in(0,∞).
Let thecutoff point xL be the largestx ∈ R+ that satisfies
the inequality

P0

ηB
≥ g(x) , − (rd)′

r′d2

∣∣∣∣
x

,

whereg : R+ → R is the cutoff function, and assume that
xL < ∞. Also, let

a(x) ,

{
P0d(xL)+ηB
r(xL)d(xL) ·

r′

( 1
d )′

∣∣∣
x

0 < x ≤ xL,

ηB x > xL,

be theresidual power function. As the number of transmitters
approaches infinity, the maximum transport capacity converges
to the value

Cmax
T = B

∫ xL

0

r′(x) log2 a(x) dx−Br(xL) log2(ηB)
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Fig. 4. (a) The optimal power distribution of the network of Fig. 2, for the
caseρ = 1. (b) The optimal power allocation in the network of Fig. 2, for
the caseρ = 1, and if all the nodes outside the intervals[200 m, 900 m] and
[1300 m, 1600 m] are removed.

and the optimal distribution of powers converges to the power
density function:

f(x) =
P0d(xL) + ηB

r(xL)d(xL)
× 1

d

(
d2r′

d′

)′
∣∣∣∣∣
x

.

Corollary 1 can be proved by starting from the results of
Theorem 2 and taking the appropriate limits. It can easily
be generalized to include the case where the transmitters are
placed in subsets of the positive semi-axis. It easily follows
from the expressions of Theorem 2 that, on the boundaries of
these subsets, the power density function may converge to a
delta function.

As an illustrative example, let us consider the case of the
monomial reward and decay functions. A direct application of
Corollary 1 gives:

xL =
[
K

(
P0

ηB

) (
ρ

γ − ρ

)] 1
γ

,

f(x) =
{

[ηB(γ − ρ]
ρ
γ (ρP0)

γ−ρ
γ K− ρ

γ

}
xρ−1,

Cmax
T =

B

log2 e

[
KP0

ηB

] ρ
γ

(
γ

ρ
− 1)1−

ρ
γ . (20)

It is interesting to compare the transport capacity with the
rate-reward productCopt

T of a single transmitter-receiver pair,
separated by a distancexopt that maximizes it.Copt

T is given
by (11) of [5]. A comparison of that equation with (20) shows
that the quotientCmax

T /Copt
T is only a function of ρ

γ , i.e.,
Cmax

T /Copt
T = H( ρ

γ ). As shown in Fig. 5,H(x) is a strictly
decreasing, convex function withlimx→0+ H(x) = e and
limx→1− H(x) = 1.
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Fig. 5. The functionH( ρ
γ
), that represents the gains of using multiple

transmitters over using a single transmitter, placed at the optimal distance
xopt, in the case of monomial decay and reward functions.

V. THE GAUSSIAN BROADCAST CHANNEL

A. Network Model and Problem Formulation

Let us consider the Gaussian broadcast channel of Fig. 6,
that consists of a transmitterT with total powerP0, and n
receiversR1, R2, . . . , Rn, placed at increasing distances from
the transmitter0 < x1 < x2 < . . . < xn. Each receiverRi is
susceptible to additive white Gaussian noise of spectral density
ηi, and the total bandwidth available for communication isB.
As with the multiple access channel of Fig. 1, we assume that
if the transmitter sends a signal with powerp, the signal will
arrive at receiverRi with powerp× d(xi), whered(·) is the
decay function.

The capacity region of this network, i.e., the set of all
combinations of rates with which the transmitter can simulta-
neously send information to the receivers, is known [4]. In
particular, a set of rates{Ri} is achievable iff there is a
vector of powersP , (P1, P2, . . . , Pn), such thatPi ≥ 0
and

∑n
i=1 Pi ≤ P0, for which the following inequalities are

satisfied:

Ri ≤ B log2(1 +
diPi

ηiB + di

∑i−1
j=1 Pj

), ∀i = 1, . . . , n.

To achieve any point in the capacity region, the transmitter
encodes the message intended for receiverRi independently
of the others, and transmits it with powerPi, simultaneously
with the signals intended for all other receivers. ReceiverRi

decodes first all the signals intended for nodesRi+1, . . . , Rn,
and then its own. The signals intended for nodesR1, . . . , Ri−1

appear toRi as thermal noise.
As with the multiple access channel, we define the transport

capacity as:

CT ({Ri}) ,
n∑

i=1

riRi,

whereri , r(xi), andr(·) is the reward function.
We would like to determine the power allocation that

maximizes the transport capacity, i.e., we would like to solve



R 2

T

x1 x3x2 xn

R nR 3R 1

Fig. 6. The Gaussian broadcast channel, which consists of a single receiver
T and n receiversRi, with i = 1, 2, . . . , n, placed at increasing distances
xi from the transmitter.

the following optimization problem:

maximize: B
∑n

i=1 ri log2(1 + diPi

ηiB+di

∑i−1
j=1 Pj

),

subject to:

{∑n
j=1 Pj ≤ P0,

Pi ≥ 0, i = 1, . . . , n.

Defining si , ηiB
di

, we rewrite the optimization problem as:

minimize: f0(P) , −B
∑n

i=1 ri log2

(
si+

∑i
j=1 Pj

si+
∑i−1

j=1 Pj

)
,

subject to:

{
gi(P) , −Pi ≤ 0, i = 1, . . . , n,

gn+1(P) ,
∑n

j=1 Pj − P0 ≤ 0.

We note that the domain of the optimization problem, i.e. the
subset ofRn where all the constraints are satisfied, is compact,
and that the objective functionf0(·) is continuous within this
set. Therefore the infimum off0(·) in the constraint set is
achieved, and it makes sense to discuss about a minimum.

Let f0(·) be minimized at a pointP, and letI(P) be the
set:

I(P) , {i ∈ {1, . . . , n + 1} : gi(P) = 0},

i.e., the set of indices of all constraints which are ‘active’
at P. The functionf(·) is differentiable in the domain, the
functions gi(·) are differentiable and convex, and there is a
point x ∈ Rn such thatgi(x) < 0 for all i = 1, . . . , n + 1.
Therefore, it follows from Lemma 5.9 and Theorem 5.8 of [9]
that there are multipliersui ≥ 0, for i ∈ I(P) such that the
following Karush-Kuhn-Tucker (KKT) condition is satisfied:

∇f0(P) +
∑

i∈I(P)

ui∇gi(P) = 0.

Note thatn + 1 ∈ I(P). Indeed, if the last constraint is not
satisfied with equality, there is extra power left that could be
allocated to the last receiver, thus increasing its rate without
adversely affecting the rates of anyone else.

By substituting for the∇gi(P), the KKT condition can be
written as follows:

∂f0

∂Pi
− ui + un+1 = 0, i = 1, . . . , n,

where in addition theui ≥ 0, i = 1, . . . , n must satisfy the
constraints:

uiPi = 0, i = 1, . . . , n.

Note that, ifi 6∈ I(P), Pi > 0, and soui = 0.
To conclude, and settingν , un+1, the following equations

must be satisfied for any power vectorP = (P1, P2, . . . , Pn)
that maximizes the transport capacity:

n∑
j=1

Pj = P0, (21)

Pi ≥ 0, i = 1, . . . , n, (22)
∂f0

∂Pi
+ ν ≥ 0, i = 1, . . . , n, (23)[

∂f0

∂Pi
+ ν

]
Pi = 0, i = 1, . . . , n, (24)

whereν ≥ 0.
Straightforward calculation shows that:

∂f0

∂Pi
=

n∑
j=i+1

rjPj

(sj + βj)(sj + βj−1)
− ri

si + βi
, (25)

where we defined:

βi ,
i∑

j=1

Pj .

As βi represents the power that has been allocated to all nodes
up to nodei, we will refer to{βi} as thecumulative power
sequence.

B. A Basic Assumption

To derive the optimal power distribution, we will have to
make the following assumption:

si+1 − si

si − si−1
>

ri+1 − ri

ri − ri−1
, ∀i = 1, . . . , n− 1, (26)

where we definer0 , 0, s0 , 0. Note that, sincesi , ηiB
di

,
in the special case whenη1 = η2 = . . . = ηn, (26) is identical
to (4), with the exception that we now have a strict inequality.
Furthermore, the intuition is the same: when (26) holds, the
deterioration of the channel gain with distance is faster than
the increase of the reward with distance. Also note that exactly
the same assumption was also used in [3].

Lemma 2:
(i) Equations (26) are equivalent with:

siri−1 − risi−1

ri − ri−1
<

si+1ri − ri+1si

ri+1 − ri
, i = 1, . . . , n.

(ii) Equations (26) imply that:
ri

si
>

ri+1

si+1
, ∀i = 1, . . . , n− 1.

(iii) Equations (26) imply that∀i = 1, . . . , n, ∀k =
1, . . . , n− i:

si+k − si−1

si − si−1
>

ri+k − ri−1

ri − ri−1
, (27)

si+kri−1 − si−1ri+k

ri+k − ri−1
>

siri−1 − si−1ri

ri − ri−1
. (28)

Proof: (i) To prove the equivalence of the two inequalities,
we cross multiply both of them, and note that we arrive at
identical inequalities.



(ii) We use induction. First, we note that, fori = 1, (26) gives
s2−s1

s1
> r2−r1

r1
. By cross-multiplying, we arrive atr1

s1
> r2

s2
.

Next, let us suppose that the inequality holds fori = k < n−1:
rk

sk
> rk+1

sk+1
. We note that:

sk+2rk+1 − rk+2sk+1

rk+2 − rk+1
>

sk+1rk − rk+1sk

rk+1 − rk
> 0.

The first inequality comes from part (i) fori = k + 1. The
second inequality comes from the inductive hypothesis. There-
fore, it follows that the left hand side must be strictly positive,
and asrk+2 > rk+1, we must havesk+2rk+1−rk+2sk+1 > 0.
Therefore, the inequality also holds fork + 1.
(iii) The proof of (27) is identical in structure to the proof
of (7), with the only difference being that we substitute
inequalities with strict inequalities, and1di

with si. Equation
(28) follows by noting that if we cross-multiply both (27) and
(28) we arrive at the same inequality. �

C. The Closed Form Solution

In this section we derive the form of the optimal power
allocationP = (P1, . . . , Pn), using the fact that it must satisfy
(21)-(24). The proof will be given as a sequence of lemmas.

Lemma 3:P1 > 0.
Proof: We will assume thatP1 = 0, and arrive at a
contradiction. In particular, let us assume thatP1 = P2 =
. . . = Pl = 0 and Pl+1 > 0, for somel ≥ 1. Equations (23)
and (25) fori = 1 give (noting thatβ1 = 0):

n∑
j=l+1

rjPj

(sj + βj)(sj + βj−1)
− r1

s1
+ ν ≥ 0. (29)

Equations (24) and (25) fori = l + 1 give:
n∑

j=l+2

rjPj

(sj + βj)(sj + βj−1)
− rl+1

sl+1 + Pl+1
+ ν = 0. (30)

Subtracting (30) from (29), and simplifying, we arrive at
rl+1
sl+1

≥ r1
s1

, which is not possible by Lemma 2(ii). �
Lemma 4: There are no gaps in the set of receivers that are

allocated non-zero power, i.e., there are nol, m, such that:

Pl > 0, Pl+1 = . . . = Pl+m = 0, Pl+m+1 > 0. (31)

Proof: We will assume that there arel,m, for which (31)
hold, and will arrive at a contradiction. Equations (24) and
(25), applied forl and l + m + 1, give:

n∑
j=l+m+1

rjPj

(sj + βj)(sj + βj−1)
+ ν =

rl

sl + βl
, (32)

n∑
j=l+m+2

rjPj

(sj + βj)(sj + βj−1)
+ ν =

rl+m+1

sl+m+1 + βl+m+1
.

(33)
Subtracting (33) from (32), and noting thatβl+m+1 = βl +
Pl+m+1 and βl+m = βl, we arrive, after straightforward
manipulations, at:

βl =
rlsl+m+1 − slrl+m+1

rl+m+1 − rl
. (34)
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Fig. 7. The optimal power allocation in a broadcast network consisting of
a transmitter placed in the origin, and200 receivers placed uniformly along
the x-axis with a separation of25 m from each other, and for various values
of the reward exponentρ.

On the other hand, (23) and (25), applied fori = l + 1, give:
n∑

j=l+m+1

rjPj

(sj + βj)(sj + βj−1)
+ ν ≥ rl+1

sl+1 + βl
. (35)

In (35), we have used the fact thatβl = βl+1. Subtracting (32)
from (35) we arrive, after straightforward manipulations, to

βl ≤
rlsl+1 − rl+1sl

rl+1 − rl
.

This inequality, together with (34) and (28), lead to a contra-
diction. �

From Lemmas 3 and 4, it follows that there is acutoff
index L, such thatPi > 0 for all i = 1, . . . , L, andPi = 0
for all i = L+1, . . . , n. Using this knowledge, we can derive
the value of theβi:

Lemma 5:

βi =

{
risi+1−ri+1si

ri+1−ri
i = 1, . . . , L− 1,

P0, i = L, . . . , n.

Proof: For i ≥ L, the result follows immediately by the
definition of theβi. If i < L, then asPi, Pi+1 > 0, it follows
from (24) and (25) that:

L∑
j=i+1

rjPj

(sj + βj)(sj + βj−1)
+ ν =

ri

si + βi
,

L∑
j=i+2

rjPj

(sj + βj)(sj + βj−1)
+ ν =

ri+1

si+1 + βi+1
.

Subtracting the second equation from the first, and after
performing some straightforward manipulation, we arrive at
the result. �

As the power allocation can be readily derived from the
sequence{βi}, the only thing we are missing to conclude the
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Fig. 8. The distribution of rate-reward products induced by the power
distribution of Fig. 7.

proof is the exact value ofL. For this, we first observe that,
asPL > 0, it follows from (24) and (25) that:

ν =
rL

sL + P0
.

It is then straightforward to show that for the casei = L +
1, . . . , n, (23) become equivalent to:

P0 ≤
rLsi − sLri

ri − rL
. (36)

By Lemma 2(iii), if (36) is satisfied fori = L + 1, it will be
satisfied for alli > L + 1. However, in order to satisfy (36)
for i = L+1, and at the same time ensure thatβL−1, as given
by Lemma 5, is smaller thanP0, L can only be set as follows:

L = max{i :
ri−1si − risi−1

ri − ri−1
< P0}.

This concludes the proof, and we are ready to state the result
in the form of a theorem:

Theorem 3: LetL = max{i : ri−1si−risi−1
ri−ri−1

< P0}, and

βi =

{
risi+1−ri+1si

ri+1−ri
i = 0, . . . , L− 1,

P0, i = L, . . . , n.

The maximum transport capacity is:

Cmax
T = B

L∑
i=1

ri log2

(
si + βi

si + βi−1

)
,

and the optimal power allocation that achieves it is:

Pi =

{
βi − βi−1, i = 1, . . . , L,

0, i = L + 1, . . . , n.

We must emphasize that a closed form for the optimal
power allocation, also assuming (26), and compatible to that of
Theorem 3, appeared first in [3]. There, however, it was shown
that the transmitter allocates positive power to a contiguous

group of receivers, and perhaps one or two extra, outlying
receivers. There may be inactive receivers (i.e. receivers that
receive no power) separating the contiguous group from the
outlying receivers. Our work shows that in fact only a much
less general scenario can occur, i.e., the firstL receivers will
receiver all the power, for someL, and the rest will receive
no power at all. In addition, our derivations are shorter, and
use a standard optimization tool, i.e., the KKT conditions.

As a numerical example, let us consider a broadcast channel
that consists of a single transmitter, placed at the origin,
and 200 receivers, placed uniformly along thex-axis with a
separation of25 m from each other. The total power available
at the transmitter isP0 = 400 W, the available bandwidth
B = 10 MHz, the noise spectral density of all receivers is
η = 10−16 W

Hz , and a monomial power decay function with
γ = 3 and K = 0.1 m3 is assumed. In Fig. 7 we plot the
optimal distribution of powers, assuming a monomial reward
function, and for the casesρ = 1, ρ = 1.5, and ρ = 2.
In Fig. 3, we plot the corresponding distributions of the rate-
reward products of the individual transmitters. Finally, in Fig. 4
we compare the optimal power allocation for the caseρ = 1,
with the allocation induced if the nodes lying outside the
intervals(600 m, 900 m) and(1300 m, 2650 m) are removed.
As can be seen from Theorem 3, the nodes that lie directly on
the borders of the ‘forbidden regions’ take for themselvesall
the power that was allocated to the nodes that were removed.
Contrary to the multiple access case, the powers allocated to
the rest of the nodes do not change at all.

D. Optimal Power Allocation in the Limit of an Infinite
Number of Nodes

As we did in Section IV for the multiple access channel,
let us now consider the case where we place a very large
number of receivers on the whole positive semi-axisR+. The
following corollary readily follows, by using Theorem 3 and
appropriately taking limits:

Corollary 2: Let r(·) and s(·) be differentiable in(0,∞).
Let

β(x) ,
s′(x)r(x)− r′(x)s(x)

r′(x)

be thecumulative power function, and let thecutoff point
xL , sup{x : β(x) < P0}. If xL < ∞, then, as the number
of receivers approaches infinity, the optimal power allocation
approaches the power density function:

fopt(x) =

{
β′(x) x ≤ xL,

0 x > xL0.

and the optimal transport capacity converges to the value:

Cmax
T =

B

log2 e

∫
r(x)fopt(x)
s(x) + β(x)

dx.

As a special case, let us assume that the decay and reward
functions are the monomial, and in addition all receiver face
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Fig. 9. (a) The optimal power distribution of the network of Fig. 7, for the
caseρ = 1. (b) The optimal power allocation in the network of Fig. 7, for
the caseρ = 1, and if all the nodes outside the intervals[300 m, 900 m] and
[1300 m, 2650 m] are removed.

the same level of thermal noise, i.e.,η1 = . . . = ηn = η.
Direct application of Corollary 2 gives:

xL =
[
K

(
P0

ηB

) (
ρ

γ − ρ

)] 1
γ

,

f(x) =
ηB(γ − ρ)γ

Kρ
xγ−1,

Cmax
T =

B

log2 e

[
KP0

ηB

] ρ
γ

(
γ

ρ
− 1)1−

ρ
γ .

It is interesting to note that, in Section IV, we derived
exactly the same formulas for the cutoff point and the transport
capacity of themultiple accesschannel. There, however, the
dependence of the optimal power distribution onx was of
the form xρ−1. Therefore, the multiple access and broadcast
channels seem to share important similarities, but also critical
differences, that might be of interest to network designers. As
the optimal transport capacities are given by identical formulas
for both the multiple access and the broadcast channel, Fig. 5
also gives the gains, in terms of transport capacity, of using
multiple receivers instead of a single one placed at the optimal
distance.

VI. CONCLUSIONS

In this work we evaluate the traffic carrying capabilities of
a Gaussian multiple access channel and a Gaussian broadcast
channel. Our figure of merit is the transport capacity, a
relatively new concept that is remarkably amenable to analysis
and very intuitive in the context of wireless networks, but
with a few exceptions [1], [2], [3], [5], [10] remains largely
unexplored.

In the case of the multiple access channel, which consists
of a single receiver and many transmitters, we present closed
form expressions for the optimal distribution of transmitter
powers under a sum-power constraint. Under a general as-
sumption on the relation of the reward and decay functions,
we find that the best strategy is that only the transmitters up

to a certain distance from the receiver transmit, and the rest
remain silent. We also present closed form expressions for the
case when the number of nodes is very large, and the nodes
cover the whole positive semi-axis.

In the case of the broadcast channel, which consists of a
single transmitter and multiple receivers, we derive in closed
form the optimal allocation of the transmitter power to the
signals intended for the different receivers, that maximizes
the transport capacity. Although this result has already been
reported in the literature [3], our derivation is based on
standard tools (the KKT conditions), is shorter, and leads to
a simpler closed form. We also derive expressions for the
optimal power allocation and associated transport capacity
when there is a very large number of receivers, covering the
whole positive semi-axis.

Our results allow us to quantify the gains of using successive
interference cancellation, and also gain intuition about the
allocations of power that promote the efficient use of the
network resources in many networks that are approximated by
the multiple access and broadcast channels; for example the
uplink and downlink channel of cellular networks, and sensor
networks that consist of a large number of sensors that must
communicate with a single central station. Note that, contrary
to multipoint to multipoint channels, the MAC and broadcast
channels have natural bottlenecks: the unique receiver and
the unique transmitter respectively. Therefore, optimizing the
operation of the network is particularly important in these
cases.

The power allocation problem is intimately related to the
node placement problem, i.e., the problem of optimally placing
a set of nodes to maximize the transport capacity, and this
work can be used as a starting point of an investigation toward
that direction. Also, in this work no routing of any type was
investigated. These will be the subjects of future investigation.
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