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Abstract—We study the transport capacity of a Gaussian type that are needed, before the transmitted packet reaches its
multiple access channel, which consists of a set of transmitters final destination.
and a single receiver. The transport capacity is defl_neq as the Taking this argument a step further, we can argue that a
sum, over all transmitters, of the product of the transmission rate . . .. .
with a reward r(x), which is a function of the distancex between naFuraI flgure of merit fqr the usefulness of a transmission is
the transmitter and the receiver, and quantifies the usefulness of Neither its rate nor the distance covered, but ratheptbduct
transmitting information over a distance z. of the two, measured ihps x m. Indeed, if two transmissions

Assuming that the sum of the transmitter powers is upper have the same rate-distance product, using either of the two
bounded, we present in closed form the optimal power allocation yaneatedly to transmit a given volume of data to a distant
among the transmitters, that maximizes the transport capacity. o .
We then present simple expressions for the optimal power destln_atlon_ would consume the _same power ar_ld _b_andW|dth,
allocation and induced transport Capacity‘ as the number of €ven if their rates and covered distances differ S|gn|f|cant|y. It
transmitters approaches infinity. follows that the summation of the rate-distance products over

We also study the transport capacity of a Gaussian broadcast g|| transmissions that are active at a given time instant in a
channel, which consists of a single transmitter and multiple wireless network, termed theansport capacity, is a natural

receivers. Here, the transport capacity is defined as the sum, fi f it about h ficientlv th twork i t
over all receivers of the product of the transmission rate with Igure of merit about how efliciently the network operates a

a reward r(z). We determine in closed form the maximum that particular instant.
possible transport capacity and the distribution of the available
transmitter power among the receivers that achieves it. Although B. Related Work
this result has already been reported in the literature, our  The obvious relevance of transport capacity in wireless
derivation is shorter, and leads to simpler expressions. . . . .
Our results can be used to gain intuition and develop good multihop networks is coupled with a remarkable amenability
design principles in a variety of settings. For example, they apply 0 analysis, as has been demonstrated recently by a number
to the uplink and downlink channel of cellular networks, and oOf studies with disparate approaches, a few of which we now
also to sensor networks which consist of multiple sensors that briefly review.
communicate with a single central station. Transport capacity was first defined in [1]. There, the
|. INTRODUCTION authors consider a Wirgless net\_/vork a@fnodes, placed in
. a bounded two-dimensional region. It is assumed that the
A. Transport Capacity power of transmitted signals decays with distance according
Consider a wireless multihop network in which a particulap a power law, and that a signal is successfully received
nodeT" scheduled to transmit has two options: either transnijtthe Signal to Interference and Noise Ratio (SINR) at the
to a destination nodeD; with rate R;, or transmit to a receiver is above a fixed threshold. All transmissions are with
destination nodeD, with rate R, < R;. Assume that both a fixed global raté¥V. It is shown that the transport capacity
transmissions will require the same amount of bandwidtihderany placement of nodes will have to be smaller than
and power, and will convey information of equal importance;, ,/n, wherek; is a constant independent of The bound
In this setting, which destination should node prefer? comes from the fact that any transmission invariably creates
Traditional thinking suggests that should transmit to the interference to other transmissions near by. On the other hand,
node to which it can send data with the highest rate, i.¢he authors give examples of network topologies that can
D;. However, in amultihopwireless network, in which every sustain a transport capacity greater tiaxyn, wherek, < ki
packet will have to be transmitted multiple times to reach iis another constant, also independent.of
final destination, it is not only important that a node transmits |n [2], the authors consider a probabilistic setting in which
with high rate but also that the signal will traved large nodes are placed on a two-dimensional plane according to a
distance Indeed, the smaller the distance that a transmissipisson process with fixed densityand access a common
covers, the higher is the number of transmissions of a simikgireless channel through Aloha. As in [1], transmissions are
Work supported by plus funding for the fiw. project 10 “Signal and In- with a fixed global rate, reception is successful as long as the

formation Processing,” and the European Network of Excellence NEWCOI@_'NR is above agen threshold, and signal power de_cays with
The corresponding author is S. Toumpis. distance according to a power law. In such an environment,



transmitting over longer distances is more useful to the nodes,
but on the other hand the probability of successful reception
diminishes, as the power of a signal decays with distance
and the signal becomes more susceptible to interference from
competing transmissions. Therefore, there is a critical tradeoff
between the probability of successful reception and the use-
fulness of the transmission. The authors calculate the optimal
distance that signals should attempt to cover, that maximizes
the expected transport capacity of the network, and show that
under this optimal behavior, the transport capacity can be on
the order ofv/\, where X is the density of nodes. As the _. . . . . .

. . . Fig. 1. The multiple access channel, which consists of a single recBiver
density \ is proportional to the expected number of nodes 4nq ,, transmitterst;, with i = 1,2, ..., n, placed at increasing distances
at a given area, this result is reminiscent of the result in [1}; from the receiver.

In [3], the usefulness of a link is described in terms of
the product of the communication rate with a rewa(d), it be f lated timizati bl
where = is the distance between the transmitter and tif&P2ac!y ¢an belormuiated as a convex optimization probiem.
receiver, and theeward function-(-) quantifies the usefulnessC. Contributions
of transmitting a bit of information over a distanae In

h il h - h dard Here, we conclude the investigation that we initiated in [5],
the special case wherg(z) = x, we get the standard rate- deriving a closed form solution for the optimal allocation

distance produc_t, howc_aver the more general case allows epowers in multiple access channel, under the sum-power
study of alternative notions of usefulness. The authors StUd)é&straint and under a fairly general assumption on the

Gaussiar_1 broadc_ast channel con_sisting _Of a _single transmiﬁﬁﬁtion between the reward and decay functions. The closed
and multiple receivers, placed at increasing distances from tl%?m solution is simple enough to allow the calculation of

transmitter. The propagation environment is described in terms, limiting power allocation, as the number of nodes goes to

of the noise-to-signal (NSR) functios(-), defined so that the infinity.

noise to signal rat_io ex_perienced by a receiver ata di_stancewe also calculate the closed form solution for the optimal
xffrﬂrn the trar;smltterrl]s equal tf(z) ' Tlhe capa:nty riglonb llocation of powers in the Gaussian broadcast channel studied
of this f”et""or 18, t © setsr? simultaneously achievaliif [3]. Although this result has already been derived in [3],
rates_, 0 cqmlinumcat‘llonﬂr]om tthe tral:s_ﬂltter ttr?' eli\c CI) dt%r derivation uses standard tools (the Karush-Kuhn-Tucker
Tecelvers, 1S nown'[ ].' € authors build on this knowledge, jitions), is shorter in length, and leads to a simplified
to calculate the point in the capacity region that maximizes,<«q form solution

the transport capacity of the network, defined here as t ®The rest of the parer is organized as follows: In Section Il

surr&mattmrb, (()jver a}ll .rtlacelvers, lo f their rﬁspectn{[(ra] rattal—rtgw present the multiple access network model and state our
phro uc S.d n Zr Esag)f/ genera aisumprl]on on etr:za '0?, wer allocation problem. To keep the paper self-contained,
the reward an unctions, the authors are able to Tijd 55, briefly mention some of the results of [5]. In Sec-

closed form expressions for the maximum transport capacifyy, | we calculate the closed form solution of the optimal

In [5] we continue along the information theoretic tangergower allocation, and in Section IV we derive asymptotic
initiated in [3], using the notion of transport capacity definegesults for the case when the number of nodes approaches
there. In particular, we consider the Gaussian multiple accesfinity. In Section V, we replicate our derivations for the case
channel of Fig. 1 that consists of a single receiver and g the Gaussian broadcast channel. We conclude in Section VI.

transmitters7y, Ts,..., T,, placed at increasing distances
T1,Ta,...,Tn, from the receiver. For each transmitt@r there Il. MULTIPLE ACCESSNETWORK AND PROBLEM
is a maximum powerP; with which it can transmit. The STATEMENT

capacity region of this network is also known [4]. In particular, We consider the multiple access network of Fig. 1 that
points on the boundary of the capacity region can be achievashsists of a single receive® and n transmittersT;, where

if all the transmitters transmit simultaneously to the receiver, < i < n, placed at distances; from the receiver, with
with their full power, and the receiver successively decodes the,; > z; andx; > 0. The total bandwidth available to the
incoming signals. Depending on the decoding order, differenétwork is equal taB. The receiver is susceptible to additive
points on the boundary of the capacity region are achieveuhite Gaussian noise (AWGN) with spectral power density
corresponding to different values of the transport capacignd eachl; has a maximum powepP;’.

We show that, as long as the reward function is increasingWhenT; transmits with powep, R will receive the signal
with distance, the decoding order that maximizes the transpuaiith powerp x d(x;), where thedecay functiond(-) captures
capacity is the one that starts from signals coming from nearby

transmitters, and moving outwards. In addition, if a bound i?]l'\""fe formally, T; can transmit with any power any time it uses the
| d h f . b h channel, as long as the average power over time converges with probability
placed on the sum ot transmitter powers ( ut not on the POWEL, a value equal or smaller thaR;. Alternative constraints have been

of individual transmitters), the maximization of the transposonsidered in a similar setting in [6], [7].



the decay of the signal power with distance and is positive andhich all transmitters transmit with their maximum power, and

strictly decreasing. For compactness, we use the notdfien the signal of transmittetl; is decoded;-th. The maximum

d(z;). A decay function of particular interest is theonomial transport capacity is equal to:

decay function defined byd(z) = Kz~7, wherey > 0 is n

the decay exponentand the constank” > 0. B Z” log, (1 +
The capacity regiog of this network, i.e., the complete set m1

of all combinations of rate§R;} with which the transmitters

T; can send information concurrently to the single receiver, isUntil now it was assumed that each transmitter has a

known [4]. In particular, each of the transmittéfs can send maximum powerP; with which it can transmit. A natural

information to the receiver with rat&; as long the following extension of our investigation is to assume that transmitters no

d; P; )
nB+ 3 i1 AP’

equations are satisfied: longer have individual constraints on their transmitted powers,
S d;P; but rather the sum of powers must be smaller than or equal
ZP”' < Blogy(1+ =Ly vI C{1,2,...,n}. (1) to some global constar,. For each distribution of powers
= nB whose sum does not exce&l, Theorem 1 applies. Therefore,

Equations (1) show that the Capacity regidnis a convex to maximize the transpor.t quacity in this Setting, we need to
polyhedron in then-th dimensional Euclidean space. It carsolve the following optimization problem:

be shown that the polyhedron has exaatlyvertices whose

n_components are all pos.itive [4]. Each of thesg vertices maximize: BY" rilogy(1+ ﬁ),

can be achieved by employing a successive decoding scheme, n k=itt 5
under which the receiver decodes the signals coming from the gypject to: 2 k=1 P < Fo, 2)
transmitters one by one. When decoding the signal coming P >0,i=1,...,n.

from a particular transmittef’;, the decoding process is not . . . : : .
affected by signals that have already been decoded, as t S'Iéh|s problem is pertinent in a number of different settings.

) r example, in the deployment phase of a sensor network
are known and can be subtracted from the compound signal. "’ .
. X . consisting of a single central node and many sensors that
The rest of the signals will act as interference.

We now associate the transmission of a bit of im‘ormatiorr']1USt forward information to the central node, if our power

across a distance with a rewardr(x), where thereward sources a_lre_l|m_|ted, we would like to know_what is their
X . . . . . optimal distribution over the sensors that will lead to the
function r(-) is strictly increasing, withr(0) = 0. For

compactness, we use the notation2 r(z;) and we also most efficient operation of the network, where we quantify

definery 2 7(0) = 0. A reward function of particular interest efficiency with _the notion of transport_capa_cny. As anoth_er
. : . example, consider a cellular network, in which many mobile
is the monomial reward function r(z) = x” wherep > 0

. , : stations in a cell want to access the single base station in the
is the reward exponent The transport capacity associated
, . , . cell, and the network has placed an upper bound on the total
with the point{R;} € C is defined as . . .
transmitted power coming from that cell, in order to bound
C({R) & - R the interference experienced in neighboring cells that share
T({fi}) = Z” i the same frequency band. In such a setting, we would like to
=t determine the maximum possible transport capacity, because

In the special case of the monomial reward function Withis jnformation will suggest how large the cell can be made.
p = 1, this definition coincides with the original definition

of transport capacity given in [1]. [1l. OPTIMAL POWERALLOCATION
A problem that naturally arises is the calculation of th@ pgasic Properties

maximum value of the transport capacity, and the point in the ) o _
capacity region in which it is achieved. In other words, we e rewrite the optimization problem (2) as:

would like to find the following: minimize: fo(Pry...,P,) =
. . —BY " (ri = ri1)logy(nB + Y4, di.Py)
(max, T({Ri}) = {%E}%C;Ti i +Bry logy(nB),

function over a polyhedron, a closed and convex set. There- P>0,i=1,...,n.

fore, we know that the supremum is achieved, and it makes 3)

sense to talk about a maximum. In addition, the optimization We note that the objective functiofy(P,..., P,) is con-

is a linear program [8]. Furthermore, the following theoremiex. Indeed, it can be written as the composite function

(proved in [5]) shows that the point in the capacity region that(a, (P, ..., Py),...,an(P1,..., P,)), where the function

maximizes the transport capacity corresponds to a remarkably (R™)" — R is defined byh (a1, .. .,a,) = —B S (ri—

straightforward decoding order: ri_1)logy a;+ Br, log,(nB), and the functions, : (RT)" —
Theorem 1: The maximum transport capacity is achieveRi” are defined by, = nB + > ,_. dy Py, fori=1,...,n.

only by the successive interference cancellation scheme unbeting that the sequencfr;} is strictly increasing, we can

Note th i d in th imization of a i - Y i1 P < Po,
ote that we are Interested In the maximization of a meagub]ect to: k=1



easily show that the Hessian of the functiénis posi- Equations (4) have a number of useful properties, that we
tive definite, thereforeh is convex. In addition,h is non- will use later on. We collect all of them in the following
increasing in each argument. The functiongPy,...,P,) lemma:

are linear, and hence concave. It follows that the compositionLemma 1:

h(ai(Pry..., Pn),....an(Pr,...,Py)) is convex [8]. As the (i) Equations (4) are equivalent with the following:

two inequality constraints of (3) are linear, it follows that (3)
is a convex optimization problem.

ricidi—1 —rid; _ rid; —rigad; ,
1—1W;—1 27,< [A82) 1+1 Z+1,VZ:1,...,TL—1,

The optimization functiory, is continuous, and the domain di—1 —d; d; — dit1 5)
of the problem, i.e., the set of power vectors where the Ticl 1y T Titl
constraints are satisfied, is compact. Therefore, the infimum di dicy o din di , Vi=1,...,n—1. (6)
of fo is actually achieved, and it makes sense to discuss about e = Ti-1 Tit1 = T
a minimum. Furthermore, only one power distribution achievedii) Equations (4) imply thatvi = 1,...,n — 1, Vk =
this minimum. To see why, let us assume that there are actually 1,...,n —1,
two power distributions{ P!} and{P?} achieving it. Because Ti— o1 Tik — i1
the mapping from the space ¢, } to the space ofa;} is T _ 1 <1 _ 1_° )
one-on-one, there are two distinct poifits } and{a?} where di  di-y digk dica
the functionk(-) achieves its minimum. However, the Hessian(iii) Let r(-) and d(-) be differentiable in(0,c0). Then (4)
of h(-) is positive definite in(R™)", thereforeh(:) is strictly holds for all transmitter placementse;} if and only if
convex and must have a unique minimum. Therefore, we arrive  the function. is increasing, i.e.,
at a contradiction. " N N

To conclude, the objective functiofy is minimized (and the Yy >0 (@)@ o (3) (33)'
transport capacity is maximized) for a unique optimal power r(y) — r'(x)
distribution { P} }.

. . Proof:

B. A Basic Assumption (i) To prove the equivalence of (4), (5), and (), we cross-

To derive the optimal power distribution, we will need tgnultiply all of them and note that we arrive at identical

make the assumption that the following inequalities hold: inequalities.
(i) To prove (7), we use induction. In particular, we prove (7)

7;1‘—7%;1 > rifl_ii,Vizl,...,n—l. (4) firstfork =1 and for alli =1,...,n — 1. For this, we note
di  dici dig1 ds that, from (4), we have that
. . 1 1
Note that we have defined, = 0, and now we also defme Pl =T _ T &y 4
do £ oo. In other words, the sequenég—"71- is decreasing. Mt S L_ 1T tT LT

d; di—1

e di di—
To derive intuition about (4), we rewrite it as follows: Adding 1 to each size, simplifying and rearranging terms, we

dilﬂ — dii Tis1—Ti . arrive at (7) fork = 1 and for alli = 1,...,n — 1. We

T 1 2 m—— Vi=1,...,n—1 now make the inductive hypothesis that (7) holds for some

di  dia ot kel,...,.n—2,and foralli =1,...,n — k. We will show
The inverse of the decay function, which is increasing, equdhat it then holds fo + 1, and for alli = 1,...,n — k — 1.

the factor by which a signal looses its power at some distan&@r this, we note that
Therefore, our assumption implies that the signals are loosing— r;_, Fitd =T o Titkt1l —Ti

their power with distance faster than the value we place on — 1= 1 _ 1 = _1_ _ 1 ‘= L...,n=k=1

their delivery (through the reward function) increases witlf: -t di+1 di o digkrr di

distance. The first inequality comes from (4), and the second from the
This assumption is not as restricting as it would first seedfiduction hypothesis. Therefore,

as it is satisfied in most cases of practical interest. For example, 11

by the following Lemma 1(iii), we see that (4) is satisfied for ~ Jitk+1 —Ti d"’f"“ - Gooi=1,...n—k—1.

the case of the monomial decay and reward functions with i ~7i-1 I — g

v = p. For all real life propagation environments that argy aqding1 to each side, simplifying and rearranging terms,
approximated by the monomial decay function,> 2. In & grrive at (7) fork +1, and foralli=1,...,n — k — 1.
addition, as discussed in the introduction, the most interesting) Let us first assume that (4) holds for all transmitter
case of the monomial reward function is when = 1. pacements. It will then hold for the case of four transmitters
Therefore, the conditiory > p is satisfied in almost all Casesplaced at locations: — e, z,y — ¢,y, wheree < y — z. By

of interest. It is also interesting to note that a very Simila&ipplying (4) twice, we have:

assumption was needed for the derivation of the optimal power

distribution of thebroadcastGaussian channel in [3] (see also 7”(5? —r(z—¢ > r(y —e —r() > r(y) —rly - 6)_

. 1 - 1 1 1 1
Section V). @) ~ d@—e) dly—e)  d(@) ay) ~ dly—o)




By dividing the numerators and denominators of 1th/e left amfovided this sequence is decreasing. By (4), it suffices to
right hand side by, and takinge — 0, we find that% > show thata; > nB. But this will depend on the values of

(1) (2) ‘ and L, which we calculate next.

We first note that (14) implies that:

rid; — riv1di1 .
P _ =1,...,L—1. 15
Z k = |: difdl_t_l y ? ) ) ( )

r'(x) . . . o
'f‘he inverse direction follows similarly to Lemma 1 of [3].
O

C. The Closed Form Solution

It follows by the convexity of the problem [8], that, to proveTh|s can be shown by straightforward induction. (Clearly, the
the optimality of a power allocatiofiP; }, it suffices to show expression on the right hand side of (15) must be increasing.
that it satisfies the Karush-Kuhn-Tucker (KKT) conditionsThis follows from (5).) In addition,

which in our problem become: e
' " p = fronin 1 l rri gl )
> Pe=Po Pz 0,020, o5 v=0, AP =0, dr dr Aa—dm
k=1 Combining (16) with (15) fori = L — 1 we derive the value
fori=1,...,n and for some, \; € R. This set of equations of A that satisfies the sum-power constraint (9):
can easily be shown to be equivalent to the following: rrdy
n J = Pod, + 1B’
S A=, P05 [fo }:, e
= dPb; dP; therefore we have the following expression fqr:
fori = 1,...,n, and for somev € R. By substituting the af = Podp +1B TIL — TL1—1. (17)
derivatives off,, and setting\ £ log%, this set of equations rrdr il
becomes We now simply define the cutoff indek to be the largest
1 for which the following inequality holds:
ZP,FPO,P>0 dZ”“ L_a<o, JnequAy s
Pyd; B i — Ti— P, — g
bbb r Tllan@izid“.(ls)
rid; Pl nB = ri—ria

dzrk _A]ZO’ ®)

fori =1,...,n and some\ € R. Note that we have defined
a; & nB+ >, _, diP;. Becausey; equals the residual power
of all signals that have not been decoded yet (plus the therm
noise), at the beginning of thieth decoding step, we will call
{a;} the residual power sequenceWe also leta, ;1 = 1B,
so thatP; = % fori=1,...,n

We now make the claim that the optimal power distributio
{P;} satisfies the following set of equations:

Note that the expression on the far right side of (18) is

increasing, as follows from (6). Therefore, (18) will hold for a

contiguous range of indicas and the largest is selected As

?o note that the set of indices is never empty, asifer1

we arrive at the trivial |dent|t)H

With this selection ofL, ar, > nB and the sequencfu;}

defined in (14) is decreasing. Therefore, all the constraints (9)-
12) are satisfied. It remains to show that (13) is also satisfied.
y using (14), we readily have th@k_ ThTho1 o — AL

Therefore, it easily follows that (13) are equwalent to

n 1 L
Y. B = R, ©) B> TE i1 n (19)
_ 4~ dr
, B oz 0, i=1...,1L (10)  Because of (7), it suffices to show that (19) holdsifer L+1.
T — Tho1 _ In addition, straightforward algebra shows that the following
di an A =0 i=1..0 (11)  equivalence also holds:
k=1
. T _ Trp+1
1- P, = 0, i=L+1,...,n, (12) nB>lTL1+17TL®P;<dLil d_
kT Tk -4, " TL+1 = TL
3 Ly <0, i=L+1,...,n, (13) T *
1 Ok However, the second relation is satisfied, by the way we

for some\ € R and an indexl,. which we call thecutoff have definedL. Therefore, the inequalities (13) are also
index. If (9)-(13) hold, then (8) ;/vill also hold, anlP,} are satisfied. This concludes our proof, as we have found a power

the unique optimal power allocation. Our strategy therefoPéStribUIion that satisfies all the requirements (9)-(13). We now

will be to find a power distributior{ P, } that satisfies (9)-(13). STAt€ our result in the form of a theorem:

Equations (10), (11), and (12) will be satisfied if we set: Thoorem 2 Let _be the largest index € {1,...,n} that
satisfies the inequality

1 7—7Ti—1 .

sT—5= i=1,...,L, ri— T
a; = AT dri171 (14) PO > dil _dir—l

nB i=L+1,...,n, nB ~ r;—ri— ’




Our result is conceptually straightforward: The available

4.5f \ power should be distributed among the fidsttransmitters,
A p=1 p:l? and, the greater the available power, the largebecomes.
; The precise allocation of power among the fifsusers will
35r ' : ! depend on the exact shape of the reward and decay functions.
3t p=2 As a numerical example, let us consider a multiple access
P channel that consists of a single receiver, placed at the origin,
a- and200 transmitters, placed uniformly along theaxis with a

2 . separation o25 m from each other. The total power available

isf is Py = 400 W, the available bandwidti3 = 10 MHz, the
A noise spectral density is= 10~'¢ 3, and a monomial power
! decay function withy = 3 and K = 0.1 m? is assumed. In
0.5p Fig. 2 we plot the optimal distribution of powers, assuming a
ok . s : . = . monomial reward function, and for the cases- 1, p = 1.5,

x, (km) andp = 2. In Fig. 3, we plot the corresponding distributions of
the rate-reward products of the individual transmitters. Finally,
in Fig. 4 we compare the optimal power allocation for the

Fig. 2. The optimal power allocation in a multiple access network consistin . . . . . .
of a receiver placed in the origin, an0 transmitters placed uniformly along €as€p = 1, with the allocation induced if the nodes lying in

the z-axis with a separation af5 m from each other, and for various valuesthe intervals(1000 m, 1400 m) and (4200 m, 5000 m) are
of the reward exponery. removed. As can be seen from Theorem 2, the nodes that
lie directly on the borders of the ‘forbidden regions’ take for

Lor themselves most of the power that was allocated to the nodes
14k ~ that were removed. The powers allocated to the rest of the
p=2 nodes also change, and in fact in the same proportion, through
12p the change in the value of.
£ 1 P15 IV. OPTIMAL POWERALLOCATION IN THE LIMIT OF AN
E . - ' INFINITE NUMBER OF NODES
s OBP_ e ? We would like to characterize the optimal power allocation
ook : in the limit where the number of transmittetgyoes to infinity,
« Lo ; and the transmitters completely cover the whole semi{8xis
oat -7 ! Formally, we require that as — oo, the distance of a point
1 x € RT from its closest transmitter converges(to
0-2"," i Clearly, it no longer makes sense to discuss in terms of the
0 ; . powers allocated to individual nodes, since the power allocated

0 1 2 x (k) 3 4 5 to almost all of them will have to converge @ but rather in
‘ terms of thepower density function f(x), defined such that
the power allocated to the transmitters lying in the interval
Fig. 3.  The distribution of rate-reward products induced by the powge,y) converges toff f(z) dxz. The power density function
distribution of Fig. 2. and the corresponding limit of the transport capacity are given
by the following corollary:
_ . . Corollary 1: Letr(-) and d(-) be differentiable in(0, co).
where the sequence on the right hand side is increasing, I'_Jé{t the cutoff point z;, be the largest: € R* that satisfies
our basic assumption (4). Also let the inequality

A=l i =1,.... L, 5 #
a; = diiidi171 % 2 g(x) é B (T;d)Q )
rpdy : L whereg : Rt — R is the cutoff function, and assume that
where — o e The maximum transport capacity is 1, < oo. Also, let
L Pod(zp)4nB s’ O<z<w
. ~a2rL,
™ = BY (1 1) loga(ar) — Br loga(n). a(z) & ] TEdE) Gy,
> nB x*r>xr,

and the unique power distribution that achieves it is given bfe theresidual power function As the number of transmitters
approaches infinity, the maximum transport capacity converges

P*:{ai_da."“ i=1,...,L, to the value

i C i=L+1,...n o
0 i=L+1,....n Cmax B/ r'(x)logy a(x) dx — Br(zy)log,y(nB)
0
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Fig. 5. The functionH(g), that represents the gains of using multiple
transmitters over using a single transmitter, placed at the optimal distance

Fig. 4. (a) The optimal power distribution of the network of Fig. 2, for the ot N the case of monomial decay and reward functions.

casep = 1. (b) The optimal power allocation in the network of Fig. 2, for
the casep = 1, and if all the nodes outside the intervf$0 m, 900 m] and

(1300 m, 1600 m] are removed. V. THE GAUSSIAN BROADCAST CHANNEL
A. Network Model and Problem Formulation

Let us consider the Gaussian broadcast channel of Fig. 6,
at consists of a transmittér with total power Py, andn
receiversiRy, R, ..., R,, placed at increasing distances from
the transmitte) < z1 < x5 < ... < x,,. Each receivel?; is
susceptible to additive white Gaussian noise of spectral density
7;, and the total bandwidth available for communicatiomBis
As with the multiple access channel of Fig. 1, we assume that
if the transmitter sends a signal with powerthe signal will
Corollary 1 can be proved by starting from the results Qfyrive at receiver; with powerp x d(z;), whered(-) is the
Theorem 2 and taking the appropriate limits. It can easi[yecay function.
be generalized to include the case where the transmitters ar¢pe capacity region of this network, i.e., the set of all
placed in subsets of the positive semi-axis. It easily followg,mpinations of rates with which the transmitter can simulta-
from the expressions of Theorem 2 that, on the boundaries,@‘ousw send information to the receivers, is known [4]. In
these subsets, the power density function may converge tgaticular, a set of rate§R;} is achievable iff there is a
delta function. vector of powersP £ (Py, Ps,...,P,), such thatP; > 0
As an illustrative example, let us consider the case of theid > | P, < P, for which the following inequalities are
monomial reward and decay functions. A direct application ektisfied:

and the optimal distribution of powers converges to the pow%r
density function:

_ Pyd(zp)+nB 1 (d*"
1) = ) d( d’)

Corollary 1 gives: d; P, .
R; < Blog,(1 + ——), Vi=1,...,n.
P ) 1 B +d; 32 P
0
L = {K (UB) (“/—P)] ) To achieve any point in the capacity region, the transmitter
» P . encodes the message intended for receRgindependently
flz) = {[TIB(W —p]7 (pPo) 7 K5 } 7 of the others, and transmits it with pow&, simultaneously
2 with the signals intended for all other receivers. Receier
B [KPy~
cmax = { 0] (1 — 1)1‘%, (20) decodes first all the signals intended for nodgs,,. .., R,,
logye | 1B p and then its own. The signals intended for no&gs. .., R;_;

appear toR; as thermal noise.

It is interesting to compare the transport capacity with the As with the multiple access channel, we define the transport
rate-reward produat’;*" of a single transmitter-receiver pair,capacity as:
separated by a distanag,,; that maximizes it.C;pt is given N
by (11) of [5]. A comparison of that equation with (20) shows Cr({Ri}) £ riR;,
that the quotientC@x/C9P" is only a function of%, ie., i=1
Ompax JOP = H(2). As shown in Fig. 5H(z) is a strictly wherer; 2 r(z;), andr(-) is the reward function.
decreasing, convex function withm, .o+ H(z) = e and We would like to determine the power allocation that
lim,_,,- H(z) = 1. maximizes the transport capacity, i.e., we would like to solve



T Note that, ifi ¢ I(P), P, > 0, and sou; = 0.
® To conclude, and setting = u,,,1, the following equations
must be satisfied for any power vect®r= (P, P, ..., P,)
that maximizes the transport capacity:
°
R

n
X1 X2 X3 Xn >p = PR, (21)
j=1
® @ --oceoceeioeeeoes ® P > 0,i=1, , T, (22)
1 R> R3 Rn dfo ‘
6P4+V > 0,t=1,...,n, (23)
7
Fig. 6. The Gaussian broadcast channel, which consists of a single receiver dfo
T andn receiversRk;, with i = 1,2, ..., n, placed at increasing distances op, +v| P = 0,i=1, y 1, (24)
xz; from the transmitter. .
wherev > 0.

. o Straightforward calculation shows that:
the following optimization problem:

- . dfo n 7. P r
maximize: BY1 rilogy(1 + —— &P ) — 34 T o5
i=1T og2( + n; B+d; Zj:i Pj) OP; Z (Sj + Bj)(sj i ijl) s; + ﬁiv ( )

=141
: Zn—l Pj < P, ’
subject to: 7= ined:
| {R- >0, i=1,.. . .n where we defined: .
AN
- , . L 2N P
Defining s; £ "f, we rewrite the optimization problem as: g Jz::l !
minimize: P)2_BY™ rlo sﬁZ%}fl bi ’ As 3; represents the power that has been alloca_ted to all nodes
folP) 2im1 7108y (57‘*2; 1P up to nodei, we will refer to {3;} as thecumulative power
: i(P)2 —P,<0,i=1,...,n, sequence
subject to: 9:(P) J— ! " a
gn+1(P) =325, Pj — Py <0. B. A Basic Assumption

We note that the domain of the optimization problem, i.e. the To derive the optimal power distribution, we will have to
subset oR" where all the constraints are satisfied, is compachake the following assumption:
and that the objective functiofy(-) is continuous within this
set. Therefore the infimum ofy(:) in the constraint set is
achieved, and it makes sense to discuss about a minimum.

Si41 — S Ti41 — T4
>
Si—8i—1  Ti —Ti-1

 Vi=1,....n—1, (26)

Let fo(-) be minimized at a poinP, and letI(P) be the Where we define:, £ 0, so £ 0. Note that, sinces; £ 22,
set: in the special case whep =, = ... = n,, (26) is identica
I(P) 2 {ie{l,....n+1}:g(P) =0}, to (4), with the exception that we now have a strict inequality.

: - _ _ ... Furthermore, the intuition is the same: when (26) holds, the
.e., the set of indices of all constraints which are ‘activgjeyerioration of the channel gain with distance is faster than

at P. The function f(-) is differentiable in the domain, the,q jhcrease of the reward with distance. Also note that exactly
functions g;(-) are differentiable and convex, and there is g§,o same assumption was also used in [3]

point X € R™ such thatg;(x) < 0 forall i =1,...,n+ 1. Lemma 2
Therefore, it follows from Lemma 5.9 and Theorem 5.8 of [9] () Equations (26) are equivalent with:
that there are multipliers; > 0, for i € I(P) such that the q q '

following Karush-Kuhn-Tucker (KKT) condition is satisfied: Silizt 7 VaSizy o SepnVa TV g
Ty —Ti—1 Tit1 — T4
V fo(P iVg;(P)=0. .. . .
fo(P) + g(:P)u 9:(P) (i) Equations (26) imply that:
. L T Tit1 .
Note thatn + 1 € I(P). Indeed, if the last constraint is not Py X Vi=1,...,n—1
satisfied with equality, there is extra power left that could be ) ! .“’ )
allocated to the last receiver, thus increasing its rate withod) Equations ,'(26) imply thatvi = 1,....n, Vk =
adversely affecting the rates of anyone else. L...,n—u
By substituting for theVg;(P), the KKT condition can be Sith —8iz1 _ Titk = Tiz1 27)
written as follows: Si — Si—1 ri—Ti1
dfo . SitkTi—1 — Si—1Ti+k 8iTi—1 — Si—174%
— = = > . (28
op, T =0, 0=1,...,m, Titk — Ti—1 TP —Ti-1 (28)
where in addition they; > 0, ¢ = 1,...,n must satisfy the Proof: (i) To prove the equivalence of the two inequalities,
constraints: we cross multiply both of them, and note that we arrive at

w P =0,1=1,...,n. identical inequalities.



(i) We use induction. First, we note that, foe= 1, (26) gives Ler
s2=81 > 2oEL By cross-multiplying, we arrive aft > 2.
Next, let us suppose that the inequality holdsifer k < n—1: 10f EE
Ze > kL \We note that: Pl p=15
k Sk+1 S i‘u
Sk2Thil = Tht2Sktl _ Sk41Th = Tht 1Sk _ o & /,~" ! p=2
Th+2 — Tk+1 Thk+1 — Tk g o ff-,l
The first inequality comes from part (i) far= k 4+ 1. The | vl
second inequality comes from the inductive hypothesis. There- ,: i
fore, it follows that the left hand side must be strictly positive, ar PR :
and asy o > 41, We must have, o711 —rryoskr1 > 0. A SO
Therefore, the inequality also holds fér+ 1. 2t JURERE ; ;
(i) The proof of (27) is identical in structure to the proof ,—
of (7), with the only difference being that we substitute 0 iz s . C, L ,
inequalities with strict inequalities, an§; with s;. Equation 0 ! 2 X, (km) 3 4 °

(28) follows by noting that if we cross-multiply both (27) and
(28) we arrive at the same inequality. , , o -

Fig. 7. The optimal power allocation in a broadcast network consisting of
C. The Closed Form Solution a transmitter placed in the origin, a0 receivers placed uniformly along

. ] ] . the z-axis with a separation df5 m from each other, and for various values
In this section we derive the form of the optimal powesf the reward exponeni.

allocationP = (P, ..., P,), using the fact that it must satisfy
(21)-(24). The proof will be given as a sequence of lemmas.

Lemma 3: P, > 0. On the other hand, (23) and (25), applied for [ + 1, give:
Proof: We will assume thatP, = 0, and arrive at a n
contradiction. In particular, let us assume ttat = P, = Z rib fy>_HL (35)
...=P =0andP,, > 0, for somel > 1. Equations (23) (sj + Bj)(s; + Bj-1) st41+ 01

j=l+m+1
d (25) fori =1 gi ting th =0):
and (25) fori give (noting thatd, = 0) In (35), we have used the fact that= ;. Subtracting (32)

n

. . . . :
i P; o LU0 (29) from (35) we arrive, after straightforward manipulations, to
5 (85 + 685+ Bj—1) s g < TS = sy
Equations (24) and (25) far= [ + 1 give: M1 =T
n This inequality, together with (34) and (28), lead to a contra-
ri b T4

_ +v=0. (30) diction. U
(534 8)(5; + Bi—1)  sie1 + Prar (30)

j=l+2 From Lemmas 3 and 4, it follows that there iscatoff
Subtracting (30) from (29), and simplifying, we arrive afdex L, such that?; > 0 forall i = 1,..., L, and P; = 0
ne1 > mwhich is not possible by Lemma 2(ii). 0 foralli = L+1,...,n. Using this knowledge, we can derive
Sig1 - ST - - Ahe value of thes;:
Lemma 4: There are no gaps in the set of receivers that _ @
allocated non-zero power, i.e., there are hen, such that: Lemma 5:
TiSi+1—=Ti+1S4 S _
P >0, F)l-i-l:---:PH-m:Oa B+m+1>0- (31) G = Tig1—T; i=1,...,L—1,
f:)()7 ZZL,,TL

Proof: We will assume that there afem, for which (31) Proof:
hold, and will arrive at a contradiction. Equations (24) a :
(25), applied forl and! + m + 1, give:

n For i > L, the result follows immediately by the
gefinition of thegs;. If i < L, then asP;, P;y1 > 0, it follows
from (24) and (25) that:

n

T‘ij Ty L
§ : +v= ) (32) r; P; T
. (85 +B5)(s5 + Bj-1) s1+ B 77 +v = —
j=lma1 I T RIS TR S (s; + B;)(sj + Bj—1) s+ Bi
n ’I"jpj Tl+m+1 L
+v= ) r; P; Tit1
_ 55+ B;)(s; + B;_ Stvm41 + Brem o trv o=
j=ltmt2 ( i ])( J J 1) l+m+1 1+ +(133) iSite (S] —+ ﬂj)(sj + ﬂj,l) Si+1 + B'H»l

Subtracting (33) from (32), and noting thét, .11 = 4 + Subtracting the second equation from the first, and after
Prym+1 and By = B, we arrive, after straightforward performing some straightforward manipulation, we arrive at
manipulations, at: the result. O
TISi4m+1 — SITl+m+1 As the power allocation can be readily derived from the
B = . (34) ) : -
Plmal — 71 sequence 3; }, the only thing we are missing to conclude the




8¢ group of receivers, and perhaps one or two extra, outlying
receivers. There may be inactive receivers (i.e. receivers that
5 p=2 receive no power) separating the contiguous group from the
i outlying receivers. Our work shows that in fact only a much

less general scenario can occur, i.e., the firseceivers will
receiver all the power, for somg, and the rest will receive

no power at all. In addition, our derivations are shorter, and
use a standard optimization tool, i.e., the KKT conditions.

As a numerical example, let us consider a broadcast channel
that consists of a single transmitter, placed at the origin,
and 200 receivers, placed uniformly along theaxis with a
separation o5 m from each other. The total power available
at the transmitter isPy, = 400 W, the available bandwidth
5 s B = 10 MHz, the noise spectral density of all receivers is

X, (km) n = 10"1% ¥ and a monomial power decay function with
v =3 and K = 0.1 m? is assumed. In Fig. 7 we plot the
Fig. 8.  The distribution of rate-reward products induced by the pow«]s?rptlmal distribution of powers, assuming a monomial reward
distribution of Fig. 7. unction, and for the cases = 1, p = 1.5, andp = 2.

In Fig. 3, we plot the corresponding distributions of the rate-
reward products of the individual transmitters. Finally, in Fig. 4
proof is the exact value of.. For this, we first observe that,we compare the optimal power allocation for the case 1,

R r. (Mbpsx kmP)

as Pr, > 0, it follows from (24) and (25) that: with the allocation induced if the nodes lying outside the
rr intervals(600 m, 900 m) and (1300 m, 2650 m) are removed.
= s.+ By As can be seen from Theorem 3, the nodes that lie directly on

the borders of the ‘forbidden regions’ take for themselaks

It is then straightforward to show that for the case: L + o nower that was allocated to the nodes that were removed.

1,...,mn, (23) become equivalent to: Contrary to the multiple access case, the powers allocated to
P, < rLSi — SLTi (36) the rest of the nodes do not change at all.
T —TL

By Lemma 2(iii), if (36) is satisfied foi = L + 1, it will be D. Optimal Power Allocation in the Limit of an Infinite
satisfied for alli > L + 1. However, in order to satisfy (36) Number of Nodes
fori=L+1, a_md at the same time ensure tf¥at 1, as given  As we did in Section IV for the multiple access channel,
by Lemma 5, is smaller thafl, L can only be set as follows: et us now consider the case where we place a very large
Ti—18i — TiSi—1 number of receivers on the whole positive semi-dXis. The

i — 11 < Po}. following corollary readily follows, by using Theorem 3 and
ropriately taking limits:
orollary 2: Letr(-) and s(-) be differentiable in(0, co).

L = max{i :

. a
This concludes the proof, and we are ready to state the l’eSLﬁg
in the form of a theorem:

. - Ti—18;—TiSi—1 Let
Theorem 3: Letl = max{z P < .P()}, and 6( ) N s’(x)7(x) _ T‘/(CC)S(:L')
xTr) =
DSELTES = (), [~ 1 r(x)
Jp— Tit1 =T v ’
bi Py, i=0L,...,n. be thecumulative power function and let thecutoff point

rp, = sup{z : B(z) < Pp}. If 1, < oo, then, as the number

The maximum transport capacity is: of receivers approaches infinity, the optimal power allocation

L , , approaches the power density function:
oPx = BY rilog, (M> ’
= S + ﬁi—l f (bL) 7 5/(x) T S zr,
and the optimal power allocation that achieves it is: opt 0 x> 210.
p_ {ﬁi —Bi-1, i=1,...,L, and the optimal transport capacity converges to the value:
(2 .
0, i1=L+1,....,n.
Cmax _ B / 7'(Z)f0pt(l') d
T = Z.
logse ) s(z)+ B(x)

We must emphasize that a closed form for the optimal
power allocation, also assuming (26), and compatible to that of
Theorem 3, appeared first in [3]. There, however, it was shownAs a special case, let us assume that the decay and reward
that the transmitter allocates positive power to a contiguofisctions are the monomial, and in addition all receiver face
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the casep = 1, and if all the nodes outside the intervg®0 m, 900 m] and
[1300 m, 2650 m] are removed.

the same level of thermal noise, i.ey = ...
Direct application of Corollary 2 gives:

< (3) (2]

= Nn = 1N.

rr, =
nB(y—p)y 1
flx) = —F———a"",
3
COmax B |:K-PO:| v (1 _ 1)1—%
’ logee | 1B | p

(a) The optimal power distribution of the network of Fig. 7, for the
casep = 1. (b) The optimal power allocation in the network of Fig. 7, for

to a certain distance from the receiver transmit, and the rest
remain silent. We also present closed form expressions for the
case when the number of nodes is very large, and the nodes
cover the whole positive semi-axis.

In the case of the broadcast channel, which consists of a
single transmitter and multiple receivers, we derive in closed
form the optimal allocation of the transmitter power to the
signals intended for the different receivers, that maximizes
the transport capacity. Although this result has already been
reported in the literature [3], our derivation is based on
standard tools (the KKT conditions), is shorter, and leads to
a simpler closed form. We also derive expressions for the
optimal power allocation and associated transport capacity
when there is a very large number of receivers, covering the
whole positive semi-axis.

Our results allow us to quantify the gains of using successive
interference cancellation, and also gain intuition about the
allocations of power that promote the efficient use of the
network resources in many networks that are approximated by
the multiple access and broadcast channels; for example the
uplink and downlink channel of cellular networks, and sensor
networks that consist of a large number of sensors that must
communicate with a single central station. Note that, contrary
to multipoint to multipoint channels, the MAC and broadcast
channels have natural bottlenecks: the unique receiver and
the unique transmitter respectively. Therefore, optimizing the
operation of the network is particularly important in these
cases.

The power allocation problem is intimately related to the
node placement problem, i.e., the problem of optimally placing

It is interesting to note that, in Section IV, we deriveqy set of nodes to maximize the transport capacity, and this
exactly the same formulas for the cutoff point and the transpgybrk can be used as a starting point of an investigation toward
capacity of themultiple accesshannel. There, however, thethat direction. Also, in this work no routing of any type was

dependence of the optimal power distribution srwas of
the formz#—!. Therefore, the multiple access and broadcast
channels seem to share important similarities, but also critical
differences, that might be of interest to network designers. Ag]
the optimal transport capacities are given by identical formul
for both the multiple access and the broadcast channel, Figa.‘i%f])
also gives the gains, in terms of transport capacity, of using
multiple receivers instead of a single one placed at the optimé&ll
distance.

4
VI. CONCLUSIONS 4l

In this work we evaluate the traffic carrying capabilities ofl°]

a Gaussian multiple access channel and a Gaussian broadcas

channel. Our figure of merit is the transport capacity, d6]
relatively new concept that is remarkably amenable to analysis
and very intuitive in the context of wireless networks, but
with a few exceptions [1], [2], [3], [5], [10] remains largely [7]
unexplored.

In the case of the multiple access channel, which consisg
of a single receiver and many transmitters, we present closed
form expressions for the optimal distribution of transmitter®!
powers under a sum-power constraint. Under a general ag;
sumption on the relation of the reward and decay functions,
we find that the best strategy is that only the transmitters up

investigated. These will be the subjects of future investigation.

REFERENCES

P. Gupta and P. R. Kumar, “The capacity of wireless networksEE
Trans. Inform. Theoryvol. 46, no. 2, pp. 388-404, Mar. 2000.

F. Baccelli, B. Blaszczyszyn, and P.iMlethaler, “A spatial reuse Aloha
MAC protocol for multihop wireless mobile networks,” INRIA, Tech.
Rep. RR-4955, Oct. 2003.

A. Reznik and S. Verd, “On the transport capacity of a broadcast

Gaussian channelCommunications in Information and Systewdl. 2,
no. 2, pp. 183-216, Dec. 2002.

T. Cover and J. Thomaglements of Information Theagrgst ed. New
York: Wiley Interscience, Aug. 1991.

S. Toumpis, R. Miller, and J. Sayir, “On the transport capacity of a
multiple access gaussian channel,”Rnoc. IEEE Inter. Workshop on

Wireless Ad Hoc Network®ulu, Finland, May-June 2004.

D. N. C. Tse and S. V. Hanly, “Multiaccess fading channels — part
I: Polymatroid structure, optimal resource allocation and throughput
capacities,lEEE Trans. Inform. Theorwol. 44, no. 7, pp. 2796-2816,
Nov. 1998.

S. V. Hanly and D. N. C. Tse, “Multiaccess fading channels — part II:
Delay-limited capacities,IEEE Trans. Inform. Theoryol. 44, no. 7,

pp. 2816-2831, Nov. 1998.

S. Boyd and L. Vandenbergh€pnvex Optimizationlst ed. Cambridge
University Press, 2004.

J. Jahn]ntroduction to the Theory of Nonlinear Optimizatiospringer-
Verlag, 1994.

M. Johansson and L. Xiao, “Cross-layer optimization of wireless
networks using nonlinear column generation,” Department of Signals,
Sensors and Systems, KTH, Tech. Rep. IT-S3-REG-0302, Nov. 2003.



